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Abstract. In this introductory essay I shall make some remarks on the role of proba-
bilities in physics, and discuss some concrete examples illustrating Boltzmann’s expla-
nation of approach to equilibrium.

1 Introduction

Boltzmann’s explanation of approach to equilibrium, is very clearly discussed,
in a general framework, by Sheldon Goldstein in his contribution to this volume
[7]; so, I will not repeat it here. I will rather make some general comments about
the notion of probability and its role in physics, thus trying to answer questions
that are left open in the papers of Sheldon Goldstein and of Detlef Diirr [5] (see
Sections 2 and 3). In particular, I will argue that a Bayesian view on probabilities
is quite natural, and I will try to dispel various misconsceptions concerning that
view.

I will then discuss simple models (in Sections 4 and 5), in order to illustrate
how Boltzmann’s ideas work, as well as to provide counterexamples to the rather
widespread belief that, for irreversible behaviour to take place, the system must
be ergodic or mixing. The first example, already discussed in [2], is a simple
discrete model due to Mark Kac, the so-called ring model (Section 4). In that
model, one can see exactly how the emergence of irreversible behaviour, on ap-
propriate time scales, follows from the law of large numbers without appealing
to notions like ergodicity. In the following Section, I will discuss approach to
equilibrium in a mechanical model, but a very simple one, namely a set of un-
coupled anharmonic oscillators. In fact, as will be seen in that Section, mixing
does play a role in the explanation of irreversible behaviour, but not the one
that is usually attributed to it.

In the last two sections, which will be more technical, I will discuss the con-
ceptual significance of special probability distributions used in chaotic dynamical
systems (the SRB measures) and in Bohmian mechanics (the |¢|? distribution).

Some of the claims made below are conjectural or controversial. My goal is to
raise some conceptual questions that have bothered me for some time, concern-
ing the use of probabilities in physics, not necessarily to provide a satisfactory
answer to them. Finally, the mathematical statements made here will be rather
elementary and the proofs will not be given.
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2 Two Notions of Probability

There are, traditionally, at least two different meanings given to the word ‘prob-
ability’ in the natural sciences. These two meanings are well-known but, since
much confusion arises from the fact that the same word is used to denote two
very different concepts, let me start by recalling them and explain how I see the
connection between the two. First, I say ‘in the natural sciences’, because I do
not want to discuss the purely mathematical notion of probability as measure
(the notion introduced by Kolmogorov and others). This is of course an impor-
tant branch of mathematics and the notion of probability that I will use, when
formalized, will coincide with that mathematical notion, but I want to focus
here on the role played by probabilities in our physical theories, which is not
reducible to a purely mathematical concept (defined through a set of ‘axioms’).

So, the first notion that comes to mind is the so-called ‘objective’ or ‘statis-
tical’ one, i.e. the view of probability as something like a ‘theoretical frequency’:
if I say that the probability of the event F under condition X,Y,Z equals p,
I mean that if I reproduce the conditions X,Y, Z sufficiently often, the event
E will appear with frequency p. Of course, ‘sufficiently often’ is vague and this
is the source of much criticism of that notion of probability. But, putting that
objection aside for a moment and assuming that ‘sufficiently often’ can be given
a precise meaning in concrete circumstances, probabilistic statements are, ac-
cording to this view, factual statements that can be confirmed or refuted by
observations or experiments.

By contrast, the ‘subjective’ or Bayesian use of the word probability refers to
a form of reasoning and not (at least not directly) to a factual statement. Used in
that sense, assigning a probability to an event expresses a (rational) judgment
on the likelihood of that single event, based on the information available at
that moment. Note that one is not interested here in what happens when one
reproduces many times the ‘same’ event, as in the objective approach, but in the
probability of a single event. This is of course very important in practice: when I
wonder whether I need to take my umbrella because it will rain, or whether the
stock market will crash next week, I am not mainly interested in the frequencies
with which such events occur but with what will happen here and now; of course,
these frequencies may be part of the information that is used in arriving at a
rational judgment, but they are not typically the only information available.

How does one assign subjective probabilities to an event? In elementary text-
books, a probability is defined as the ratio between the number of favorable
outcomes and the number of ‘possible’ ones. While the notion of favorable out-
come is easy to define, the one of possible outcome is much harder. Indeed, for
a Laplacean demon, nothing is uncertain and the only possible outcome is the
actual one; hence, all probabilities are zeroes or ones. But we are not Laplacean
demond] and it is here that ignorance enters. We try to reduce ourselves to a

! This was of course Laplace’s main point in [I2], although this is is often misun-
derstood. Laplace emphasized that human intelligence will forever remain ‘infinitely
distant’ from the one of his demon.
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series of cases about which we are ‘equally ignorant’, i.e. the information that we
do have does not allow us to favour one case over the other, and that defines the
number of ‘possible’ outcomes. The standard examples include the throwing of
a dice or of a coin, where the counting is easy, but that situation is not typical.
At the time of Laplace, this method was called the ‘principle of indifference’;
its modern version is the maximum entropy principle. Here one assigns to each
probability distribution p = (p;)X¥, its Shannon (or Gibbs) entropy, given by:

N
S(p) == _pilnp: (1)

One then chooses the probability distribution that has the maximum entropy,
among those that satisfy certain constraints that incorporate the information
that we have about the syste.

The rationale, like for the indifference principle, is not to introduce bias in
our judgments, namely information that we do not have (like people who believe
in lucky numbers). And one can reasonably argue that maximizing the Shannon
entropy is indeed the best way to formalize that notionf.

In practice, one starts by identifying a space of states in which the system
under consideration can find itself and one assigns a prior distribution to it
(maximizing entropy), which is then updated when new information becomes
availabld].

Note that probabilistic statements, understood subjectively, are forms of rea-
soning, although not deductive onedd. Therefore, one cannot check them empir-
ically. If someones says: Socrates is an angel; all angels are immortal; therefore
Socrates is immortal, it is a valid (deductive) reasoning. Likewise, if I say that all
I know about a coin is that it has two faces and that it looks symmetric, there-
fore the probability of ‘head’ is one half, it is a valid probabilistic reasoning;
throwing the coin a thousand times with a result that is always tails does not
disprove the reasoning; it only indicates that the initial assumption (of symme-
try) was probably wrong (just as watching Socrates dead leads one to reconsider
the notion that he is an angel or that the latter are immortal); the main point of
Bayesianism is to give rules that allow to update one’s probabilistic estimates,
given previous observations.

Let me now discuss several objections or questions that are often raised
about this ‘subjective’ view of probability which is more misunderstood and
misrepresented than it ought to be.

1. Commitment to subjectivism. Some people think that a Bayesian view of
probabilities presupposes of some form of subjectivism, meant as a doctrine

2 In the simplest examples, the constraint is that the average of certain quantities (like
the energy or the density) is fixed.

3 See e.g. [3].

4 For an exposition of how Bayesian updating is done, see e.g. [8I9J10].

5 Indeed, they are a paradigmatic example of inductive reasoning. The calculus of
probabilities is deductive, of course, but the Bayesian justification of the axioms of
probability is not; nor is the choice of the prior distributions.
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in philosophy or philosophy of science. To make matter worse, Bayesians
sometimes talk as if all of science was about ‘information’ and never about
facts or laws. Moreover, Bayesians often stress the idea that probabilities
reflect our ignorance or quantify our ignorance and that makes some physi-
cists uneasy: putting aside parapsychology, our knowledge or our ignorance
do not play a causal role in the physical world; so, why should they enter in
a fundamental way in our physical theories?

But there is no logical connection here: a subjectivist about probabilities may
very well claim that there are objective facts in the world and laws governing
them, and consider probabilities as being a tool used in situations where our
knowledge of those facts and those laws is incomplete@. In fact, one could
argue that, if there is any connection between Bayesianism and philosophical
subjectivism, it goes in the opposite direction; a Bayesian should naturally
think that one and only one among the ‘possible’ states is actually realized,
and that there is a difference between what really happens in the world and
what we know about it. But the philosophical subjectivist position often
starts by confusing the world and our knowledge of it (for example, much
of loose talk about everything being information often ignores the fact that
‘information’ is ultimately information about something which itself is not
information). Thus, Bayesians should not be thought of as natural fellow-
travellers of philosophical subjectivists.

Besides, ignorance does enter in the computations of probabilities but, as we
will see in the next section, when we discuss the connection between proba-
bilities and physics, this does not mean that either knowledge or ignorance
are assumed to play a fundamental role in physics.

2. Commitment to determinism. At the other extreme, subjectivists are some-
times accused of holding a deterministic view of the world, which denies
the possibility of free will or of intrinsic randomness (since all probabilities
are ‘subjective’ or ‘epistemic’). But, again, this is not necessary. A Bayesian
simply tends to be agnostic concerning the issue of intrinsic randomness and
will point out that it is difficult to find an argument showing the presence of
intrinsic randomness in nature; indeed, it is well-known that some determin-
istic dynamical systems (the ‘chaotic’ ones) pass all the statistical tests that
might indicate the presence of ‘randomness’. So, how can we know, when
we observe some irregular and unpredictable phenomenon, that this phe-
nomenon is ‘intrinsically random’ rather than simply governed by unknown
deterministic laws.

6 Which was the attitude adopted by Laplace in [12].

7 The sad story of the so-called ‘no hidden variable’ theorems in quantum mechanics,
that were widely believed to show the presence of intrinsic randomness in Nature,
but that prove nothing of the sort, should strenghten the Bayesian skepticism (see [1]
for a discussion of these theorems). Of course, in actual fact, the opposite happened:
the widespread belief that quantum mechanics has shown that intrinsic randomness
exists in nature is partly responsible for the loss of appeal of Bayesianism in the 20th
century.
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3. Practical problems. Another problem is that it is often hard to assign unam-
biguously a subjective probability to an event. It is easy, of course, for coin
tossing or similar experiments where there are finitely many possible out-
comes, which, moreover, are related by symmetry. In general, one may use
maximum entropy principles, but then, one may encounter various problems:
how to choose the right set of variables, how to assign an a priori distribu-
tion on those, corresponding to maximal ignorance, how to incorporate the
“knowledge that we have”. Many people consider such problems as objec-
tions to the subjectivist approach; but that misses the point of what this
approach tries to achieve: finding the best thing to do in a bad situation,
namely one where we are ignorant. Of course, the greater the ignorance,
the worse the situation. To take an extreme case, we may not even realize
that we are ignorant; a fortiori, there are situations where we do not know
the right variables or how to put a natural prior probability distribution on
them. But, so what? Bayesianism does not promise miracles; the Bayesian
answer to that sort of criticism is to say: what else do you suggest to do
(apart from giving up) ?

4. (Ir)relevance to physics. Yet another objection is: what is the physical mean-
ing of probability one half for a single event? Bayesian thinking may be useful
in bets or in various practical situations where decisions have to be made, but
what role does that have in physical theories, which are supposed to describe
the world as it is and not to deal with problems of practical rationality? I'll
try to answer that last question in the next section.

3 Typicality, Scientific Explanations,
and Statistical Mechanics

A way to make a connection between the two views on probability goes through
the law of large numbers: the calculus of probabilities — viewed now as part
of deductive reasoning — leads one to ascribe subjective probabilities close to
one for certain events that are precisely those that the objective approach deals
with, namely the frequencies with which some events occur, when we repeat
many times the ‘same’ experimentﬁ. So, rather than opposing the two views,
one should carefully distinguish them, but regard the objective one as, in a
sense, a special case of the subjective one (i.e. when the law of large numbers
leads to subjective probabilities sufficiently close to one).

Let me now state the law of large numbers, using a terminology that will be
useful when I turn to statistical mechanics below. Consider the simple example
of coin flipping. Let 0 denote ‘head’ and 1, ‘tail’. The ‘space’ of results of any
single flip, {0, 1}, will be called the ‘physical space’ while the space of all possible
results of N flips, {0,1}", will be called the ‘phase space’. The variables Ng, N;

8 Of course, when we say that we repeat the ‘same’ experiment, or that the results
of different experiments are ‘independent’ of each other, we also try to quantify
the knowledge that we have, i.e. that we do not see any differences or any causal
connections between those experiments.
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that count the number of heads (0) or tails (1) will be called macroscopic. Here
we introduce an essential distinction between the macroscopic variables, or the
macrostate, and the microstate. The microstate, for N flips, is the sequence
of results for all the flips, while the macrostate simply specifies the values of
Ny and Nj. Although this example is trivial, let us draw the following analogy
with statistical mechanics: Ny and N7 count, for a given point in phase space,
corresponding to many ‘particles’ (i.e. to many flips), the number of ‘particles’
that belong to a given subset (0 or 1) of physical space.

Now, fix € > 0 and call a configuration such that |% — %| < ¢ typical, for
that given e, and atypical otherwise. Then, (a weak form of) the law of large
numbers states that Ve > 0, P(T(¢)) — 1 as N — oo where T'(¢) is the set
of typical configurations and P the product measure that assigns independent
probabilities % to each outcome of each flip. A more intuituive way to say the
same thing is that, if we simply count the number of microstates that are typical,
we find that they form a fraction of the total number of microstates close to 1,
for N large.

Here we may already discuss the connection between probabilities and scien-
tific explanations, the latter notion being obviously hard to state precisely@. A
first form of scientific explanation is given by laws. If state A produces state B,
then the occurence of B can be explained by the occurrence of A. If A is prepared
in the laboratory, this kind of explanation is rather satisfactory. Of course, if B
is some natural phenomena, then A itself has to be explained, and that leads to
a potentially infinite regres@. But, in many situations, we do not have strict
laws, e.g. in coin tossing, and thus we have to see what role probabilities play in
our notion of explanation. Observe first that, if we toss a coin many times and we
find approximately half heads and half tails, we do not feel that there is anything
special to be explained. If, however, the result deviates strongly from that aver-
age, we'll look for an explanation (e.g. by saying that the coin is biased). This
leads me to make the following suggestion; first, as discussed above, probabilities
enter situations where our knowledge is incomplete and Bayesian methods allow
us to make the most rational predictions in those situations. Now, suppose we
want to explain some phenomenon when our knowledge of the past is such that
this phenomenon could not have been predicted with certainty. I will say that
our knowledge, although partial, is sufficient to explain that phenomenon if we
would have predicted it using Bayesian computations and the information we
had about the past. That notion of ‘explanation’ incorporates, of course, as a
special case, the notion of explanation based on laws. Also, it fits with our in-
tuition concerning the coin-tossing situation discussed above: being ignorant of
any properties of the coin leads us to predict a fraction of heads or tails around

® One sometimes even hears that the goal of science is to describe phenomena or to
predict them, not to explain them. But that view is difficult to maintain: human
being demand explanations of various events, and if science does not give them,
what will?

10" Going back to the beginning of the universe, as discussed in Goldstein’s contribution
to this volume.
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one-half. Hence, such a result is not surprising or, in other words, does not “need
to be explained”, while a deviation from it requires an explanation.

Turning to physics, consider for example the Maxwellian distribution of ve-
locities, for a gas of N particles of mass m. Let A(u), be the cubic cell of size
§3 centered around u € (6Z)3. Let v = (v1,...,vn) € R3Y be an element of the
‘phase space’ of the system (where the coordinate part of the space are ignored),
i.e. a configuration of velocities for all the particles.

Define the macrostate by the variables
Nu(v) = {a|v, € A(uw),a=1,...,N}|.

Let T'(g,0) be the set of typical points for €, d, namely those v’s for which

N. ex fLrg"P
]\(fv) N (QI:r(ka)?’/z) =< @

for all cells A(u). Ny (v) is called the empirical distribution corresponding to the
phase space point v.

Let us consider the uniform measure on a constant energy surface of energy
E (i.e. the restriction of the Lebesgue measure to that surface). Then a variant of
the law of large numbers shows that the set of typical points on that surface has,
for N large, a measure close to one (when T in (@) is related to E by kT = 25).

Now, let us ask: how does one explain the occurrence of a Maxwellian dis-
tribution? The Bayesian answer is basically that there is nothing to explain,
because this is analogous to the situation of coin flippings where the fractions
of heads and tails are close to one half. Given that we know that the energy is
conserved, symmetry considerations show that the uniform measure is the most
natural one and, since the Maxwellian distribution is the empirical distribution
corresponding to most phase points (relative to that measu::i it is exactly what
we would expect if we know nothing more about the system{'!]. In fact, the only
thing that would lead us not to predict the Maxwellian distribution would be
some additional knowledge about the system (e.g. that there are some constraints
or some external forces acting on it).

This answers the often heard question: “how does one justify the choice of the
equilibrium measure?”; answering that question can vary from being trivia (it
is the natural choice on Bayesian grounds), to being impossible, if some other
justification — for example, a dynamical justification that would not itself use
probabilistic considerations — is demanded by those who ask the question.

11T am leaving aside here the problem of the choice of variables on which to put a
uniform measure. I would argue that the natural variables are those ( the positions
and momenta) that characterize the state of the system or, in other words, the
simplest ones that determine uniquely a solution to the equations of motion. Note
that this is the only place in the reasoning where dynamical considerations enter.
From the point of view defended here, what is not trivial are the mathematical
consequences of that assumption, like (2) and all other such relations derived in
equilibrium statistical mechanics. But the basic probabilistic assumption does not
need a “deeper” justification.

12
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However, one can ask a related question, which is less trivial: how does one
explain the approach to equilibrium for a closed system which starts in an atyp-
ical (i.e. a nonequilibrium) configuration? This is the question that Boltzmann’s
analysis answers and is the topic of the next section.

4 A Simple Example: The Kac Ring Model

I will now analyze a simple model, due to Mark Kac ([T1] p.99, see also Thompson
(3] p.23)), which nicely illustrates Boltzmann’s solution to the problem of
irreversibility, and shows how to avoid various misunderstandings and paradoxes.

I shall describe a slightly modified version of the model and state the relevant
results, referring to [I1] for the proofs (all the quotes in this section come from
).

“On a circle we consider n equidistant points”; m of the intervals between
the points are marked and form a set called S. The complementary set (of n—m
intervals) will be called S.

“Each of the n points is a site of a ball which can be either white (w) or
black (b). During an elementary time interval each ball moves counterclockwise
to the nearest site with the following proviso”.

If the ball crosses an interval in S, it changes color upon completing the move
but if it crosses an interval in S, it performs the move without changing color.

“Suppose that we start with all white balls; the question is what happens
after a large number of moves” (below, after (@), we shall also consider other
initial conditions).

Here is the analogy with mechanical laws: the balls are described by their po-
sitions and their (discrete) “velocity”, namely their color. One of the simplifying
features of the model is that the “velocity” does not affect the motion. The only
reason I call it a “velocity” is that it changes when the ball collides with a fixed
“scatterer”, i.e. an interval in S. Scattering with fixed objects tends to be easier
to analyze than collisions between moving particles. The “equations of motion”
are given by the counterclockwise motion, plus the changing of colors (see eqs
(@ B) below). These equations are obviously deterministic and reversible: if af-
ter a time ¢, we change the orientation of the motion from counterclockwise to
clockwise, we return after ¢ steps to the original statdd. Moreover, the motion
is strictly periodic: after 2n steps each interval has been crossed twice by each
ball, hence they all come back to their original color. This is analogous to the
Poincaré cycles that occur in mechanical system, except that, here, the length
of the cycle is the same for all configurations (there is no reason for this to hold
in general mechanical systems). Finally, it is easy to find special configurations

13 There is a small abuse here, because I seem to change the laws of motion by changing
the orientation. But I can attach another discrete “velocity” parameter to the parti-
cles, having the same value for all of them, and indicating the orientation, clockwise
or counterclockwise, of their motion. Then, the motion is truly reversible.

1 For an isolated mechanical system, most points in any neighbourhood of a given point
in phase space have a trajectory that will visit infinitely often that neighbourhood.
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which obviously do not tend to equilibrium, because they do not tend to any-
thing: start with all white balls and let every other interval belong to S (with
m = %). Then, after two steps, all balls are black, after four steps they are all
white again, etc... The motion is periodic with period 4.

Before dealing with those apparent paradoxes, note that, from a Bayesian
viewpoint, one will assign a probability distribution that is uniform over config-
urations (of balls and of scatterers) compatible with whatever information we
have. Thus, if we do not know anything, we assign a uniform distribution over
all configurations. For N large, this distribution becomes concentrated on those
configurations for which the number of black and of white balls are more or less
equal, and this defines equilibrium.

What one would like to show is that, if we know initially that the number
of white and black balls are different, and if we therefore assign a uniform dis-
tribution over the configurations compatible with that information, then, if one
starts with a “typical” configurations relative to that distribution, the dynamics
will evolve it towards an equilibrium one.

This is what the Boltzmann approach does; I will start with the analogue of
Boltzmann’s equation, and then turn to his more general ideas.

Analog of the Classical Solution of Boltzmann.

Let us first introduce the macrostate in this system which is defined by
N, (t) i.e. by the total number of white balls at time ¢ (i.e., after ¢ moves; ¢
being an integer). Of course, we could also take the total number of black balls
Ny(t) = N — Ny (t). On the other hand, let Ny, (S;t) (Np(S;t)) be the number
of white (black) balls which are going to cross an interval in .S at time ¢.

“We have the immediate conservation relations:

Nu(t +1) = Ny (t) = N (S5 1) + No(551)
Np(t+1) = Ny(t) — Np(S;t) + Ny (S;t) (3)

Now to follow Boltzmann, we introduce the assumption (“Stosszahlansatz”
or “hypothesis of molecular chaos”)

Ny (S;t) = mn~ N, (t)
Ny(S;t) = mn~ ' Ny(t)” (4)

Of course, if we want to solve (@) in a simple way, we have to make some
assumption about N, (S;t), Np(S;t). Otherwise, one has to write equations for
Ny (S;t), Np(S;t) that will involve new variables and lead to an infinite regress.

The intuitive justification for this assumption is that each ball is “uncorre-
lated” with the event “the interval ahead of the ball belongs to S”, so we write
Ny (S;t) as equal to Ny (), the total number of white balls, times the density I
of intervals in S. This assumption looks completely reasonable. However, upon

15 The word “chaos” here has nothing to do with “chaos theory”, and, of course, Boltz-
mann’s hypothesis is much older than that theory.
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reflection, it may lead to some puzzlement (just as the hypothesis of “molecular
chaos” does): what does “uncorrelated” exactly mean? Why do we introduce a
statistical assumption in a mechanical model? Fortunately here, these questions
can be answered precisely and we shall answer them later. But let us first return
to the Boltzmannian story.

“One obtains

Nyt +1) = Nyt +1) = (1 — 2mn~ 1) (N (t) — Ny(t))

Thus
n’l[Nwt) —Npy(t)] = (1 — 2mn*1)tn’1[Nw(0) — Ny(0)]
=(1-2mn 1) (5)
and hence if
2m < n (6)

(as we shall assume in the sequel) we obtain a monotonic approach to equipar-
tition of white and black balls.” Note that we get a monotonic approach for all
initial conditions (IV,,(0) — Np(0)) of the balls.

The general approach of Boltzmann to irreversibility.

We can see here that Boltzmann’s equation can at best be an approximation.
The assumption (@) cannot hold for all times and for all configurations, because
it would contradict the reversibility and the periodicity of the motion. In order
to better understand what goes on, we need to reexamine the model at the
microscopic level, first mechanically and then statistically. For each i =1,--- | n,
we introduce the variable

[ +1if the interval in front of i € S
€=\ —1if the interval in front of i € S

and we let

() = +1if the ball at site ¢ at time ¢ is white
i\") =) Z1if the ball at site i at time ¢ is black

Then, we get the “equations of motion”

ni(t) = ni—1(t — 1)ei—1 (7)
whose solution is
ni(t) = ni—t(0)€i—1€i—2 - €y (8)

(where the subtractions in the indices are done modulo n). So we have an explicit
solution of the equations of motion at the microscopic level.
We can express the macroscopic variables in terms of that solution:

Ny(t) — No(t) = Zm(t) = Zm—t(o)ﬂ—lﬁi—2 €t (9)
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and we want to compute n =1 (N, () — Ny(t)) for large n, for various choices of
initial conditions ({n;(0)}) and various sets S (determining the ¢;’s). It is here
that “statistical” assumptions enter. Namely, we fix an arbitrary initial condition
({n:(0)}) and consider all possible sets S with m = pn fixed (one can of course
think of the choice of S as being part of the choice of initial conditions). Then,
for each set S, one computes the “curve” n=!(N,(t) — Ny(t)) as a function of
time. The result of the computation, done in [11], is that, for any given ¢ and for
n large compared to ¢, the overwhelming majority of these curves will approach
(1 —22)" = (1 —2pu)", i.e. what is predicted by (3). (to fix ideas, Kac suggests
to think of n as being of the order 10?3 and t of order 10°). The fraction of all
curves that will deviate significantly from (1 — 2u)?, for fixed ¢, goes to zero as
n*%, when n — oo.

Of course when I say “compute” I should rather say that one makes an
estimate of the fraction of “exceptional” curves deviating from (1 — 2u)* at a
fixed ¢. This estimate is similar to the law of large number and (7) is indeed
of the form of a sum of (almost independent) variables (remembering that n is
large compared to t).

I do not want to overemphasize the interest of this model. It has many sim-
plifying features (for example, there is no conservation of momentum because
the scatterers here are “fixed”). However, it has all the properties that have
been invoked to show that mechanical systems cannot behave irreversibly, and
therefore it is a perfect counterexample that allows us to refute all those argu-
ments (and to understand exactly what is wrong with them): it is isolated (the
balls plus the scatterers), deterministic, reversible, has Poincaré cycles and is
not ergodic (see Remark 2 below).

This result, obtained in the Kac model, is exactly what one would like to show
for general mechanical systems, in order to establish irreversibility. It is obvious
why this is very hard. In general, one does not have an explicit solution (for an
n-body system !) such as (@ B)), in terms of which the macroscopic variables can
be expressed, see ([@)). It is also clear in this example what is exactly the status of
our “ignorance”. If we prepare the system many times and if the only variables
that we can control are n and m, then we indeed expect to see the irreversible
behaviour obtained above, simply because this is what happens deterministi-
cally for the vast majority of microscopic initial conditions corresponding to the
macroscopic variables that we are able to control (i.e. for what we called a typical
initial condition above). Note that we may, if we wish, say that we “ignore” the
initial conditions, but there is nothing “subjective” here. Simply our ignorance
does not prevent us from making, on Bayesian grounds, the right prediction and
thus we say that the phenomenon of approach to equilibrium is explained.

I will conclude this section with some more technical remarks about this
model.

Remarks

1. The Poincaré recurrence and the reversibility “paradoxes” are easy to un-
derstand: each curve studied is periodic of period 2n. So that, if we did not
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fix t and let n — oo, we would not observe “irreversible” behaviour. But this
limit is physically correct. The recurrence time (n) is enormous compared
to any physically accessible time. As for the reversibility objection, let us
consider as initial condition a reversed configuration after time t. Then we
know that, for that configuration and that set S, n= (N, (t) — Np(¢)) will not
be close to (1 —2u)" at time ¢ (since it will be back to its initial value 1). But
all we are saying is that, for the vast majority of S’s this limiting behaviour
will be seen. For the reversed configuration, the original set S happens to
be exceptional. But, for that configuration, it is still the case that the vast
majority of sets S will lead to a typical behaviour. The same remark holds
for the configuration with period 4 mentioned in the beginning.

Note also that, if we consider the set of configurations for which n=1(N,,(t)—
Ny(t)) is close to (1 —2u)t for all times, then this set is empty, because of
periodicity.

2. This model, although perfectly “irreversible”, is not ergodic! Indeed, since
it is periodic, no trajectory can “visit” more than 2n microscopic configu-
rations. But the “phase space” contains 2™ configurations (two possibilities
-black or white- at each site). So, only a very small fraction of the phase
space is visited by a trajectory. This nicely illustrates the fact that ergodic-
ity is not necessary for irreversibility. What is used here is only the fact that
the vast majority of configurations give to the macroscopic variables a value
close to their equilibrium one (as emphasized in [7]).

5 A Mechanical Example

In order to illustrate Boltzmann’s ideas in a truly mechanical example, as well
as to indicate the (limited) role that dynamical properties such as mixing plays
in those ideas, consider the following simple syste: N uncoupled anharmonic
oscillators of identical mass, whose Hamiltonian is

N 2
p,
H= L i 1

> g + V@) (10)
where )
q

Vig) = 5T Agt (11)

with A > 0.

Each such oscillator moves in the R2? plane along a closed constant energy
curve determined by the initial conditions (g(0),p(0)). The frequency of the
motion on each such curve depends on the energy, hence on the initial conditions
(except for A = 0 in (), i.e. except for the harmonic oscillator whose oscillations
are isochronous).

16 This example was suggested to me by Pierre Collet.
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Let us use the coordinated] given by the energy E and the angle ¢. The
equations of motion give E = constant, p(t) = ¢(0) + w(E)t.

On Bayesian grounds, the equilibrium distribution is the microcanonical one,
i.e. the uniform distribution on a constant energy surface, §(H — E) Hfil dp;dg;,
assuming that we know the energy of the system, which is the only quantity
which is easy to know, in general (if we knew only the average energy, we would
use the canonical distribution, or more general distribution if we didn’t even
know that).

To understand how convergence to equilibrium occurs, let g be the density
of an absolutely continuous measure on R2, and take initial data at “random”
with respect to that measure and independently of each other. In other words,
we consider a point z(0) € R*N z(0) = (E1(0), ¢1(0),..., Ex(0),on(0)) which
is ‘typical’ with respect to the measure

N
p= 1ol i) dE; g,

=1

or, in other words, we are interested in properties that hold for all points in a set
whose p-measure is close to one. This measure might be the maximum entropy
measure corresponding to some information about the initial state of the sytem,
e.g. the average distribution of the angles (but we will not use this assumption).
Finally consider a macroscopic quantity of the form

N
F@) =5 £ (12)

with, say, f smooth.
Letting o(t) = (;(0) + w(E;)t),, it is easy to show that, in some sense
which will be made precise soon,

2
Fo(t)“ =7 | f(p)dy (13)
0

and the RHS is just the equilibrium value of F', meaning the value obtained by
integrating F () with the microcanonical measure on R*Y 6(H — E) Hfil dp;dg;
(as can be seen by changing variables to E;, ¢;). To see where (I3]) comes from,
and its precise meaning, apply the law of large numbers to show that, for NV
large,

N

F(e®) = [ Plo) [] ptor, Edond:

- / (o + w(BE)t)olp, B)dypdE. (14)

17 The action-angle variables (I, ) are more conventional in mechanics but they are
related to the coordinates used here by % = w where w = w(F) is the angular
frequency of the motion of energy E.
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for typical’s p(t). Now, expanding f and ¢ into Fourier series and using the fact

that d‘g(b?) # 0 for A # 0 in (), one can show that the RHS of (4] tends to
J fl@)dp as t — oo (by assumption, [ o(p, E)dedE = 1). So, we have again, at
least for quantities of the form ([I2)), “convergence to equilibrium”.

Note however that, for N fixed, the motion of F(p(t)) is quasiperiodic and
so ([3) does not really hold for t — oo but only for ¢ large but not too large
compared to N. This is because, although the RHS of (I4) converges to the RHS
of [@3), F(e(t)) is close to the RHS of (4] only for N large. To be mathematically
precise, one should, as in the Kac model, first take N — oo and then ¢t — co.
The lack of convergence for fixed N is similar to the Poincaré recurrences.

The dynamical system on a constant energy surface in R*V is not ergodic
and, a fortiori, not mixing: the energy of each oscillator is conserved. Accordingly,
a “convergence to equilibrium” like (I3) would not hold, in general, if f in (I2)
depended also on E. This is of course a drawback of this model, which is due to
its extreme simplicity.

There is nevertheless a sense in which “mixing” holds here and is relevant: in
order for (I4) to converge to [ f(p)dyp, we need to use the fact that w depends
on E (in the case of the harmonic oscillator, where this property does not hold,
F(p(t)) will oscillate periodically and will not satisfy (I3])). To see the role that
this dependence plays, let p be a uniform density on a disk D in R?, of radius a,
centered around (g¢,0) with ¢ > a. Consider the annulus-like region A bounded
by the constant energy curves E_ = V(g —a) and E; = V(g+a). Since the disk
D is foliated by constant energy curves F € [E_, E,] and since, on each curve,
the angular speed w(FE) is different, one can see that, under the time evolution,
D will evolve into a elongated disk D(t) which, while remaining of constant size
(by Liouville’s theorem), will A1 the region A. This is precisely analogous to
the kind of mixing in physical space (here, R?) like the ink drop in a glass of
water considered by Gibbs (see [7]). But this is quite different from mixing n
phase space (R* here) that does not take place in this system and that is not
relevant for the “approach to equilibrium”. The confusion between these two
sorts of mixing properties is rather widespread.

Let me conclude with a general suggestion, based on this example, which
however I do not know how to formulate precisely: namely, that a form of mixing
is important for approcah to equilibrium to take place (after all, for the harmonic
oscillator we have neither approach to equilibrium nor any form of mixing),
but only in some kind of reduced phase space (R? here), determined by the
macroscopic variables.

6 Probabilities and Chaotic Dynamical Systems

In this section and in the next one, I will consider the ‘naturalness’, from a
Bayesian viewpoint, of certain measures that enter either in classical dynamical
systems or in quantum (Bohmian) mechanics.

'8 Tn the sense that Area(A N D(t)) will converge to Area(A)Area(D), as t — oo, for
measurable sets A.
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Let me start with the Sinai-Ruelle-Bowen (SRB) measures in chaotic dy-
namical systems (see e.g. [6]). They are rather special objects, which are often
singular (continuous) relative to the Lebesgue measure and that would proba-
bly never have been considered if we had not studied dynamical systems. How
should one justify their physical relevance? One might invoke their stationarity.
But they are far from unique in that respect. Not only do we have, in many
cases, infinitely many stationary (discrete) measures concentrated on periodic
orbits, we also have infinitely many stationary singular continuous measured .
There is, however, one property that singles out the SRB measures : they are
the forward images of the Lebesgue measure (or, at least, of the restriction of
that measure to the basin of attraction of the support of the SRB measure).
This means that, for a typical initial condition xg in the basin of attraction and
for a measurable set B,

1 N1
Jm oy e €8 = [ ante) (15)
where f is the map defining the dynamical system, p is the SRB measure and
X (E) is the indicator function of the event E. Here ‘typical’ means “except for
a set of points of zero Lebesgue measure”.

Note that these chaotic dynamical systems may have few degrees of freedom
and thus the usual distinction between microscopic and macroscopic quantities
cannot be formulated. However, one may argue that the role of the macroscopic
quantities is played here by frequencies of visits of the trajectory of a typical
point to measurable sets and those frequencies are simply given by the SRB
measure of that set. Indeed, these frequencies are reproducible quantities in
these systems (unlike individual trajectories that are not reproducible because
of chaoticity) and they can be observed in computer or real experiments.

Anyway, the point that I want to emphasize here is that the initial measure,
the one with respect to which typicality of the initial conditions is defined, is
the Lebesgue measure which, in general, is not the SRB measure and is not
even stationary. And, what recommand this measure as a natural measure of
typicality is a form of the principle of indifference or of maximum entropy@.

19 When there exists a Markov partition, the map defining the dynamical system can
be conjugated to the shift on a space of symbol sequences. Then, any translation (or
shift) invariant measure on that space (e.g. any translation invariant Gibbs state)
will give rise to a stationary measure for the original dynamical system when it is
transported back to the phase space of that system. And such stationary measures
can be (singular) continuous.

If we perform computer simulations, the behaviour of trajectories with “random”
initial points will be the one described by the SRB measure, which can be under-
stood because the ‘randomness’ of the initial point, i.e. our ignorance about it, leads
us again to consider the Lebesgue measure, because it is uniform over initial config-
urations.

20
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7 Bohmian Mechanics and Quantum Equilibrium

In this section, I will make some remarks on the naturalness of the “quantum
equilibrium” hypothesis, i.e. of the choice of an initial distribution of particle
positions coinciding with the square of the absolute value of the wave function
(see [A]). I will assume some familiarity with Bohmian mechanics as well as with
the idea of quantum equilibrium. The authors of [4] want to justify this choice
by invoking its equivariance, which they view as a natural generalization of sta-
tionarity, the latter property being offered as a justification of the Lebesgue
measure, i.e. of the microcanonical ensemble, in statistical mechanics. As ex-
plained in section 3, it seems to me that the use of the Lebesgue measure in
statistical mechanics should and could be justified on Bayesian grounds, rather
than invoking stationarity. But, before discussing further this argument, let me
emphasize that, whatever disagreement I may have with that particular justifica-
tion, I do not regard it in any way as a criticism of Bohm’s theory itself. Indeed,
I consider that, at present, Bohm’s theory is, by far, the most satisfactory theory
that we have of quantum phenomena and that most objections that are raised
against it are either totally misguided or simply reflect the fact that this theory
is basically the only one which is sufficiently well formulated so that objections
to it can be raise. This preliminary remark should not be necessary and is
only made because Bohm’s has been unfairly criticized and misrepresented to an
extent that is truly extraordinary, and totally unusual in the history of science
(even more than Bayesian ideas).

Coming back to the justification of the probability distribution on initial
conditions, here are some problems, of various degree of importance, that I see in
using stationarity as a naturalness condition for a measure on initial conditions.

1. First, a familiar way to think of stationary measures?? is as being those that
describe the large time asymptotics of trajectories; but why should that
imply that those measures are natural when applied to initial conditions?
Moreover, there is vague sense in which this “begs the question” because it
assumes that stationarity (or equilibrium) has been reached from the start.

2. The notion of stationarity is too sophisticated mathematically; that, usually
is not a problem, but remember that here we try to nail down what we intu-
itively mean by scientific explanation. And a mathematical notion like sta-
tionarity is far away from any intuition that we may have about explanation.

21 Here, I realize that I am slightly unfair to spontaneous collapse theories, of the
GRW type; but what I have in mind is e.g. the widespread belief that orthodox,
Copenhagen-like, quantum theories have no problem incorporating special relativity,
while Bohmian mechanics does. Indeed, whatever the Copenhagen interpretation
really means, it must somewhere introduce a collapse or reduction of the state vector
or an intervention of the observer or some — usually verbal — substitute for that.
And, to my knowledge, the Lorentz invariance of that part of the “theory” is never
discussed. And, if it was, problems caused by EPR-type experiments, that are the
source of the difficulty in obtaining a Lorentz invariant Bohmian theory, would soon
become evident.

2 Which, however, is not used in [].
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Of course, maximum entropy principles and the like are also sophisticated,
in a sense. But they are much closer to our everyday intuition; in fact, it is
likely that even animals make Bayesian ‘computations’ before taking ‘deci-
sions’. There is a difference between maximum entropy principles, which try
to formalize our pre-scientific intuitions and stationarity, which, it seems to
me, can only appeal to the mathematically trained scientist.

3. If we look at the second picture in Figure 1 of [7], and consider that config-
uration as our initial conditions, we could regard it as being ‘typical’ for a
certain distribution, and use that distribution to infer the future behaviour
of the system (i.e. the last two figures). But that distribution will not be
stationary; in fact, even the first picture corresponds to typical configura-
tion of a distribution that is not stationary, once the hole between the two
half-boxes is ope. And, in both cases, the corresponding distribution can
probably be justified on Bayesian grounds, as being the maximum entropy
distribution contrained by the density profile that we observe.

4. As discussed before, there are often many stationary measures and, in the
case of SRB measures at least, they cannot be singled out using stationar-
ity

5. The most basic objection is that probabilities are not physical quantities,
but tools used to predict or explain. In particular, there is no good reason
why one should always let probabilities change in time according to the evo-
lution induced by the physical laws (like the Liouville evolution in classical
physics). They certainly do not obey such laws when one does Bayesian
updating. But if that is granted, stationarity, or any other dynamical prop-
erty, does not seem to be a particularly natural requirement to impose on
probabilities.

The upshot of this discussion is that the proper way to justify the use of
the Lebesgue measure in statistical mechanics is not to invoke stationarity, but
rather to appeal to Bayesian arguments.

Finally, to see what difference arises, in Bohmian mechanics, between these
two notions of naturalness (stationarity and maximum entropy), consider the
following example (which is artificially simple, but by no means unique).

Take a ‘universe’ consisting of non interacting particles in a one-dimensional
box, all of which are in their ground state. The latter can be taken to be pro-
portional to a sine function that vanishes on the boundary of the box. Let us
call ¢ that function (following the notation of [5]). The wave function of the

23 Of course, if the hole is closed, the uniform distribution is stationary.

24 Or stationarity plus absolute continuity with respect to Lebesgue measure, since the
SRB measures is not, in general, absolutely continuous.

25 Once one realizes that, the “paradox” posed by the constancy of the Gibbs entropy
under the Liouville evolution simply disappears.

26 The point of this example is to discuss the notion of quantum equilibrium; however,
I will not explain or use the nice analysis of the concept of effective wave function
which is needed to understand this concept more deeply; see [45].
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“universe”, ¥, is a product of such functions, one for each particle@. To define
quantum equilibrium, let us proceed as with the Maxwellian distribution of ve-
locities, see (@). Let A(u), be the interval of size ¢ centered around u € §Z.
Let Q = (Qy,...,Qn) € R*N be an element of the configuration space of the
system.

Define the macrostate by the variables N,,(Q) = [{a|Qa € A(u),a=1,...,N}|.
Let T'(g,8) be the set of typical points relative to |¥|? for €, 5, namely those Q’s
for which

Nu(Q)

25 o) <. (16)

for all cells A(u) (N, (Q) is a coarse grained version of the empirical distribution
denoted pl;¢ in [5] and (IB) corresponds to equation (9) there).

The idea of quantum equilibrium in this example is that, again because of
the law of large numbers, the set of typical points, as defined above, will have a
|¥|2-measure close to 1, for N large. So, if one picks a microscopic configuration
of the universe @ that is typical relative to |¥|2, it will give rise, because of (I6)),
to an empirical distribution satisfying Born’s statistical Jaw.

So, argue the authors of [4], we have shown that at least one initial con-
figuration of the universe gives rise to Born’s law, which is already non-trivial.
In fact, many configurations do the job: almost all those in the support of the
|¥|2-measure. And the authors of [4] rightly invoke the notion of typicality in
order to claim that quantum equilibrium and therefore Born’s law is actually
very natural. But, for that last claim to be right, one needs to argue that the
measure with respect to which the configurations under discussion are typical
is itself “natural” (every configuration is typical with respect to at least one
measure — the delta measure concentrated on itself).

However, note that the empirical distribution in (6] must be peaked away
from the boundaries of the box, because of the vanishing of |¢|? (i.e. of the sine
function) there.

But, when we open the box, what would we naturally expect to find? On
Bayesian grounds, I would expect a uniform distribution. Of course, if we knew
that there is a force, for example, repelling the particles from the boundaries
of the box, we might revise our expectations. But the properties of the ground
state here are not of that genre; in fact, they imply nothing for the dynamics of
the system since here nothing moves?d. In fact the only ‘explanation’ of the fact
that we obtain a |¢|? distribution rather than a uniform distribution is probably

27 Putting aside here questions of statistics as well as the role of measuring devices
outside the box.

28 In more general situations, this holds also, but, to show that, one needs to invoke
the equivariance of the dynamics, see [4f5].

29 In this particular example, stationarity with respect to the dynamics does not single
out any measure; Indeed, the laws of Bohmian mechanics imply that, in a ground
state, nothing moves, so that all distributions are stationary. Whatever empirical
distribution God (or whatever replaced him) picked at the begining of times, would
be found by us, if the box had remained isolated until we open it.
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that God likes quantum equilibrium and Born’s law and so put it there at the
beginning of times.

The upshot of this discussion is that quantum equilibrium, in Bohmian me-
chanics, should, in my view, be presented as a postulate, independent of the
other ones, rather than as somehow being the only natural or reasonable choice.
It is not a particularly unnatural choice and it is true that quantum equilibrium
is still far less mysterious than classical non equilibrium at the origin of the
universe (i.e. what Goldstein calls the hard problem of irreversibility in [7]). But
one should not be present it as more natural than it is.

Acknowledgments. I would like to thank P. Collet, D. Diirr, S. Goldstein, R.
Tumulka and N. Zanghi for interesting discussions.
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The Rise of Statistical Mechanics

Carlo Cercignani

Dipartimento di Matematica, Politecnico di Milano, I-20133 Milano, Italy

Abstract. The atomic theory of matter is reviewed from the times of the early greeks
until the times of Boltzmann and Gibbs. The modern kinetic theory of gases including
the Boltzmann equation is discussed from a historical point of view.

The question whether matter is atomistically constituted or continuous is already
present in the writings of Greek philosophers. The first atomic theory is actually
credited to Democritus of Abdera who lived in the 5th Century B.C.. We can
echo here what Maxwell said in a popular lecture, if we modify the number of
centuries:

“We do not know much about the science organisation of Thrace
twenty-three centuries ago, or of the machinery then employed for diffus-
ing an interest in physical research. There were men, however, in those
days, who devoted their lives to the pursuit of knowledge with an ardour
worthy of the most distinguished members of the British Association;
and the lectures in which Democritus explained the atomic theory to
his fellow-citizens of Abdera realised, not in golden opinions only, but in
golden talents, a sum hardly equalled even in America”.

The atomic theory was also maintained by other philosophers such as Leucippus
(5th Century B.C.) and through Epicurus (341-270 B.C.) it was transmitted to
Romans. The most complete exposition of the view of the ancients is the famous
poem of Lucretius (99-55 B.C.), De Rerum Natura (“On the Nature of Things”).
Apart from being just qualitative, this theory was inaccurate on a basic point:
the law of inertia was of course not available and thus the molecular motion
was ascribed to gravity (the vertical direction being thought of as absolute).
In addition, collisions were replaced by a stochastic change of direction, named
clinamen (“change of slope”).

In medieval times some Arabian thinkers accepted the atomic theory, which
was, on the contrary, fiercely fought by the scholastic theologians in the West,
who maintained that it conflicted with the dogma of transubstantiation. Dur-
ing the Renaissance period, ideas related to atomism occur in the writings of
Giordano Bruno (1548-1600), Galileo Galilei (1564-1642), and Francis Bacon
(1561-1626). Later the French philosopher Petrus Gassendi (1592-1655) con-
sidered the idea of the atomic constitution of matter as a basic point of his
philosophy.
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In more recent times Descartes held that it is the basic property of space to
be occupied by matter and denied the existence of atoms. Leibniz, on the other
hand, regarded his monad as the ultimate element of everything.

Thus, from the start, modern science found itself confronted by two opposite
views of reality, which can be regarded as a continuum or as made up of discrete
particles. Sometimes both descriptions can be applied with the same results.
The continuum theory makes use of a small number of continuous quantities,
such as the density, the bulk velocity, and the pressure of a gas, whose evolution
in time is ruled by essentially irreversible laws, which imply dissipation and
growth of entropy. These laws are in general asymmetric with respect to the
time variable, the “time-arrow” pointing from the past into future, i.e. with an
orientation coinciding with that of increasing entropy. The atomic theory, on the
other hand, conceives matter as discontinuous and made up of an extremely large
number of particles, moving according to the time-symmetric laws of mechanics.

Since, as we have just said, these two descriptions frequently yield the same
results, we must explain the fact that regular physical processes, described by
continuous variables, emerge at the macroscopic level of everyday life from the
extremely complex motions of a huge number of particles and the fact that
the passage to a continuum description is accompanied by the break in the
time-symmetry and leads from reversible microscopic motions to irreversible
macroscopic phenomena.

Many scientists used the concept of atom to deduce results about the macro-
scopic behavior of matter, but the first systematic attempt must be credited to
Roger Joseph Boscovich (1711-1787), whose theory may be taken as an example
of the purest monadism, but was somewhat qualitative.

Daniel Bernoulli (1700-1782) introduced the idea of the atomic structure of
matter as we understand it today. He explained the origin of pressure by means
of an early example of a statistical calculation in mechanics and gave birth to
the kinetic theory of gases. The new idea was that the mechanical effect of the
impact of these moving molecules when they strike against a solid constitutes
what is commonly called the pressure of the gas. In fact, if we were guided solely
by the atomic hypothesis, we might assume the pressure to be produced by the
repulsions of the molecules (this seems to be Boscovich’s explanation). Although
Bernoulli’s scheme [I] was able to account for the elementary properties of gases
(compressibility, tendency to expand, rise of temperature during compression
and fall during expansion, trend toward uniformity or space homogeneity), no
definite opinion could be passed on it until it was investigated quantitatively.
The actual development of the kinetic theory of gases accordingly took place
much later, in the nineteenth century.

The fact that gases were the first subject of statistical theories of mechanics
can easily be understood; in fact, the behavior of a gas can be easily understood
on a statistical basis. The word “gas” (or “gaz”) was indeed coined by the chemist
J.B. van Helmont in 1620 after the word “chaos” (which had been used by
Paracelsius to denote a gas).
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Although the rules generating the dynamics of an ensemble of molecules
(originally thought of as tiny rigid bodies, a surprisingly good model) are easy
to prescribe, the associated phenomena are not so simple. They are actually
rather difficult to understand, especially if one is interested in the trend of the
system for long periods of time (the so-called ergodic properties) or in the case
when the number of spheres is very large (kinetic and hydrodynamical limits).

The theory proposed by Bernoulli was soon afterwards brought forward in-
dependently by George-Louis Lesage of Geneva (1724-1803), who, however, de-
voted most of his work to the explanation of gravitation as due to the impact
of atoms. Then John Herapath (1790-1869), in his Mathematical Physics, pub-
lished in 1847, made a much more extensive application of the theory. Apparently
without knowing Bernoulli’s work, he went further and was the first to state the
idea of an absolute temperature depending on molecular velocities, although he
used a rather unusual temperature (essentially the square of our absolute tem-
perature). He gave the first explicit value for the average speed of a molecule
in a gas. James Prescott Joule (1818-1889), to whom this priority is usually
attributed, seems to have based his calculations on Herapath’s.

Another British scientist who rediscovered elementary kinetic theory and was
not acknowledged by his contemporaries is John James Waterston (1811-1883).
Very few people paid attention to his work even in Britain. Refence to his papers
is most remarkably absent from Maxwell’s writings. Rankine did quote him twice
in 1864 and 1869. His work was rediscovered, rather too late, by Lord Rayleigh
in 1891.

Thus the glory of discovering the first ideas about modern kinetic theory
shifted to Germany. A not particularly exciting paper by August Karl Kronig
(1822-1879) is however frequently quoted because it might have had the impor-
tant role of drawing the attention of Rudolf Clausius (1822-1888) to the subject.
Clausius had just moved to the Eidgenossische Polytechnikum in Ziirich when
Kronig’s paper appeared, but it seems plausible that he had done some unpub-
lished work on the subject earlier.

Clausius took kinetic theory into a mature stage, with the explicit recognition
that thermal energy is but the kinetic energy of the random motions of the
molecules and the explanation of the first law of thermodynamics in kinetic
terms.

Clausius had been the first to formulate the Second Law of thermodynam-
ics and was, later, to discover the hidden concept of entropy. His first paper
on the kinetic theory of gases, entitled Uber die Art der Bewegung, welche wir
Wiarme nennen (The kind of motion we call heat), which appeared in 1857 in
Poggendorff’s Annalen, defined the scope of most nineteenth century work in
kinetic theory. His earlier experience in atmospheric physics and in thermody-
namics prompted him to find an answer to the naive objections to the idea that
molecules travel at very large speeds. Thus he laid down the program and some
concepts of the new theory. One of the first scientists to react to Clausius’s
first paper was the Italian chemist Stanislao Cannizzaro (1826-1910), who had
revived the chemical atomic theory in its modern form based on the hypothe-
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sis of Amedeo Avogadro (1776-1856). His widely known Sunto di un corso di
Filosofia Chimica (published in 1858 and reprinted as Sketch of a Course of
Chemical Philosophy, The Alembic Club, Edinburgh, 1961) was distributed at a
meeting in Karlsruhe in 1860 and quoted the new researches (“from Gay-Lussac
to Clausius”) to support Avogadro’s views.

Clausius introduced the concept of the mean free path (normale mittlere
Weglinge), in 1858 [2]. In 1860, two years after Clausius’s paper, on the basis of
this concept, James Clerk Maxwell (1831-1879) developed a preliminary theory
of transport processes, such as heat transfer, viscous drag, diffusion. He also
remarked that the approach of assuming all the molecules at rest and one moving
was too simplistic and one needed to compute how the molecules distribute with
respect to their speeds. He thus introduced the concept of a distribution function.
In the same paper he gave a (very) heuristic derivation of the velocity distribution
function that bears his name [3].

Maxwell almost immediately realized that the concept of mean free path
was inadequate as a foundation for kinetic theory and in 1867 developed a much
more accurate method [4], based on the so-called transfer equations, and realized
the particularly simple properties of a molecular model, according to which the
molecules are mass points (therefore not hard spheres) interacting at a distance
with a repelling force inversely proportional to the fifth power of the distance
(these ficticious molecules are nowadays commonly called Maxwell molecules).
In the same paper he gave a better justification of his formula for the velocity
distribution function for a gas in equilibrium.

With his transfer equations, Maxwell had come very close to an evolution
equation for the distribution function, but this last step [5] must be credited
to Ludwig Boltzmann (1844-1906). The equation under consideration is usually
called the Boltzmann equation and sometimes the Maxwell-Boltzmann equation
(to recognize the important role played by Maxwell in its discovery).

It remained, in fact, the unsolved important problem of deducing the Second
Law of thermodynamics. As is well-known by elementary physics, this principle is
often subdivided into two parts, according to whether we consider just reversible
processes or irreversible processes as well.

The modern idea of irreversibility in physical processes is based upon the
second law of thermodynamics in its most general form. This law was put forward
for the first time by Sadi Carnot in 1824 in a paper on the efficiency of the steam
engines [6].

In the scientific literature before 1850 one finds scattered statements about
something that is lost or dissipated when heat is used to produce mechanical
work, but only in 1852 William Thomson (later to become Lord Kelvin) asserted
the existence of “A universal tendency in nature to the dissipation of mechanical
energy” [7]. The consequences of Thomson’s Principle of Dissipation were elab-
orated by Hermann von Helmholtz, who, two years later, described the “heat
death” of the universe, the consequence of the transformation of all energy into
heat [8]. It is to be stressed that Clausius had already remarked in 1850 [9] that,
although Carnot’s argument can be reconciled with the equivalence of work and
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heat, through a slight modification, something more than the impossibility of
perpetual motion had to be invoked as a postulate. In fact both the First Law
(equivalence of heat and work) and Carnot’s argument do not show any feature
of irreversibility, whereas heat “always shows a tendency to equalize tempera-
ture differences and therefore to pass from hotter to colder bodies” [9]. A more
accurate and succinct statement of the Second Law can be found in another
paper by Clausius, appeared in 1856 [10]:

“Heat can never pass from a colder to a warmer body without some
other change, connected therewith, occurring at the same time”.

The modern statement of the Principle of Dissipation is based upon the
notion of entropy, introduced by Clausius in 1865 [I1]. Although Clausius’s for-
mulation did not add any new physical content, merely the fact of choosing a
new name for something which had previously been represented only by mathe-
matical formulae and rather heavy circumlocutions, had an undoubted influence
upon the subsequent developments of the matter.

In the description of matter as a collection of molecules, instead of a contin-
uum, questions related to reversibility are presented for the first time with the
invention, almost as a joke, of what is now known as “Maxwell’s demon”.

The invention of the demon shows how clearly Maxwell saw the heart of the
matter and we can but be disappointed by the fact that his writings on the
statistical character of the second law are penetrating but fragmentary.

The first attempts at explaining the Second Law on the grounds of kinetic
theory are due to Rankine [13]. He assumed atomic trajectories which do not
change during a thermodynamical transformation. For this reason, he was thus
criticized by Boltzmann [14], since this assumption is incompatible with the
deformation that the system undergoes during the said transformation.

Boltzmann himself makes his first appearance in the field in 1866 (the concept
of entropy had been introduced the year before!) with a paper [15] where he
tries to prove the Second Law starting from purely mechanical theorems, under
the rather restrictive assumption that the molecular motions are periodic, with
period 7, and the awkward remark, which might perhaps be justified, that “if
the orbits do not close after a finite time, one may think that they do in an
infinite one”. Essentially, Boltzmann remarks that temperature may be thought
of as the time average of kinetic energy, while heat can be equated to the average
increase of kinetic energy; if we compute the unspecified period from one of the
relations and replace the result into the other, it turns out that the heat divided
by the temperature is an exact differential. This part of the paper appears to
be a rather primitive justification of the first part of the Second Law; as for the
second part Boltzmann’s argument belongs more to pure thermodynamics than
to statistical mechanics and leads to concluding that entropy must increase in
an irreversible process.

In 1866 Boltzmann was practically nobody and the paper received little atten-
tion. It is thus not surprising to find that Clausius did not read it and published
a completely analogous paper four years later [16]. Boltzmann was then ready
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to publish a comment [17], that quoted word by word about ten pages of his
previous paper and concluded by saying:

“I think I have established my priority. At the end I wish to express
my pleasure because an authority like Dr. Clausius contributes to the
dissemination of the ideas contained in my papers on the mechanical
theory of heat”.

Clausius recognized Boltzmann’s priority [18], apologizing because of the scarce
time he had had in the last few years to keep abreast with the subject. He also
added that, in his opinion, Boltzmann’s argument were not as general as his
own. Boltzmann did not reply to this remark; by then his scientific interests had
taken another path.

Maxwell observed this and later disputes with detachment — and amusement.
In his words:

“It is rare sport to see those learned Germans contending for the
priority of the discovery that the 2nd law... is the Hamiltonsche Princip.”

Why was Maxwell so witty about “those learned Germans”? Because the
prize for which they were contending was an illusion. He knew already, as his
discussion of the demon named after him shows, that if heat is motion, then the
Second Law “is equivalent to a denial of our power to perform the operation
just described [to transform heat into ordinary motion], either by a train of
mechanism, or by any method yet discovered. Hence, if the heat consists in the
motion of its parts, the separate parts which move must be so small that we
cannot in any way lay hold of them to stop them” [T9]. In other words, the
Second Law expresses a limitation on the possibility of acting on those tiny
objects, the atoms, with our usual macroscopic tools.

As for Clausius, he always stuck to his more mechanical viewpoint; his use
of probabilities seems to be essentially restricted to the use of mean values. It
seems fitting to quote here Gibbs’s words, in his obituary of Clausius:

“In reading Clausius we seem to be reading mechanics; in reading
Maxwell, and in much of Boltzmann’s most valuable work, we seem
rather to be reading in the theory of probabilities.” [20]

Boltzmann had not discovered the simple but deep truth about the statistical
nature of the second principle as yet. His path toward his own statistical approach
and especially toward a clear understanding of the profound meaning of his own
successful discoveries was long and painful. On the other hand, Maxwell seems
to have also missed the importance of Boltzmann’s main result, the H-theorem.
If a scientist of the stature of Maxwell missed the importance of a result offering
a way of measuring our inability to transform heat into ordinary motion, then
we should be sympathetic with our contemporaries, when they are unable to
understand the meaning of Boltzmann’s discovery.

The problem of irreversibility came to the forefront in kinetic theory, with
Boltzmann, who in 1872 [5] not only derived the equation that bears his name,
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but also introduced a definition of entropy in terms of the distribution function
of the molecular velocities and proved that, as a consequence of his equation,
the entropy that he had defined must always increase, or, at most, in a situation
of statistical equilibrium, remain constant.

Before writing this paper, Boltzmann had learned to master Maxwell’s tech-
niques [4], which we have already alluded to. In fact, by 1868 already he had ex-
tended Maxwell’s distribution to the case when the molecules are in equilibrium
in a force field with potential [2], including the case of polyatomic molecules
as well [22]. The energy equipartition theorem was also extended by him to the
case of polyatomic molecules [23]. In the mean time he had established contacts
with Kirchhoff and Helmholtz.

Boltzmann interprets Maxwell’s distribution function in two different ways,
which he seems to consider as a priori equivalent: the first way is based on
the fraction of a time interval sufficiently long, during which the velocity of a
specific molecule has values within a certain volume element in velocity space,
whereas the second way (quoted in a footnote to paper [21]) is based on the
fraction of molecules which, at a given instant, have a velocity in the said volume
element. It seems clear that Boltzmann did not, at that time, feel any need
to analyse the equivalence, implicitly assumed, between these two meanings,
which are so different. He soon realized, however (footnote to paper [23]), that
it was necessary to make a “not improbable” assumption for real bodies made
of molecules that are moving because they possess “the motion that we call
heat”. This assumption, according to which the coordinates and the velocities
of the molecules take on, in an equilibrium state, all values compatible with the
assigned total energy of the gas, became later familiar as ergodic hypothesis, the
name given to it by Paul and Tatiana Ehrenfest [24].

Before writing his basic paper of 1872, in 1871 Boltzmann felt ready for a
new attempt to understand the Second Law [25], starting from the equilibrium
law that he had obtained in his previous papers and illustrating the difference
between heat and work. He also proceeded to computing it explicitly for a perfect
gas and for a simple model of a solid body, thus finding, in the first case, a result
well known in thermodynamics, in the second an expression, from which he
easily succeeded in obtaining the Dulong—Petit formula for specific heats (the
first application of statistical mechanics to solids).

The derivation by Boltzmann is impeccable, if one grants that the equilibrium
distribution is what is called nowadays Maxwell-Boltzmann, and is now more or
less standard. It was, however, a treatment that excluded irreversible phenomena
and it could not have been otherwise since the said distribution holds only for
equilibrium states.

But Boltzmann was by then ready for the last step, i.e. the extension of the
statistical treatment to irreversible phenomena, on the basis of his integrodif-
ferential equation, with a memoir of almost 100 pages [5] with the strange title,
“Further researches on the thermal equilibrium of gas molecules”, chosen to
present a wealth of new results.
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By means of his equation, Boltzmann showed not only that the Maxwell
distribution is a steady solution of the equation, but that no other such solution
can be found. This goal is achieved by introducing a quantity, that turns out to
be, apart from a constant factor, the opposite of the entropy; the possibility of
expressing the entropy in terms of the distribution function, though in a certain
sense not unexpected, does not cease to stand as a remarkable fact, that must
have produced a deep impression on Boltzmann’s contemporaries. In fact, as
remarked by Boltzmann himself, it implied an entirely different approach to
the proof of the Second Law, that showed not only the existence of an entropy
function for the equilibrium states, but also permitted to study its increase in
irreversible processes.

The paper goes on with an alternative derivation based on a model with
discrete energies, in such a way that the integrodifferential equation for the dis-
tribution function becomes a system of ordinary nonlinear differential equations.
The use of discrete energies has always appeared “much clearer and intuitive” [5]
to Boltzmann. This statement of his may sound like a naivety, but might also
indicate a surprising intuition about the difficulties of a rigorous proof of the
trend to equilibrium. As a matter of fact, these difficulties in the proof of the
trend just mentioned disappear if one has to deal with a discrete, finite system
of equations, since the unknown f is, at any time instant, a finite set of num-
bers, instead of a function (in mathematical jargon, we would say that we are
dealing with a finite-dimensional space, rather than with a function space); this
simplification permits to make use of a property, already known in Boltzmann’s
days (the so-called Bolzano—Weierstrass theorem) in order to deduce the trend
under consideration without particularly refined mathematical arguments.

Many historians of science have underlined the circumstance that these dis-
crete models used by Boltzmann led Planck to the discovery of his energy quanta,
as Planck himself acknowledged [26].

Just a few pages of the voluminous memoir by Boltzmann concern the cal-
culation of the transport properties in a gas. It is in these pages, however, that
Boltzmann laid down his equation in the most familiar form for us, where the
distribution function depends upon time, velocity and position.

Extending Boltzmann’s treatment to liquids and solids proves extremely diffi-
cult. In fact, except for sparse results, the only case dealt with for systems more
complicated than the case of gases considered so far is equilibrium statistical
mechanics.

Once more it must be ascribed to Boltzmann the merit of having started this
branch of statistical mechanics with a basic paper [27], written in 1884 and much
less frequently quoted than his other contributions. In this paper he formulated
the hypothesis that some among the possible steady distributions can be inter-
preted as macroscopic equilibrium states. This fundamental work by Boltzmann
was taken up again, widened and expounded in a classical treatise by Gibbs [28]
and it is the terminology introduced by Gibbs that is currently used. As a matter
of fact a statistical ensemble (in Gibbs’s terminology) is called monode by Boltz-
mann. The question posed in the abovementioned paper [27] is the following:
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what statistical families of steady distributions have the property that, when
producing an infinitesimal change in their parameters, the infinitesimal changes
of the average total energy of the system, E, of the pressure p and the volume V'
are such that (dE+pdV)/T (where T is the average kinetic energy per particle)
is an exact differential (at least in the thermodynamic limit, when V' — oo,
N — oo, whereas N/V remains bounded)? These families are called orthodes by
Boltzmann. The answer given by Boltzmann to his own question is that there are
at least two ensembles of this kind, the ergode (Gibbs’s microcanonical ensemble)
and the holode (Gibbs’s canonical ensemble).

Although Boltzmann originated [27] the study of equilibrium states for more
general situations than that, already considered by Maxwell, of a dilute gas in
the absence of external forces, it is not to his name but to Gibbs’s that one
usually associates the methods of this area (the most completely developed one)
of statistical mechanics. Even the terminology (microcanonical, canonical, grand
canonical ensembles ) is the one due to Gibbs, while the first two ensembles were
clearly defined (with different names) and used by Boltzmann. It is then beyond
doubt, in the words of Klein [29], that

“it was Boltzmann, and not Maxwell or Gibbs, who worked out pre-
cisely how the second law is related to probability, creating the subject
of statistical mechanics.”

We may add, for the sake of clarity, that Gibbs invented the name of the subject.
Gibbs was, of course, aware of Boltzmann’s priority. Why, then, beyond some
generic acknowledgements to Boltzmann, it is Gibbs’s name that emerges? It is
an interesting question, to which one may be tempted to give an easy answer,
the fact that not many people read the lengthy papers written by Boltzmann.

At the time when he developed his esposition [28] of statistical mechanics,
Gibbs was at the end of a scientific career devoted to the study and application
of thermodynamics, in which abstract thoughts were illuminated by several geo-
metric representations, but not by images based on mechanical models typical of
atomism. The energeticists, who opposed and even scorned the use of molecular
ideas, particularly valued Gibbs for his having avoided these ideas in his work.
In particular, G. Helm praised his thermodynamic writings, because they “es-
tablished the strict consequences of the two laws with no hankering or yearning
after mechanics” [30].

The most widely known paper by Gibbs, concerned with the application of
the principles of thermodynamics to the study of thermodynamic equilibrium,
is the long memoir, written in 1874, “On the Equilibrium of Hetereogeneous
Substances” [31]. But in the midst of his thermodynamics, Gibbs turned up the
paradox on diffusion that still bears his name. He concluded his discussion of
this apparent paradox by remarking: “In other words, the impossibility of an
uncompensated decrease of entropy seems to be reduced to improbability”. This
succinct statement was used by Boltzmann, years later, as the motto for his
Lectures on the Theory of Gases.

Boltzmann’s paper [27] was practically forgotten and Gibbs’s treatise became
the standard reference for equilibrium statistical mechanics.
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In his paper [32], where Boltzmann’s paper is considered with detail and
competence, Gallavotti claims that the reason for its oblivion is rather due to
the fact, hinted at in previous chapters, that Boltzmann’s work is known only
through the popularization of the Ehrenfests encyclopedia article [24], which is
as good a treatise on the foundations of statistical mechanics as little it has to
do with many key ideas of Boltzmann. In fact, people who have had a chance of
talking with illustrious physicists, who had been students of Paul Ehrenfest, may
realize, by reading Boltzmann and the encyclopedia article [24] that, when they
said that they were reporting Boltzmann’s views, they were really talking about
that article [24]. Gallavotti [32] should be mentioned here, not only because he
appears to be the second author, after Klein, to underline the importance and
the basic role of Boltzmann’s paper [27], but also because he proposes a new
etymology of the words monode, ergode, holode. This has some relevance, even if
these terms have disappeared from common usage, because the second one has
originated the much used adjective ergodic.

I have tentatively added [33] a third explanation for the oblivion of Boltz-
mann’s work, in addition to Gallavotti’s and the fact that Boltzmann’s rather
lengthy treatment was superseded by Gibbs’s concise presentation. This expla-
nation is related to the role played by Niels Bohr. He was probably the most
influential scientist of this century (in the words of Max Born, when propos-
ing both Einstein and him as foreign members of the Gottingen Academy of
Sciences: “His influence on theoretical and experimental research of our time is
greater than that of any other physicist”). Bohr had a great opinion of Gibbs,
expressed over and over, because he had introduced the statistical ensembles,
but did not think highly of Boltzmann, and he may have induced a mistrust in
Boltzmann’s work in a large number of physicists of this century. It is clear that
he had not read Boltzmann, who had been the originator of the first two kinds
of ensemble. This is confirmed by his coworker L. Rosenfeld in an interview on
Bohr, released to T. Kuhn and J. L. Heilbron, and kept in the Niels Bohr Archive
in Copenhagen. These are the relevant sentences of Rosenfeld:

“I don’t think that he had ever read Boltzmann, or at any rate not
Boltzmann’s papers. He had read, I think, and studied very carefully
Boltzmann’s Lectures on gas theory”

and

“He said that Boltzmann had spoiled things by insisting on the prop-
erties of mechanical systems.”

Apparently Bohr was not alone. Einstein once said to one of his students: “Boltz-
mann’s work is not easy to read. There are great physicists who have not un-
derstood it.” [34]

Bohr’s opinions go back to his youth, because he had expressed reservations
about Boltzmann’s views already in 1912, when lecturing on the statistical foun-
dations of thermodynamics in Copenhagen [35].

We remark that the lengthy and extremely well-documented treatment of
the ergodic hypothesis by Brush [36] mentions in passing that Boltzmann had
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discovered the method of ensembles before Gibbs, but he devotes no discussion
to this extremely important point.

The influence of Boltzmann’s ideas on the physics of twentieth century is
obvious, even if it often appears as interpreted in the writings of different authors,
mainly through those of Gibbs, Planck, Einstein and the Ehrenfests. To the
arguments developed above, we can add the fact that in the last years of his
life Boltzmann devoted himself more to defending his theories and his viewpoint
on theoretical physics than to expounding systematically his discoveries and
methods or applying these methods to new areas that were opening up (theory of
electrons, black-body radiation, Brownian motion). Even his published lectures
[B7), and in particular the second volume, are devoted more to showing the
usefulness of the basic concepts of the kinetic theory of gases than to underlining
the role played by their author in the development of the same theory. As we
have hinted at above, some applications, of which Boltzmann was well aware,
were never developed by him. Perhaps the most evident case is that of Brownian
motion; Boltzmann mentions this motion in a couple of places, but he does not
develop the consequences of some of his remarks such as the following one [38]:

“...likewise, it is observed that very small particles in a gas execute
motions which result from the fact that the pressure on the surface of
the particles may fluctuate”

It was left to Einstein to arrive at a theory, which was to constitute the
starting point to ascertain the atomic structure of matter beyond any doubt.
Einstein himself mentioned his own astonishment at the fact that this result had
not been obtained by Boltzmann, saying in a conversation that

“it is puzzling that Boltzmann did not himself draw this most per-
spicuous consequence, since Boltzmann had laid the foundations for the
whole subject” [39].

Let us remark here that Einstein had certainly read Boltzmann’s lectures be-
fore he started his own work on statistical mechanics. It seems doubtful whether
he was aware of Boltzmann’s papers; he certainly covered this gap later and as a
result gained a high opinion of the Austrian scientist. Concerning the first point
we can quote from Einstein’s autobiographical sketch:

“Not acquainted with the earlier investigations of Boltzmann and
Gibbs which had appeared earlier and which actually exhausted the
subject, I developed the statistical mechanics and the molecular-kinetic
theory of thermodynamics which was based on the former. My major
aim in this was to find facts which would guarantee as much as possi-
ble the existence of atoms of definite finite size. In the midst of this I
discovered that, according to atomistic theory, there would have to be a
movement of suspended microscopic particles open to observation, with-
out knowing that observations concerning Brownian motion were already
long familiar.” [40]
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A very early judgement by Einstein on Boltzmann, based presumably on Boltz-
mann’s lectures [37], can be found in a letter of his to his girlfriend, Mileva
Maric, which says:

“The Boltzmann is magnificent. I have almost finished it. He is a
masterly expounder. I am firmly convinced that the principles of the
theory are right, which means that I am convinced that in the case of
gases we are really dealing with discrete mass points of definite finite
size, which are moving according to certain conditions. Boltzmann very
correctly emphasizes that the hypothetical forces between the molecules
are not an essential component of the theory, as the whole energy is of
the kinetic kind. This is a step forward in the dynamical explanation of
physical phenomena.” [41]

In a letter to Marcel Grossmann one can read:

“Lately I have been engrossed in Boltzmann’s work on the kinetic
theory of gases and these last few days I wrote a short paper myself that
provides the keystone in the chain of proofs that he started. [...] I'll
probably publish it in the Annalen” [41]

Concerning the second point (i.e. the fact that Einstein got a more detailed
knowledge of Boltzmann’s work and a great admiration for him), it seems suffi-
cient to recall that, in an exposition to a wide public of the theory of relativity,
a subject not at all related to Boltzmann’s work, Einstein writes in the intro-
duction:

“I adhered scrupulously to the precept of that brilliant theoretical
physicist L. Boltzmann, according to whom matters of elegance ought
to be left to the tailor and the cobbler.” [42]

Planck’s contributions to the black-body theory — which took place between the
end of the nineteenth and the beginning of the twentieth century — open the new
era in physics that followed the period of Boltzmann’s most important activity
took place, i.e. the thirty years which close the nineteenth century. And Planck’s
work is indeed the connecting link between Boltzmann and quantum mechanics.

This is a good point to stop, not without commenting that last century’s
contributions were not only in terms of techniques but also of conceptual frame-
work. This undoubtedly played a role also in the development and interpretation
of quantum mechanics.
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Abstract. In the last quarter of the nineteenth century, Ludwig Boltzmann explained
how irreversible macroscopic laws, in particular the second law of thermodynamics,
originate in the time-reversible laws of microscopic physics. Boltzmann’s analysis, the
essence of which I shall review here, is basically correct. The most famous criticisms of
Boltzmann’s later work on the subject have little merit. Most twentieth century inno-
vations — such as the identification of the state of a physical system with a probability
distribution g on its phase space, of its thermodynamic entropy with the Gibbs entropy
of g, and the invocation of the notions of ergodicity and mixing for the justification of
the foundations of statistical mechanics — are thoroughly misguided.

1 Introduction

I shall focus here on Boltzmann’s approach to the problem of the arrow of time:
the origin of irreversible macroscopic laws, e.g., and most importantly, the second
law of thermodynamics — the law of increasing entropy — in the reversible laws
of microscopic physics. I shall assume, as of course did Boltzmann, a classical
framework, for the most part ignoring quantum mechanics.

As a matter of fact, it is widely believed that the transition from classical me-
chanics to quantum mechanics requires no essential modification of Boltzmann’s
ideas. This may well be so, but I believe that the traditional formulation of
quantum theory is much too vague to permit any definitive conclusions on this
matter. (For a non-traditional formulation of quantum mechanics that avoids
its conceptual incoherence, a formulation which I quite naturally believe is well
worth very serious consideration, see the contribution of Detlef Diirr to this
volume.)

For a more detailed presentation of much of what is discussed here, the reader
should consult the excellent papers of Joel Lebowitz [1] on this subject, as well
as Jean Bricmont’s sharp critique [2] of some recent proposals. See also the
contributions of Bricmont and Herbert Spohn to this volume.

Most macroscopic phenomena are irreversible: They would look quite differ-
ent, and in fact usually quite astonishing, if run backwards in time. Consider
for example the breaking of a glass, the boiling of an egg, birth and death. At a
certain time a glass sits on a table; at another time, a later time, what had been
that glass now lies on the floor in a mess of tiny fragments. And corresponding
to such irreversible phenomena there are irreversible equations and laws, for ex-
ample the diffusion or heat equation, the Navier-Stokes equation, Boltzmann’s
equation, and, perhaps most important for the issue at hand, the second law of

J. Bricmont et al. (Eds.): LNP 574, pp. 39-[54] 2001.
(© Springer-Verlag Berlin Heidelberg 2001



40 Sheldon Goldstein

thermodynamics, which can be regarded as lying behind the irreversibility of the
irreversible macroscopic equations.

This irreversible behavior and these irreversible laws must somehow be a
consequence of the (more) fundamental microscopic laws governing the behav-
ior of the constituents of the systems obeying the irreversible laws. But these
microscopic laws are symmetric under time reversal, and their solutions, run
backwards in time, are also solutions. The correct detailed resolution of this ap-
parent paradox was provided by Boltzmann more than a century ago. And the
essential idea was understood, by Maxwell and Lord Kelvin, even earlier. Here
is Lord Kelvin [3], writing in 1874:

If, then, the motion of every particle of matter in the universe were
precisely reversed at any instant, the course of nature would be simply
reversed for ever after. The bursting bubble of foam at the foot of a
waterfall would reunite and descend into the water ... Boulders would
recover from the mud the materials required to rebuild them into their
previous jagged forms, and would become reunited to the mountain peak
from which they had formerly broken away. And if the materialistic hy-
pothesis of life were true, living creatures would grow backwards, with
conscious knowledge of the future, but no memory of the past, and would
become again unborn. But the real phenomena of life infinitely transcend
human science ... Far otherwise, however, is it in respect to the reversal
of the motions of matter uninfluenced by life, a very elementary consid-
eration of which leads to a full explanation of the theory of dissipation
of energy.

The adequacy of Boltzmann’s resolution was controversial at the time and
remains so even today. Nonetheless, the detailed solution found by Boltzmann,
based in part on his understanding of the microscopic meaning of entropy, was
well appreciated and admired by many of his contemporaries. For example, to-
wards the end of his life Schrodinger [5] reported that “no perception in physics
has ever seemed more important to me than that of Boltzmann — despite Planck
and Einstein.” In a more detailed assessment, Schrodinger [6] declared that

The spontaneous transition from order to disorder is the quintessence of

Boltzmann’s theory ... This theory really grants an understanding and
does not ... reason away the dissymmetry of things by means of an a
priori sense of direction of time ... No one who has once understood

Boltzmann’s theory will ever again have recourse to such expedients. It
would be a scientific regression beside which a repudiation of Copernicus
in favor of Ptolemy would seem trifling.

However, as I've already indicated, the issue has never been entirely settled
to everyone’s complete satisfaction. In fact Schrodinger concluded the statement
that I've just quoted with the observation that

Nevertheless, objections to the theory have been raised again and again
in the course of past decades and not (only) by fools but (also) by fine
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thinkers. If we ... eliminate the subtle misunderstandings ... we ... find
. a significant residue ... which needs exploring ...

Notice Schrodinger’s parenthetical comments, suggesting that he did not have a
very high opinion of most of the objections that continued to be raised against
Boltzmann’s ideas. Note also his separation of a residual core of confusion from
what was regarded — or should have been — as settled.

Roughly corresponding to this separation, the problem of irreversibility can
be regarded as having two parts: an easy part and a hard part. For many physi-
cists who find Boltzmann’s solution inadequate, it is only the “hard part” that
causes them trouble. However, for a great many others even the “easy part”
seems hard, and generates an enormous amount of confusion.

Moreover, even with the solution to both parts of the problem, there are still
questions, of a philosophical character, that remain. These questions, touched
upon in Section 4, could be regarded as defining the really hard part of the
problem. But it would be better to see them, not so much as part of the problem
of irreversibility, but rather as general questions about the meaning and nature
of scientific explanation.

2 The Easy Part

Boltzmann’s great achievement was to arrive at an understanding of the meaning
of entropy and why it should tend to increase, almost never decreasing. This
understanding is such as also to explain why systems evolve to equilibrium states,
of maximal entropy.

Consider, for example the sequence of snapshots of a gas in a box illustrated
in Fig. 1. We see here the transition from a low entropy nonequilibrium state on

.......
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Fig. 1. Snapshots of a gas in a box

the left, with the gas entirely on the bottom of the box, through states of higher
entropy, with the gas expanding into the full box, until at the right we have a
high entropy equilibrium state with the gas uniformly distributed throughout
the box.
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The question that Boltzmann addressed is quite simple and straightforward:
Why does the gas prefer to be in equilibrium — that is, to look like the snapshot on
the right? The answer that he found is, perhaps, even simpler but also, somehow,
rather subtle.

A complete description of the state of the gas is provided by its phase point
X, a point in the phase space of possible microscopic states of the gas. Many
different phase points correspond to each of the snapshots in Fig. 1. There is
nothing particularly special about any specific equilibrium phase point — a phase
point corresponding to the snapshot on the right, a system in equilibrium. The
dynamics prefers a given equilibrium phase point neither more nor less than it
prefers any other given phase point, even a specific far-from-equilibrium phase
point, corresponding say to the leftmost snapshot.

There are, however, for a system at a given energy F, far more equilibrium
phase points than nonequilibrium phase points, overwhelming more, in fact,
than the totality of nonequilibrium phase points at that energy — corresponding
to all possible ways the system can fail to be in equilibrium, and described,
for example, by the various density distributions perceptibly different from the
uniform one. The only relevant sense in which the equilibrium phase points could
be regarded as special is that there are vastly more of them.

I shall now sketch Boltzmann’s account of why this should be so, indicating
the central role of entropy and its meaning in providing a quantitative foun-
dation for what I've just described. A crucial ingredient in this account is the
vast separation of scales between the microscopic and the macroscopic levels,
without which irreversible phenomena could not possibly emerge from reversible
microscopic laws.

Boltzmann’s Entropy

Consider the microscopic state X = (q1,-..,9N,P1,--.,PnN) of a classical sys-
tem consisting of a large number N of identical particles forming a gas in a
box A, with positions g; € A and momenta p;. The evolution of the system is
determined, via Hamilton’s equations of motion dq;/dt = 0H/0p;, dp;/dt =
—0H/0q;, by a Hamiltonian function H(q1,...,q9nN,P1,--.,PN), the energy
function for the system, normally assumed to be the sum of a kinetic energy
term and a potential energy term but whose form shall not much concern us
here. Since the energy is a constant of this motion, we may take as the relevant
set of possible states, not the full phase space 2(A) of the system under consid-
eration but the energy surface 25 = {X € 2(A)| H(X) = E} corresponding to
the value E of the energy of the system.

Each snapshot in Fig. 1 corresponds to a subset I' of {25, namely the set of
all phase points that “look like” the snapshot. Every phase point X belongs to
a macrostate I'(X) consisting of phase points that are macroscopically similar
to X. More precisely, partition the 1-particle phase space (the g, p — space) into
macroscopically small but microscopically large cells A, and specify (approxi-
mately, by providing intervals) the number n,, of particles in each cell. Each such
specification determines a macrostate, the set of all phase points whose particles



Boltzmann’s Approach to Statistical Mechanics 43

are distributed in the manner specified. Different specifications yield different
macrostates and the set of all such macrostates defines a partition of our phase
space {2g, into macrostates. I'(X) is then the macrostate — the element of this
partition — to which X belongs. All points in I'(X) have, in particular, similar
spatial particle densities (and similar bulk-velocity profiles).

Different macrostates typically have vastly different sizes, and this difference
is conveniently quantified by Boltzmann’s entropy:

S(X) = klog|I(X)] , (1)

where k is Boltzmann’s constant, expressing the relationship between macro-
scopic and microscopic units, and | | denotes volume, given by the time-invariant
projection of the Liouville (Lebesgue) measure onto 2g. (The definition () is
correct up to an additive constant, depending on N, that is important but shall
not concern us here.) Following Boltzmann, let us identify Boltzmann’s entropy
with the thermodynamic entropy, to which the Second Law refers. Then that
we should expect entropy to increase — but for exceedingly rare exceptions never
decreasing — more or less directly follows from the very concept () of entropy
once the vast separation of scales between the microscopic and the macroscopic
levels is taken into account.

This is because the entropy S is an extensive variable, proportional to the
number N of particles in the system. In fact, the “log” in (D) suggests that the
various possible values of |I'(X)| need to be measured on a logarithmic scale,
these values differing so greatly that without taking the logarithm it would
be difficult to place them on the same scale or graph. With the logarithm, an
extensive quantity is obtained, and after dividing by the spatial volume of the
system we obtain an entropy per unit volume whose differences, for different
macrostates, are of order unity.

What all of this means is that typical values of |I'(X)|, and, more to the
point, typical ratios of such values, for example between the value of |I'(X)|
for the equilibrium state depicted in the snapshot on the right of Fig. 1 and
the value for any nonequilibrium state, say the one depicted on the left, are of
“order” 107, or, more explicitly, of order 101%* for a system with 1020 particles.
(That this is the correct order is easily seen by noting that when the condition
that all particles be on the left side of the box is dropped, the volume of the
set of all possible phase points consistent with the constraints increases by a
factor of 2V — a factor of 2 for each of the particles. Note also that in terms of
the sense of “order” appropriate for comparing quantities as vast as those under
consideration here, “of order 1019*"” should not be regarded as different from
“of order 210%° 7)

Thus 2g consists almost entirely of phase points in the equilibrium macrostate
I'.q, with ridiculously few exceptions whose totality has volume of order 10-10%
relative to that of (2g. For a nonequilibrium phase point X of energy E, the
Hamiltonian dynamics governing the motion X; arising from X would have to
be ridiculously special to avoid reasonably quickly carrying X; into I,q and
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keeping it there for an extremely long time — unless, of course, X itself were
ridiculously special.

The Objections of Zermelo and Loschmidt

Zermelo and Loschmidt claimed that Boltzmann’s analysis, showing how irre-
versible macroscopic behavior emerges from reversible microscopic laws, was —
and had to be — inadequate. Loschmidt noted that since the classical equations of
motion are time-reversible, we may obtain solutions X; to these equations that
violate the macroscopic laws by time-reversing solutions that obey them, thereby
obtaining, for example, a solution which runs through the snapshots in Fig. 1 in
time-reversed order, right to left. And Zermelo pointed out that there is another
reason why such anti-thermodynamic solutions must exist: Poincaré recurrence,
which guarantees that most solutions (the exceptions have, in fact, at most mea-
sure 0) that initially belong to the macrostate depicted in the left snapshot will
eventually return to that macrostate. It thus follows that anti-thermodynamic
behavior is just as consistent with the microscopic laws as thermodynamic be-
havior (which is of course obvious in view of the reversibility of those laws), so
that neither, in fact, could be a consequence of those laws.

However, no genuine conflict with the analysis of Boltzmann follows from
these objections. Boltzmann did not (finally) claim that all phase points should
behave properly, but only that by far most of them — in any given macrostate
and in the sense of volume relative to that of the macrostate — should. Some may
behave improperly, and the arguments of Zermelo and Loschmidt merely show
that such bad phase points in fact exist. For example, from Loschmidt we know
that we may obtain such points by reversing the velocities of the equilibrium
phase points to which nonequilibrium phase points (reasonably quickly) evolve.

Here is part of Boltzmann’s response to Zermelo [7]:

I have ... emphasized that the second law of thermodynamics is from the
molecular viewpoint merely a statistical law. Zermelo’s paper shows that
my writings have been misunderstood; ... Poincaré’s theorem, which
Zermelo explains at the beginning of his paper, is clearly correct, but his
application of it to the theory of heat is not. ... Thus, when Zermelo
concludes, from the theoretical fact that the initial states in a gas must
recur — without having calculated how long a time this will take — that the
hypotheses of gas theory must be rejected or else fundamentally changed,
he is just like a dice player who has calculated that the probability of a
sequence of 1000 one’s is not zero, and then concludes that his dice must
be loaded since he has not yet observed such a sequence!

The Relevance of Ergodicity and Mixing

The basic notions of ergodic theory, in particular ergodicity and mixing, are
widely believed to play a crucial role in the foundations of statistical mechanics.
Ergodicity, roughly speaking the absence of constants of the motion other than
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functions of the energy H, implies the equality of time-averages and phase-space
averages, i.e., of the long-time average of a quantity as it changes under the dy-
namics and the uniform average of that quantity, over the relevant energy surface
2, as the phase point at which it is evaluated varies over that surface. This is
supposed to justify the use, to define the equilibrium values of thermodynamic
quantities, of such phase-space averages with respect to the microcanonical en-
semble, the uniform distribution over the energy surface, the idea being that the
observed values of these quantities are time-averages, since measurement takes
time.

This use of ergodicity is thoroughly misguided. Boltzmann’s key insight was
that, given the energy of a system, the overwhelming majority of its phase points
on the corresponding energy surface are equilibrium phase points, all of which
look macroscopically more or less the same. This means that the value of any
thermodynamic quantity is, to all intents and purposes, constant on the energy
surface, and averaging over the energy surface will thus reproduce that constant
value, regardless of whether or not the system is ergodic.

For example, one characteristic shared by the equilibrium phase points, and
thus by the great majority of phase points on the energy surface, is a common
Maxwellian empirical distribution for the velocities. Here again is Boltzmann [7],
expressing his frustration with Zermelo for failing, it seems, to appreciate that
fact:

[The Maxwell distribution] is characterized by the fact that by far the
largest number of possible velocity distributions have the characteris-
tic properties of the Maxwell distribution, and compared to these there
are only a relatively small number of possible distributions that deviate
significantly from Maxwell’s. Whereas Zermelo says that the number of
states that finally lead to the Maxwellian state is small compared to all
possible states, I assert on the contrary that by far the largest number
of possible states are “Maxwellian” and that the number that deviate
from the Maxwellian state is vanishingly small.

There is another problem with this use of ergodicity, a mismatch of time
scales. The time scale appropriate for the ergodicity of a gas in a box is, roughly
speaking, the time necessary for a trajectory for the motion in phase space to
wind all over the phase space, and this is at least as long as a Poincaré recurrence
time, the time necessary for the gas, say after leaving the state depicted in the left
snapshot in Fig. 1, to return to that state, a time as large as the corresponding
microstate is small and hence of order 101%™ in your favorite unit of time, a
time far far larger than that believed to be the age of the universe, since the
big bang. Thus ergodicity couldn’t possibly be very relevant to an account of
phenomena, such as those with which thermodynamics is concerned, taking place
on reasonable time scales.

Mixing is supposed to explain why systems evolve to a state of equilibrium.
The idea here is that since such a state is in a sense characterized by a special
probability distribution, namely the microcanonical ensemble, evolution to equi-
librium amounts to the convergence of a generic (nonequilibrium) distribution
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to the special one, under the dynamics on probabilities arising from the phase-
space motion. But this, made suitably precise, amounts to the assertion that the
system is (a) mizing (system), this terminology referring to the fact that the
notion is usually defined by the following (equivalent) property of the dynamics:
The points of any region R — of nonvanishing volume, no matter how small —
of the energy surface will evolve under the dynamics, after a suitably long time
t, to points that fill out a region R; that is distorted and convoluted in such a
way as to be spread more or less uniformly throughout the energy surface, in
the sense that for any reasonable function f, the uniform averages of f over {2g
and over R; are more or less the same.

Since the energy surface {2g consists almost entirely of a single macrostate,
the equilibrium macrostate I5q, the mixing property of the evolution on the en-
ergy surface pretty much amounts to the condition that (even small) subregions
of I'tq become uniformly spread over I.q after a sufficiently long time. But this
could not possibly be relevant to the problem of approach to equilibrium, since it
concerns only phase points that describe a system that is already in equilibrium.
Approach to equilibrium concerns the passage of a nonequilibrium phase point,
lying outside of I%, into Iy, and this tends to happen, in fact typically rather
quickly, merely because I is so extremely large. (Note, however, that although
mixing is a much stronger property of the dynamics than ergodicity, the mixing
time scale could be much smaller than that for ergodicity, and could in fact be
of the same order as the time required for a system to reach equilibrium.)

This abuse of mixing is so obviously wrong-headed that one can’t help won-
dering about the sources of the confusion. Here are two possibilities:

One of the most widely mentioned metaphors for mixing, invoked by Gibbs
[8] when he introduced the notion, is the spreading of a tiny ink drop when it
is placed in a glass of water and the water is stirred. The spreading of the ink
all over the water is also an example of approach to equilibrium. However, it
is important to bear in mind that insofar as it illustrates mixing, this example
should be regarded as having as its phase space the points of the liquid, a three-
dimensional set, whereas the relevant phase space for the approach to equilibrium
in the example is the set of configurations of the liquid, describing how the ink
is distributed in the water, a space of enormous dimension. The sort of mixing
that can be relevant to approach to equilibrium takes place in physical space,
not in phase space.

A related point: there is a quantity of a probabilistic character whose ap-
proach to equilibrium for a low density gas does reflect, famously and correctly,
that of the system. I have in mind here, of course, the one-particle Boltzmann
function f(q,p), whose approach to equilibrium is governed by Boltzmann’s
equation and which describes the empirical distribution, or coarse-grained den-
sity, of the particles of the gas in the one-particle phase space. It is worth stressing
that f(q,p), since it is an empirical distribution, is determined by the state of
the system, given by a point X in its full phase space. f(g,p) can in fact be
regarded as describing a macrostate of the system by using it to specify, up to
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a constant of proportionality, the numbers n, defining the macrostate; see the
paragraph preceding the one containing equation

This legitimate association of approach to equilibrium for the system with
the approach of f to an equilibrium distribution, Maxwellian in velocity and
spatially homogeneous, has unfortunately suggested to many that approach to
equilibrium for a more general gas should be identified with the convergence of
the full n-particle distribution function to one that is constant on the relevant
energy surface, describing the microcanonical ensemble — in a word, mixing. But
the n-particle distribution function is not an empirical distribution and, unlike
f(g,p), is not merely a characteristic of the actual state X of the gas.

Another source of confusion lies in the widespread tendency to identify states
of a physical system with probability measures on its phase space, a tendency
partly owing to the very success achieved by statistical mechanics through the
use of statistical methods in general, and the standard ensembles in particular;
and partly owing to the baleful influence of quantum mechanics, one of the main
lessons of which is all too widely believed to be that a detailed description of
a quantum mechanical system is fundamentally impossible, so that the state of
such a system must be identified with an object of a statistical character, be it
the wave function of the system or a positive linear functional on its algebra of
observables.

Boltzmann’s Entropy Versus the Gibbs Entropy

The identification of the state of a system with a probability measure, given,
say, by a density g on its phase space, has led to the widespread identification
of the thermodynamic entropy of a system with its Gibbs entropy:

= —k;/ )log o(X)dX . (2)

One of the most important features of the Gibbs entropy is that it is a constant
of the motion: Writing g; for the evolution on densities induced by the motion
on phase space, we have that Sg(g:) is independent of ¢; in particular it does
not increase to its equilibrium value.

It is frequently asked how this can be compatible with the Second Law. The
answer is very simple. The Second Law is concerned with the thermodynamic
entropy, and this is given by Boltzmann’s entropy (), not by the Gibbs entropy
[@). In fact, the Gibbs entropy is not even an entity of the right sort: It is a
function of a probability distribution, i.e., of an ensemble of systems, and not
a function on phase space, a function of the actual state X of an individual
system, the behavior of which the Second Law — and macro-physics in general —
is supposed to describe.

The widespread tendency to identify the thermodynamic entropy with the
Gibbs entropy rather than with Boltzmann’s entropy, while clearly misguided,
is easy to understand. Boltzmann’s entropy is a bit vague, since it depends upon
somewhat arbitrary choices that go into the specification of the macrostates
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of a system, and, other things being equal, vagueness is bad. This vagueness,
however, is of little practical consequence, and indeed upon reflection is quite
appropriate for the problem of defining entropy, a concept that somehow relates
the microscopic level of description and the (not sharply definable) macroscopic
level. But the vagueness is there nonetheless.

Unlike Boltzmann’s entropy, the Gibbs entropy is sharply defined, without
arbitrariness. It is also a very natural functional of a probability distribution,
having a great many useful and appealing features into which I shall not enter
here. It is the basis of extremely important developments in information theory
and in the ergodic theory of dynamical systems, and has proven to be of great
value in the derivation of hydrodynamical laws from suitable microscopic first
principles. It is a very fine concept and can be used to define a great many things,
but thermodynamic entropy is not one of them.

Certainly contributing to the tendency to identify the thermodynamic en-
tropy with the Gibbs entropy is the fact that for systems in equilibrium the
Gibbs entropy agrees with Boltzmann’s entropy. More precisely, and more gen-
erally, S(X) = Sc (o) whenever g is the uniform distribution over the macrostate
to which X belongs. Moreover — and this is probably the origin of the confusion
— Boltzmann showed that for a low density gas

S(X) ~ —kN/f(qm) In f(q,p) dgdp (3)

whenever X belongs to the macrostate defined by the Boltzmann function f(q, p).

This formula involves the Gibbs entropy for the one-particle distribution f
and is appropriate, as mentioned, for a low density gas, in which correlations
between particles are insignificant. This has suggested to many that to obtain
an expression for entropy valid beyond the low density regime one should apply a
similar formula to the full probability distribution, capturing all the correlations
then present. The result, of course, is the Gibbs entropy (@). The mistake in
doing so lies in failing to appreciate that it is the left hand side of (@), defined
by (@), that is fundamental, not the right hand side, which is merely the result
of a computation valid in a special situation.

It is widely believed that thermodynamic entropy is a reflection of our ig-
norance of the precise microscopic state of a macroscopic system, and that if
we somehow knew the exact phase point for the system, its entropy would be
zero or meaningless. But entropy is a quantity playing a precise role in a formal-
ism governing an aspect of the behavior of macroscopic systems. This behavior
is completely determined by the evolution of the detailed microscopic state of
these systems, regardless of what any person or any other being happens to
know about that state. The widespread acceptance of the preposterous notion
that how macroscopic systems behave could be affected merely by what we know
about them is simply another instance of the distressing effect that quantum me-
chanics has had upon the ability of physicists to think clearly about fundamental
issues in physics.
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3 The Hard Part

In the previous section we addressed the easy part of the problem of irreversibil-
ity: Suppose a system, e.g., a gas in a box, is in a state of low entropy at some
time. Why should its entropy tend to be larger at a later time? The reason is
basically that states of large entropy correspond to regions in phase space of
enormously greater volume than those of lower entropy. We now turn to the
hard part of the problem: Why should there be an arrow of time in our universe,
governed as it is, at the fundamental level, by reversible microscopic laws?

The problem here can be appreciated by focusing on the question: What
is the origin of the low entropy initial states? If they are so “unlikely,” why
should systems find themselves in such states? In many cases, the answer is
that we or an experimenter created them, from states of lower entropy still. If
we continue to ask such questions, we come to the conclusion that the cause
of low entropy states on earth, the source in effect of negative entropy, is our
(very low entropy) sun, whose high energy photons are absorbed by the earth,
which converts them to a great many low energy photons (having together much
larger entropy), permitting entropy-decreasing processes to occur on our planet
without violation of overall entropy non-decrease. And if we push further we
eventually arrive at a cosmological low entropy state, in the distant past, for the
universe as a whole.

And what about the origin of this state? Figure 2, taken from Roger Penrose’s
The Emperor’s New Mind [9, page 343], illustrates the difficulty.

Penrose estimates the volume of the region of phase space correbpondmg to
the possible initial states of the universe to be one part in 1010 of the entire
relevant phase space. He bases this upon the Bekenstein-Hawking entropy of a
10%° baryon mass black hole, which, in ‘natural units,” is 1023, corresponding to
a “Big Crunch state’ of volume of order 1010123, a reasonable estimate, Penrose
argues, for the volume of the entire relevant phase space for a closed universe. (It
does not much matter what we take as the entropy of the initial state, be it 1020
or 108° or 10190 — the relevant ratio of volumes will always be of order 1010 . As
to whether 1010"*" is indeed a good estimate for the volume of the relevant phase
space, it has been suggested that oo might be more on target; see the contribution
of Michael Kiessling to this volume. ) As to why the universe should have begun
in such an exceedingly improbable macrostate, an answer that has often been
suggested is that such a state arose from a fluctuation out of equilibrium. In fact,
if the universal dynamics were ergodic, such a fluctuation must eventually occur,
repeatedly, for all phase points with the possible exception of a set of measure
0.

Nonetheless, this answer is quite unsatisfactory; indeed, according to Feyn-
man [I0] it is “ridiculous.” The problem is that if the explanation of entropy
increase and the arrow of time in our universe is that they have emerged from
a low entropy state that arose from a fluctuation, then that fluctuation should
have been no larger than necessary — that is, to a state like the present state of
the universe, and not to a state of much lower entropy as seems to have existed in
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Fig. 2. In order to produce a universe resembling the one in which we live, the Creator
would have to aim for an absurdly tiny volume of the phase space of possible universes
— about 1/ 101" of the entire volume, for the situation under consideration. (The pin,
and the spot aimed for, are not drawn to scale!)

the past. Here is Feynman, referring to astronomy, to history books and history,
and to paleontology:

Since we always make the prediction that in a place where we have not
looked we shall see stars in a similar condition, or find the same statement
about Napoleon, or that we shall see bones like the bones that we have
seen before, the success of all those sciences indicates that the world
did not come from a fluctuation ... Therefore I think it is necessary to
add to the physical laws the hypothesis that in the past the universe
was more ordered ... than it is today — I think this is the additional
statement that is needed to make sense, and to make an understanding
of the irreversibility.

The view expressed here by Feynman may seem to be the view at which Boltz-
mann himself ultimately arrived:

The second law of thermodynamics can be proved from the mechanical
theory if one assumes that the present state of the universe, or at least
that part which surrounds us, started to evolve from an improbable
state and is still in a relatively improbable state. This is a reasonable
assumption to make, since it enables us to explain the facts of experience,
and one should not expect to be able to deduce it from anything more
fundamental.

However, this statement, with which Boltzmann began his second response to
Zermelo [II], probably should not be read as a repudiation of the fluctuation
hypothesis ridiculed by Feynman, since towards the end of the very same article,
in its §4, Boltzmann advocated this hypothesis.
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Be that as it may, what we need to complete Boltzmann’s account of ir-
reversibility is a reasonable hypothesis on the initial state of the universe, in
effect an additional physical law. This hypothesis must imply that this state had
very low entropy, but, unlike Feynman’s suggestion above, it need not explicitly
stipulate that this be so. What is required is that the initial state not be too
contrived, that it be somehow reasonable, indeed that it be natural.

Moreover, it seems that gravity, even classical gravity, affords just such a
possibility. This is because the attractive nature of the gravitational interaction
is such that gravitating matter tends to clump, clumped states having larger
entropy. (For more on this see the contribution of Michael Kiessling to this
volume.) This important difference from the behavior of ordinary matter, for
which gravity can be more or less ignored, is well illustrated by Penrose in [9] page
338], see Fig. 3. What is important for our purposes here is that what is arguably

Gas

7

increasing entropy ———

Gravitating bodies

Fig. 3. For an ordinary gas, increasing entropy tends to make the distribution more
uniform. For a system of gravitating bodies the reverse is true. High entropy is achieved
by gravitational clumping — and the highest of all, by collapse to a black hole.

the most random, typical, natural, and least contrived initial state for a system
of gravitating particles, one in which they are uniformly distributed over space
(with, say, all of them at rest) also happens to be a state of very low entropy,
exactly what is needed to complete Boltzmann’s account of irreversibility.
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4 Typicality and Explanation

According to the Boltzmannian scenario propounded here, the overwhelming
majority, as measured by relative phase-space volume, of phase points in a (very
small) initial macrostate of the universe evolve in such a way as to behave — for
reasonable times, that are not too large on the time scale defined by the present
age of the universe, since the big bang — thermodynamically, with suitably closed
subsystems having increasing entropy, exhibiting irreversible behavior, and so on.
In other words, typical phase space points yield the behavior that it was our (or
Boltzmann’s) purpose to explain. Thus we should expect such behavior to be
prevail in our universe.

This raises the question, What is the force of such an explanation, based, as
it is, merely on what would “typically” happen, not on what must inevitably
happen? Now, as a scientist I see no problem here. What more could reasonably
be expected by way of explanation? Boltzmann [II] makes a similar point when
he complains that

The applicability of probability theory to a particular case cannot of
course be proved rigorously. ... Despite this, every insurance company
relies on probability theory. ... The assumption that these rare cases
are not observed in nature is not strictly provable (nor is the entire
mechanical picture itself) but in view of what has been said it is so
natural and obvious, and so much in agreement with all experience with
probabilities, ...that any doubt on this point certainly cannot put in
question the validity of the theory when it is otherwise so useful.

It is completely incomprehensible to me how anyone can see a refuta-
tion of the applicability of probability theory in the fact that some other
argument shows that exceptions must occur now and then over a period
of eons of time; for probability theory itself teaches just the same thing.

However, as philosophers we might in fact be inclined to demand more. We
might ask whether we’ve really explained a phenomenon (such as irreversibility,
an arrow of time in our world, or whatever) if we have (merely!) shown that it
is typical, but that exceptions, while in a sense extraordinarily rare, still exist in
abundance — at least as logical and mathematical possibilities. But in doing so
it seems to me that we will have to face very hard questions about just what is
meant by scientific explanation, or explanation of any sort. We might conclude
that the questions that we are asking are relevant, not only to the issue of the
origin of irreversibility, but to most, if not all, problems — such as Hume’s problem
of induction [I2], of why the future should at all be expected to resemble the
past — about the nature of science and the status and justification of scientific
theories.

The point is that in science, as in life, we must learn to cope with uncertainty.
As Boltzmann noted in the above quotation, the mechanical picture itself is not
strictly provable. Nor is any other scientific theory. No matter how strongly
a particular theory seems to be supported by the evidence at hand, there are
always logically possible alternative accounts of the very same evidence, however
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far fetched these may be. The account that we tend to believe — what we consider
to be the inference to the best explanation — seems to us simpler, more elegant,
more natural, and certainly less contrived, than the alternatives. Nonetheless,
our expectations for future behavior, based on the best available evidence, can
never be regarded as inevitable consequences of that evidence, but only — at best
— as overwhelming likely.

With regard to ‘probablistic’ or ‘statistical’ explanations, involving uncer-
tainty about initial conditions, we say that a phenomenon has been explained if
it holds for typical initial conditions, that is with rare exceptions as defined by
a suitable “measure” p of typicality. The phenomenon has been explained if the
set F of exceptional initial conditions satisfies u(F) < 1.

Of course it is essential that the measure of typicality be natural and not
contrived. It should be an object that could, somehow, have been agreed upon
before the phenomenon to be explained was even considered. For dynamical
systems such as we are discussing here, the measure of typicality should be
naturally related to the dynamics, and the most common such condition is that of
stationarity. After all, our notion of typicality should not change with time. And
for classical mechanics, for which symplectic or canonical structure plays a crucial
role in the dynamics, the most natural measure is the volume measure defined
by the symplectic coordinates, the measure we have been invoking throughout
this article.

Here is a small point, but one worth making if we intend to worry a bit
about the justification of explanation via typicality: While typicality is usually
defined — as it was here — in terms of a probability measure, the basic concept
is not genuinely probablistic, but rather a less detailed concept. A measure p of
typicality need not be countably additive, nor even finitely additive. Moreover,
for any event E, if 1 is merely a measure of typicality, there is no point worrying
about, nor any sense to, the question as to the real meaning of say ‘u(E) = 1/2’.
Distinctions such as between ‘u(E) = 1/2’ and ‘u(E) = 3/4’ are distinctions
without a difference.

The only thing that matters for a measure p of typicality is ‘w(F) < 1%
a measure of typicality plays solely the role of informing us when a set E of
exceptions is sufficiently small that we may in effect ignore it and regard the
phenomenon in question, occurring off the set E, as having been explained. And
our future expectation is for behavior that is typical in this sense. After all,
our firm belief in the impossibility of perpetual motion machines is not based
primarily on the fact that none has ever been achieved so much as on Boltzmann’s
account of why such a machine would be a practical impossibility.

What I've just described is the calculus of explanation via appeal to typi-
cality. The rigorous justification of such a calculus is, as I've already indicated,
another matter entirely, a problem, like so many similar problems involving cru-
cial uncertainty, of extraordinary difficulty. To begin to address this problem
we would have to investigate how explanation and typicality are related, which
would of course require that we analyze exactly what is meant by ‘explanation’
and by ‘typicality.” If typicality is not probability — the explication of which is
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itself a controversial problem of immense difficulty — it would help to be aware
of this from the outset.

Much has been written about such matters of justification and nondeductive

rationality (for a recent discussion see [13]). Much more should be written and,
no doubt, will be written. But not here!
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Microscopic Time Reversibility
and the Boltzmann Equation

Herbert Spohn
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Abstract. O.E. Lanford proves that in the Boltzmann—Grad limit the dynamics of
hard spheres is governed by the Boltzmann equation (with a technical restriction on
the time span). This result allows us to explain, with more precision according to usual
standards, the emergence of an irreversible macroscopic equation out of the reversible
microscopic dynamics.

The tension between time-reversibility on the microscopic level and the expe-
rienced irreversibility at the human scale has intrigued natural scientists and
philosophers alike. I have no intention to even enter the stage. As a physicist
I only want to advertise the pair classical Newtonian mechanics (which is in-
variant under time reversal) and the Boltzmann equation (which is not) for two
reasons. Firstly, the pair is a realistic, experimentally well supported description
of dilute gases. Secondly, the Boltzmann equation is derived with mathematical
rigor [123], which is a welcome safeguard against incorrect claims.

I have nothing original to say. Despite, occasionally even dark, clouds of
confusion, there have always been physicists who clearly understood the issue.
My only excuse is that a concrete example will serve well and provides a secure
basis for further understanding and enquiry.

Let me remind you: As the fundamental theory we assume that the dynamics
of atoms (or molecules) are governed by Newton’s equation of motion,

2
m%%(t) =Fj(q(t), . an(t), j=1,...,N. (N)

For simplicity, the particles are all equal with common mass m. g;(t) is the
position of molecule number j at time ¢. The force, Fj}, acting on molecule j
depends, in principle, on the positions of all other molecules. As Loschmidt
noticed, the time reversal t — —t leaves (N) unaltered because (—1)% = 1. (N)
is invariant under time reversal. To study the physical properties of low density
gases, Boltzmann introduced the distribution function f(r,v,t) which counts the
number of molecules in the position volume element d3r at r and the velocity
volume element d®v at v at time t. f(t) is governed by the Boltzmann equation

S0 = - VoS (1) + Q1) S(1). (3)

J. Bricmont et al. (Eds.): LNP 574, pp. 55-[59] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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The first term is the change in f through rectilinear, free motion of particles,
whereas the second term, the collision term, accounts for binary collisions be-
tween molecules. When changing ¢ — —t one also has to change the sign of the
velocity v. Thus (B) becomes

d
/) =—v-Viof(t) - Q(f(t), f(t)), (aB)
sometimes called anti-Boltzmann equation because of the minus sign in front of
the collision term. (B) is not invariant under time-reversal.

The irreversible character of the Boltzmann equation can be read off most

easily by introducing the H-functional
H(t) =kp /dgrdgv f(r,v,t) log f(r,v,t).

H(t) is the negative of the entropy. Provided f(¢) is governed by (B) it decreases
in time and eventually settles at an equilibrium value determined through the
initial average density and average kinetic energy (given the gas is enclosed in a
container). However under (aB), H(t) increases without bound until f becomes
negative and thus looses its physical interpretation. The arguments to be pre-
sented will be more transparent when discussed for the full Boltzmann equation
(B) rather than for H(t) only.
In his original 1872 paper Boltzmann seems to assert

Claim 1: (B) is a strict consequence of (N).
This led to Loschmidt’s

Objection 1: (B) cannot follow from (N) because both equations transform dif-
ferently under time reversal.

Note that, on face of it, Objection 1 is a mathematical, not an empirical issue.
But lingering behind is the question of whether the irreversible evolution equa-
tions so well suited to describe the macroscopic world around us are consistent
with reversible microscopic dynamics.

At this stage it may help to follow the distinction introduced by R. Penrose
in his book “Shadows of the Mind” [4], page 237. He classifies

o Z-mysteries or puzzle mysteries. These are genuinely puzzling discoveries and
insights which however become understood and commonly accepted once further
evidence is available.

o X-mysteries or paradox mysteries. Such findings cannot be accounted for by
current theories and will eventually lead to a radical change in the theoretical
framework.

Of course, there is some arbitrariness in these definitions. But one accepted
example of an X-mystery is the spectrum of the black body radiation before
Planck. There is a certain tendency to up-grade one’s own problem to the highest
mystery category. Thus Objection 1 is usually called Loschmidt’s reversibility
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paradox. In my opinion the Loschmidt argument was a genuine puzzle at the
time. Up-grading it to a paradox has done more harm than good and did not
enhance a clear understanding. In particular, the uninitiated is raised to a level
of expectancy which can never be satisfied.

Equations (N) and (B) are incomplete. As mathematics tells us they have
to be supplemented with initial conditions, conventionally taken at time ¢t = 0.
Since (N) is a second order differential equation, we need positions and velocities
(¢1(0),v1(0),...,qn(0),vn(0)) as initial conditions, whereas for the Boltzmann
equation one has to specify the initial distribution function f(r,v,0). While
the Equation (N) is time-reversal invariant, particular solutions corresponding
to given initial data certainly are not, leaving aside some obvious exceptions.
Therefore Claim 1 is now refined to

Claim 2: If at time ¢t = 0 (g1(0),v1(0), ...,qn(0),vn(0)) are close to f(r,v,0),
then (q1(t),v1(t), ..., gn(t),vn(t)) (as solution of (N)) are close to f(r,v,t) (as
solution to (B)), at least over some reasonable time span.

“Close”, here, means that the number of particles in the volume element d3rd3v
at time ¢ is given by N f(r,v,t) up to some small error. This is like many pixels
approximating a seemingly continuous picture, as we all know from TV. Such a
notion of “close” can be defined more precisely, but it will not be needed here.

Objection 2: Claim 2 is not valid.

The argument is now a little bit more subtle, but again based on time-reversal.
We assume that the initial data (g1(0),v1(0),...,gn(0),vx(0)) well approximate
f(r,v,0) and let the dynamics run for a time span ¢y > 0. According to Claim 2,
at time t( positions and velocities of the particles are still close to the Boltzmann
distribution function f(tg), in particular (g1 (to), —v1(to), .-, qn (to), —vn (tg)) is
close to f(r,—v,tp). On this basis Claim 2 asserts the same situation to be
found at time 2tq. However, after velocity reversal (N) traces back its own history,
whereas (B) further proceeds towards equilibrium. Thus Claim 2 cannot be valid,
QED.

Note that we did not make a physical velocity reversal. It is just used to
construct a counterexample against the strong Claim 2.

The famous resolution of Boltzmann lies in admitting exceptional initial con-
ditions which however have a small probability. In modern parlance

Assertion 3: For typical initial data (g1(0),v1(0), ...,gn(0),vn(0)) the assertion
in Claim 2 holds.

Mathematical theorems [23] confirm Boltzmann’s point of view and make the
somewhat vexing notion of “typicality” precise. We might say that typical initial
conditions break the time reversal invariance.

Interlude: What is a typical number in the interval [0,1]?

Well, it is just a number between 0 and 1 drawn at random, the one my computer
would print upon typing RAN. Is 1/3 typical? What about 1/v/2? Clearly we
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need a criterion to decide, which I propose as follows. Let € [0, 1] with binary
expansion x = 0.010203..., where either 0, =0 or o, = 1,n = 1,2.... x is typical
if the fraction of singletons 0 (and of singletons 1) is £, the fraction of pairs 00
(and of pairs 01, 10, 11) is 1, the fraction of triples 000 (and of triples 001, 010,
100, 011, 101, 110, 111) is g, etc.. A well known theorem states that the set of
all typical numbers has length (Lebesgue measure) 1. In this sense almost all
numbers in [0,1] are typical. A good random number generator will make the
fractions as required at least for short sequences. % = 0.0101... is not typical
because the fraction of pairs is already wrong. 1/4/2 = 0.10110101000001...7 T
do not know, but statistical tests up to 2-10° digits seem to indicate yes. Thus,

despite their abundance to explicitly exhibit a typical number is not so easy. [

“Typical” in Assertion 3 means roughly that we ignore all initial data which
are not close to f(7,v,0). Of those which are, we make a random choice. More
precisely, we sample ¢1,v; according to f(r,v,0). Then independently go,vo
again according to f(r,v,0), etc., 1023 times. If some g, is too close to the pre-
viously sampled positions ¢;, j = 1,...,n—1, i.e. |gj —gn| < a with a the molecular
diameter, then ¢, is not accepted. In this fashion we construct the random initial
data (q1,v1,...,qn,vN) close to f(r,v,0). I emphasize that “typical” refers to a
specific f(r,v). Sometimes typical is taken as relative to some global equilibrium
measure, as for example the uniform distribution on the surface of constant en-
ergy. This can be very misleading because the nonequilibrium initial conditions
of interest would have only a tiny probability with respect to this measure. Note
that the random choice is made only at ¢t = 0 relative to f(r,v,0). After that the
dynamics proceed deterministically according to either (N) or (B). In Assertion
3 it would certainly be desirable to have a non probabilistic characterization of
good initial data, i.e. of initial conditions for (N) which closely follow (B). Such a
criterion is not in sight, which only reflects the fact that, despite intense efforts,
the dynamics of many interacting particles is not a well understood subject.

In Newton’s equation of motion we may well ask what happens for ¢ < 0.

Assertion 4: The solution of (N) for a typical initial datum (g1 (0), v1(0), ..., gn (0),
vn(0)) close to f(r,v,0) is at time ¢ < 0 close to the solution of the anti-
Boltzmann equation (aB) when solved backward in time.

This is the real puzzle, because it contradicts everyday experience. Sure
enough: Let us consider a gas in a container and assume that at time ¢t = 0
we observe the gas somewhat compressed to the right half of the vessel. Then in
the future (¢t > 0) the gas will expand and become uniformly distributed. This
is precisely what Assertion 3 states. In the past (¢ < 0) we certainly expect that
the gas was even further compressed to the right until the time when an outside
experimenter had carefully prepared the gas in one corner (which is easy). How-
ever, Assertion 4 (a valid consequence of (N)) states just the opposite, namely
that the gas further expands for ¢t < 0 as well. So why does the method which
works so well for the future fail so badly for the past?

It may be useful to repeat the argument in other words. Suppose at time
—7,7 > 0, we prepared an initial configuration of molecules typical for f(r, v, —7)
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corresponding to compression of the gas in the right-hand corner. Then at time
t = 0 the molecule configuration (as obtained by the solution of (N)) will be
untypical for f(r,v,0) (as obtained from the solution of (B) with initial datum
f(r,v,—7)). The configuration (q1(0),v1(0),...,qn(0),vn(0)) at time ¢t = 0 is
not a random configuration relative to f(r,v,0), because it has a very special
past. This causes no harm to the future evolution since we can always refer back
to time —7. However, if the knowledge at time ¢t = 0 is all that is available, we
would make the wrong retrodiction.

In the context of a lab situation the puzzle does not really apply. We use the
empirical fact that constrained equilibrium states can be manufactured without
difficulty. If the constraint is released the future time evolution proceeds accord-
ing to Assertion 3, whereas the past time evolution is only hypothetical. How-
ever, irreversible processes occur everywhere around us — entropy is constantly
generated — without careful arrangement of some initial constrained equilibrium
state. Thus, in the spirit of Assertion 3, at some sufficiently early time initial
conditions typical for some nonequilibrium state must have been present, the
relaxation of which we witness today. How early? No doubt the sun has been a
fantastically stable source of low entropy radiation. This empirical fact forces us
to go back in time over cosmological scales.

I take Assertions 3 and 4 as a valid indication that the thermodynamic arrow
of time is linked to the cosmological arrow of time. Of course, this does not mean
that if the universe were one day to start to contract, heat would flow from cold to
hot. Rather if we want to understand why we live now in a nonequilibrium world
well governed by irreversible evolution equations (as the Boltzmann equation),
we are forced to consider the universe as a whole.

I recommend the books by R.P. Feynman [5] and by R. Penrose [0], present-
ing very similar points of view, the book by C. Cercignani [7] for a historical
background, and the masterly lecture by J.L.Lebowitz [§], from whom I learned.
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The Direction of Time *
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Abstract. It is argued, using a relativistic space-time view of the Universe, that Re-
ichenbach’s “principle of the common cause” provides a good basis for understanding
the time direction of a variety of time-asymmetric physical processes. Most of the math-
ematical formulation is based on a probabilistic model using classical mechanics, but
the extension to quantum mechanics is also considered.

1 Does Time Have a Direction?

When we speak of “the direction of time” we are not really saying that time itself
has a direction, any more than we would say that space itself has a direction.
What we are saying is that the events and processes that take place in time have
a direction (i.e. they are not symmetrical under time reversal) and, moreover,
that this time direction is the same for all the events.

To see the distinction, imagine that you look into a body of water and see
some fish all facing in the same (spatial) direction. You would not attribute
the directedness of this fish population to any “direction of space”; it would be
much more natural, assuming the body of water to be a river, to attribute the
directedness of the fish population to the direction of a physical phenomenon
which is external to them: that is, to the direction of the flow of the river.

An external influence of this kind is not the only mechanism by which a set
of objects (or creatures) can line up along a particular direction: they may line
up because of an interaction between them rather than some external influence.
It might be that the water is stagnant, imposing no direction on the fish from
outside, but that the fish happen to like facing in the same direction as their
neighbours. In this case there is an interaction between neighbouring fish, but
the interaction itself is invariant under space reversal: if two fish are facing the
same way and you turn both of them around, they should be just as happy about
each other as before. In such cases, when an asymmetrical arrangement arises
out of a symmetrical interaction, we speak of spontaneous symmetry breaking.

In the case of the time asymmetry, we are surrounded by examples of pro-
cesses that are directed in time, in the sense that the time-reversed version of
the same process would be virtually impossible (imagine raindrops rising through
the air and attaching themselves to clouds, for example); moreover, as we shall
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see in more detail later, the time direction of each process is the same every time
it happens (imagine a world where raindrops fell on some planets but rose on
other). Just as in the case of the asymmetrical spatial arrangement of fishes,
there are two possible explanations of such a large-scale asymmetry: either it is
due to some overarching asymmetry which separately causes the time direction
of each of the individual processes, or else it is due to some linkage between
different events which, though itself symmetric under time reversal, leads most
or all of them to adopt the same time direction as their neighbours so that an
asymmetry can arise through spontaneous symmetry breaking.

The most obvious physical linkage between different processes comes from
the fact that the same material particles may participate in different processes
at different times; the states of the same piece of matter at different times are
linked by dynamical laws, such as Newton’s laws of motion which control the
motion of the particles composing that matter. Processes involving different
particles can also be linked, because of interactions between the particles, and
the interactions are subject to these same dynamical laws. The dynamical laws
are symmetrical under time reversal; nevertheless, in analogy with our example
of the fishes, this symmetry is perfectly consistent with the asymmetry of the
arrangement of events and processes that actually takes place.

In this article I will look at and characterize the time directions of various
types of asymmetric processes that we see in the world around us and investigate
whether all these asymmetries can be traced back to a single asymmmetric cause
or principle, or whether, on the other hand, they should be attributed to some
form of symmetry breaking. The conclusion will be that there is, indeed, a single
asymmetric principle which accounts for the observed asymmetry of most phys-
ical processes. Many of the ideas used come from an earlier article written with
I. C. Percival [17], but others are new, for example the extension to quantum
mechanics.

2 Some Time-Directed Processes

Let’s begin by listing some physical processes that are manifestly asymmetrical
under time reversal.

The subjective direction of time. Our own subjective experience gives us a
very clear distinction between the future and the past. We remember the past,
not the future. Through our memory of events that have happened to us in the
past, we know what those events were; whereas a person who “knew” the future
in such a way would be credited with supernatural powers. Although some future
events can be predicted with near certainty (e.g. that the Sun will rise tomorrow),
we do not know them in the same sense as we know the past until they have
actually happened. And many future events are the subject of great uncertainty:
future scientific discoveries, for example. We just do not know in advance what
the new discoveries will be. That is what makes science so fascinating — and so
dangerous.

! This possibility may not be quite so fanciful as it sounds. See [20]
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Part of our ignorance about the future is ignorance about what we ourselves
will decide to do in the future. It is this ignorance that leads to the sense of “free
will”. Suppose you are lucky enough to be offered a new job. At first, you do not
know whether or not you will decide to accept it. You feel free to choose between
accepting and declining. Later on, after you have decided, the uncertainty is gone.
Because your decision is now in the past, you know by remembering what your
decision was and the reasons for it. You no longer have any sense of free will
in relation to that particular decision. The (temporary) sense of free will which
you had about the decision before you made it arose from your ignorance of the
future at that time. As soon as the ignorance disappeared, so did the sense of
free will.

It is not uncommon to talk about the “flow” of time, as if time were a moving
river in which you have to swim, like a fish, in order to stay where you are.
Equivalently one could look at this relative motion from the opposite point of
view, the fish swimming past water that remains stationary; in the latter picture
there is no flow as such, but instead a sequence of present instants which follow
one another in sequence. The time direction of this sequence does not come from
any “flow”, but rather comes from the asymmetry of memory mentioned earlier.
At each instant you can remember the instants in the past that have already
happened, including the ones that happened only a moment ago, but you cannot
remember or know the ones in the future. The time asymmetry of the “flow” is
a direct consequence of the asymmetry of memory; calling it a “flow” does not
tell us anything about the direction of time that we do not already know from
the time asymmetry of memory.

Recording devices. Why is it, then, that we can only remember the past, not
the future? It is helpful to think of devices which we understand better than
the human memory but which do a similar job although they are nothing like
as complex and wonderful. I have in mind recording devices such as a camera or
the “memory” of a computer. These devices can only record the past, not the
future, and our memories are time-asymmetric in just the same way.

Irreversible processes in materials. Various macroscopic processes in materi-
als have a well-defined time direction attached. Friction is a familiar example:
it always slows down a moving body, never accelerates it. The internal friction
of a liquid, known as viscosity, similarly has a definite time direction. Other
examples are heat conduction (the heat always goes from the hotter place to
the colder, never the other way) and diffusion. The time directions of all the
processes in this category are encapsulated in the Second Law of Thermody-
namics, which tells us how to define, for macroscopic systems that are not too
far from equilibrium, a quantity called entropy which has the property that
the entropy of an isolated system is bound to increase rather than to decrease.
The restriction to systems that are not too far from equilibrium can be lifted
in some cases, notably gases, for which Boltzmann’s H-theorem [3] provides a
ready-made non-decreasing quantity which can be identifed with the entropy.

Radio transmission. When the electrons in a radio antenna move back and
forth, they emit expanding spherical waves. Mathematically, these waves are de-
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scribed by the retarded solutions of Maxwell’s equations for the electromagnetic
field (i.e. the solutions obtained using retarded potentials). Maxwell’s equations
also have a different type of solution, the so-called advanced solutions, which de-
scribe contracting spherical waves; but such contracting waves would be observed
only under very special conditions. Although Maxwell’s equations are invariant
under time reversal, the time inverse of a physically plausible expanding-wave
solution is a physically implausible contracting-wave solution.

The expanding universe. Astronomical observation tells us that the Universe
is expanding. Is the fact that our Universe is expanding rather than contracting
connected with the other time asymmetries mentioned above, or is it just an
accident of the particular stage in cosmological evolution we happen to be living
in?

Black holes. General Relativity theory predicted the possibility of black holes,
a certain type of singularity in the solution of Einstein’s equations for space-
time, which swallows up everything that comes near to it. The time inverse of a
black hole is a white hole, an object that would be spewing forth matter and/or
radiation. It is believed [I8] that black holes do occur in our Universe, but that
white holes do not.

3 The Dynamical Laws

The astonishing thing about the processes listed above is that, although they are
all manifestly asymmetrical under time reversal, every one of them takes place
in a system governed, at the microscopic level, by a dynamical law which is sym-
metrical under time reversal. For many of these processes, a perfectly adequate
dynamical model is a system of interacting particles governed by Newton’s laws
of motion — or, if we want to use more up-do-date physics, by the Schrodinger
equation for such a system. In the case of the radio antenna, the dynamical model
is provided by an electromagnetic field governed by Maxwell’s equations, and in
the cosmological examples it is a space-time manifold governed by Einstein’s
equations. All these dynamical laws are invariant under time reversal.

To provide a convenient way of discussing the laws of dynamics and properties
of these laws such as invariance under time reversal, I'll use a purely classical
model of the Universe. The possibility of generalizing the model to quantum
mechanics will be discussed in Section [/l The model assumes a finite speed of
light, which no moving particle and indeed no causal influence of any kind can
surpass, and is therefore compatible with relativity theory.

Imagine a space-time map in which the trajectories of all the particles (atoms,
molecules, etc.) in the model universe are shown in microscopic detail. In princi-
ple the electromagnetic field should also be represented. The space-time in which
the map is drawn will be denoted by U. Fig. 1 shows a one-dimensional map of
this kind, containing just one trajectory. For generality, we shall use (special)
relativistic mechanics, with a finite speed of light, so that the space in Fig. 1
represents Minkowski space-time. (Similar diagrams could be drawn for non-flat
cosmological models such as the Einstein-de Sitter model [21].)
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For each space-time point X, we define its future zone to comprise all the
space-time points (including X istelf) that can be reached from X by travelling
no faster than light. A signal or causal influence that starts from X cannot reach
any space-time point outside the future zone of X.

The past zone of X comprises those space-time points (including X itself)
from which X can be reached by travelling no faster than light. Signals starting
from space-time points outside the past zone of X cannot influence what happens
at X. Since real particles travel slower than light, any particle trajectory passing
through X stays inside the past and future zones of X.

t-axis

FUTURE
ZONE

—<"— trajectory
X

PAST ™,
ZONE

X-axis

Fig. 1. Typical particle trajectory in a universe with one space dimension. The future
and past zones of the space-time point X on the trajectory are shown as quadrants.
The two dotted half-lines bounding the future (past) zone of X are the trajectories
of the two possible light rays starting (ending) at X; their equations are x = ct and
x = —ct where c is the speed of light — which, for the purpose of drawing the diagram,
has been taken to be 1 unit.

By the history of the model universe being considered, I mean (disregarding
the electromagnetic field for simplicity) the totality of all the trajectories in it;
since each trajectory is a set of points in U, the history is also a certain set of
points in U. This history will be denoted by the symbol w. Given a space-time
region A within U, we shall use the term the history of A to mean the intersection
of A with the history of U; that is to say, the totality of all pieces of trajectory
that lie inside A. The history of A will be denoted by wN A or just a. See Fig. 2.

The laws of dynamics place certain restrictions on the histories; for exam-
ple, if the model universe were to consist entirely of non-interacting particles,
then all the trajectories would be straight lines. We shall not assume that all



66 Oliver Penrose

the trajectories are straight lines, but we shall make two specific assumptions,
both of which are satisfied by Newton’s equations for the mechanics of a sys-
tem of particles and by Maxwell’s equations for the electromagnetic field: these
assumptions are that the dynamical laws are (i) invariant under time reversal
and (ii) deterministic. (We could also require relativistic invariance but this is
not essential). By time-reversal invariance we mean that the time inverse of any
possible history (obtained by inverting the space-time map of that history) is
also a possible history — or, more formally, that if R denotes the time-reversal
transformation in some inertial frame of reference, implemented by reversing
the time co-ordinate in that frame of reference, and if w is any history that is
compatible with the laws of dynamics, then Rw is also compatible with the laws

of dynamics.

Fig. 2. The history a of the egg-shaped space-time region A consists of the the two

part-trajectories which lie inside A.

The following definitions will help us to formulate the concept of determinism
in this theory. By the past zone of a region A, denoted PZ(A), I mean the union
of the past zones of all the points in A. The region A istelf is part of PZ(A). If
A and B are two disjoint regions, it may happen that the part of PZ(A) lying
outside B consists of two (or more) disconnected parts, as in Fig. 3. In that case,
we shall say that B severs PZ(A). In a similar way, one region can sever the
future zone of another.

Now we can formulate what we mean by determinism in this theory. If a
region B severs the past zone of a region A, then any particle or causal influence
affecting the history of A must pass through B. The history of B includes all
these causal influences, and so it determines the history of A. In symbols, this
means that there exists a function fap from the history space of B to that of A
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such that the laws of dynamics require

a= fi5(b). (1)

For deterministic dynamics, such an equation will hold for every pair of regions
A, B such that B severs the past zone of A.

Since we are assuming the laws of dynamics to be time-symmetric, the time
inverse of () also holds. That is to say, if there is a region B’ which severs the
future zone of A then the dynamical state of A is completely determined by that
of B’. In other words, there exists a function g, ., such that the laws of dynamics
requre

a=g,, ) (2)

and such an equation holds for every pair of regions such that B’ severs the
future zone of A.

t

. N
. N
. N
.

PZ1(A)

PZ2(A)

Fig. 3. Example where B severs the past zone of A. The past zone of A consists of
three separate parts: one part inside B, and two disconnected parts outside B, marked
PZ1(A) and PZ2(A). By definition, A itelf is a part of PZ1(A)

4 Probabilities: The Mathematical Model

As we have seen, time direction is not a property of the laws of motion them-
selves. The laws of motion are too general to solve the problem of time asymme-
try, since they do not distinguish between a physically reasonable motion and
its physically unreasonable time inverse. To characterize the time asymmetry
we need to say something about which solutions of the dynamical equations are
likely to occur in the real world. This can be done using probability concepts.
The mathematical model I shall use will be based on the following postulates:
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i. there is a probability measure on the space {2 consisting of of all conceivable
microsopic histories of the model universe U (including histories that do not
obey the dynamical laws);

ii. the measure is invariant and ergodic under spatial shifts (translations);

iii. the actual history of U was selected at random using this measure, so that
any property which holds with probability 1 under the measure (and whose
definition does not mention the actual history) is a property of the actual
history.

To keep the mathematical formulation of postulate (i) as simple as possible, let

us assume that {2 is discrete, and that the set {24 of conceivable histories of any

given (finite) space-time region A is finite. (The extension to the more realis-
tic case of history spaces that are not discrete involves only standard methods
of probability theory.) For each A, there is a probability distribution over the
histories in 24, that is to say a set of non-negative numbers p , (a), the proba-
bilities, such that ) 2, Pa (a) = 1. The probability distributions for different

regions must satisfy certain consistency relations, arising out of the fact that if
one region is a subset of another then the probability distribution for the smaller
region is completely determined by that for the larger; it will not be necessary
to give these consistency relations explicitly.

There is no contradiction here between determinism and the use of probabil-
ities: we are dealing with a probability distribution over a space of deterministic
histories. But determinism does impose some conditions on the probability dis-
tribution, the most obvious of which is that any trajectory in (2, violating the
dynamical laws (e.g. Newton’s equations of motion) has probability zero. Deter-
minism also imposes conditions relating the probability distributions in different
regions; thus from formula () it follows that if B severs the past zone of A then
there is a function f,, such that

pala) = D 8(a, f.5(0)ps () (3)

where (-, ) is defined to be 1 ifbigcsgfwo arguments are the same and 0 if they
are different.

To formulate the first part of postulate (ii) mathematically, we assume that
there is a group of spatial shiftdd T such that if A is any region in the universe
U then T'A is also a region in U, and that if a lies in £24 (i.e. if it is a possible
history of A) then its translate T'a is a possible history of T'A. If A is a union
of disjoint parts, then T'A is obtained by applying T to every part. Then the
postulate of shift invariance can be written

pra(Ta)=p,(a) (ac2a) (4)
holding for all space-time regions A and all spatial shifts T

2 Unlike the dynamical model, our probability model cannot be relativistically in-

variant, since the group of spatial shifts is not the full symmetry group of (special)
relativistic space-time. But the lower symmetry of the probability model should not
be reckoned as a disadvantage, since the whole purpose of the probability model is
to identify deviations from this full symmetry, in particular deviations from time-
reversal symetry.
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To a very good approximation, we would expect probabilities to be invariant
not only under space shifts but also under time shifts, provided that the size of
the time shift is not too big. Invariance under shifts of a few seconds, days, years
or even millennia is fine, but to postulate invariance under arbitrarily large time
shifts, comparable with the age of the universe or greater, would be to commit
oneself to the steady-state cosmological theory, which is no longer in fashion.

The second part of postulate (ii), ergodicity, means that a law of large num-
bers holds with respect to space shifts: given any event E that can occur in a
space-time region A, the fraction of the space translates of A in which the (spa-
tially shifted) event E actually occurs is almost surely equal to the probability
of E. In symbols, if E is a subset of 24 (for example F could consist of just one
history) then the following statement is true with probability 1:

lim © > xn(w) = pa(E) (5)

n—00 1 4

where Y, denotes the indicator function for the occurrence of the event T E in
the region T™A; i.e. xn(w) is defined to be 1 if wNT™A € T"E and to be 0 if
not.

By postulate (iii) eqn (@), being true with probability 1, is true in the ac-
tual Universe. It is this property that connects the mathematical probability
model with observable properties of the real world, enabling us to equate the
probabilities in it with frequencies of real events. In practice, it is easier to use
time shifts than spatial ones, reproducing the same situation at different times
in the same place rather than in different places at the same time. Since the
time shifts used in estimating the average on the left side of (H) by this method
are likely to be very small compared to the age of the Universe, the use of time
shifts when formula () is used to estimate probabilities should be a very good
approximation.

As an example, A could be any space-time region consisting of a cube with
side 1 metre lasting for 1 second, starting now, and E could denote the event
in that the cube is empty of particles throughout its lifetime Then p(a) is the
probability that a 1 metre cube, randomly chosen at this moment somewhere in
the Universe, is empty of particles during the second after the moment when it is
chosen. Knowing something about the density and temperature of the of gas in
outer space, one could give a reasonable numerical estimate of this probability.

5 Physical Probabilities

The probabilities we usually deal with in science refer to events not in outer space

but here on Earth. In the present formalism, these are conditional probabilities,

conditioned on some particular experimental set-up. For example, suppose you

throw a spinning coin into the air and note which side is up when it lands. The

probability of the outcome ‘heads’ can be written as a conditional probability:
_ Pas(H X B)

Prob(H) = p,., (H|B) = B (6)
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where H represents the ‘heads’ outcome and B represents the launching of the
coin and the other requirements that make the tossing of a coin possible, for
example the presence of a floor and a gravitational field. The left side of[d is to
be thought of as a physical property of the coin, measurable by replicating the
experimental condition B many times and counting the fraction of occasisions
when the outcome is H.

In our probability model, the macroscopic event H is represented by a set of
histories for a space-time region A which includes the place and time where the
coin comes to rest on the floor, and B is represented by a set of histories for an
earlier space-time region B which is disjoint from A and includes the place and
time where the coin is launched. The notation H x B denotes the set of histories
w € {2,, such that (wN A) € H and (w N B) € B. Note that B comes earlier
than A, not later: the coin is spun before the time when it is observed on the
floor, not after. Moreover, to ensure that all the influences that might influence
the motion of the coin are properly controlled, B should sever the past zone of
A, as in Fig. 3.

By itself, equation () is just a definition; it contains no information about the
behaviour of real coins. We can put some empirical information into it, however
if we take account of something that every probability theorist (though not
every gambler) believes to be true, namely that there are many features of the
macroscopic state A of the region A upon which Prob(H) depends very slightly,
if at all. The sex of the experimenter, for example, makes no difference to the
probability of H; nor does it matter (so the probability theorists believe) how
many times the ‘heads’ outcome occurred on the previous occasions when the
coin was spun. It is this independence of irrelevant features of the macroscopic
state of A (a feature that is given the name “statistical stability” in [14]) that
makes it possible to think of Prob(#) as a physical quantity, which can be
measured in many different laboratories to give the same answer.

Our experience of the statistical stability of physical probabilities indicates
that, if we define the macroscopic states in the right way, the probabilities of
macroscopic events should be independent of what happened before the region
B got into the macroscopic state B. In symbols, we expect the equation

pAuB(H|B) = Pauuc (H‘B X C) (7)

to hold for all macroscopic events C in the history space of an extra space-time
region C which is arbitrary except that it must sever the past zone of B, as shown
in Fig. 4. Thus, if C' is any space-time region that contains the experimenter just
before the coin is spun, C could be the event “the experimenter is a woman”; or
if C' is a space-time region containing all the previous occasions when the coin
was spun, C could be the event “all the previous spins gave the result ‘heads’ .

In the mathematical theory of probability, equation (@) is part of the defini-
tion of a Markov chain; so () can be regarded as saying that it is possible to
choose the macroscopic states such as B in such a way that their probabilities
have a Markovian structure. In [14], such a Markovian structure is taken as one
of the main postulates in a deductive treatment of the foundations of statistical
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mechanics, and it is shown to lead to an equation expressing transition probabil-
ities such as p,,, (#|B) in terms of purely dynamical quantities. That discussion
does not use space-time maps, however, being geared to the standard methods
of statistical mechanics where the system we are interested in is considered to
be isolated from the rest of the world during the period when its time evolution
is studied. The approach described here arose in part from trying to avoid this
restriction.

Fig. 4. The arrangement of regions A, B, C for equation (). The region B severs the
past zone of A and C severs that of B.

What about the time direction of physical probabilities? At first sight, equa-
tion () appears to contain a very clear time asymmetry, since in the experiments
done to measure physical probability we always prepare the system before we
observe it, not after: the region B in (@) always comes before A, not after it.
But is this really a time asymmetry of the equation? Using the definition of
conditional probability, and replacing H by a more general macroscopic event A
in A, (@) can be rewritten as

PavsAXB)  p, pc(AxBxC)

pB(B) pBuC(B XC)
which can be rearranged to give
Psuc (C|B) = Pausuc (C‘B X A) (9)

Thus the conditional probability of the earlier event C given the later one B is
independent of the even later event A. The Markovian condition (), despite
its asymmetrical formal appearance, is in fact symmetrical under time reversal
as far as the time order of the three events A, B,C is concerned. One might
be tempted to conclude from the reversed Markovian condition (@) that the
conditional probability of an earlier macroscopic event given a later one has a
similar type of statistical regularity to that of the later event given the earlier
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one, in which case we could use the left side of (@) to define a “time-reversed
physical probability” for the earlier event given the later one.

Nevertheless, such a conclusion would be wrong. The “time-reversed physi-
cal probability” corresponding to the left side of (6), namely p,,, , (B|H), would
be the probability, given that a coin is found on the floor with its ‘heads’ side
uppermost, that the coin arrived there as the result of a coin-tossing experi-
ment (rather than, for example, as the result of somebody’s dropping it on the
floor by mistake). Such probabilities are well-defined in the model, but physicists
cannot measure them without going outside their laboratories, nor philosophers
without going outside their studies; they need outside information to tell them,
for example, how often people actually do drop coins on the floor by mistake.
In short, the time-inverse probability p,  , (B|H) cannot be measured by labo-
ratory experiments and therefore, unlike the left side of (7)), is not a physically
measurable property of the coin.

The reason for the wrong conclusion discussed in the preceding paragraph is
that the Markovian condition resides not only in the formula (@) (with H now
replaced by a general macroscopic event A) but also in the geometrical relation
between the space-time regions A, B, C' appearing in it. Unlike the formula itself
this geometrical relation, illustrated in Fig. 4, is not symmetrical under the
symmetry operation of reversing time and interchanging the labels A and C:
thus, C' severs the past zone of A, but A does not sever the future zone of C.

So the Markovian condition (), if true for suitably specified macroscopic
events, does after all give us a direction of time, its asymmetry under time
reversal deriving not from any algebraic property of the formula, but from the
geometrical asymmetry of the relation between the space-time regions A and B
illustrated in Fig. 3: if we reversed this relation, making B sever the future zone
of A instead of the past, and C sever the future zone of B, then there would be
no reason to expect either the formula ([7) or the equivalent version (@) to hold.

6 The Common Cause Principle

The time asymmetry we found in the preceding section is not a completely sat-
isfactory answer to the problem of characterizing the time asymmetry of prob-
abilities. It is not clear that the macroscopic states such as B can be defined
in such a way that the Markovian condition (@) is satisfied; moreover, there is
the difficulty (pointed out to me by G. Sewell [22]) of proving consistency of the
theory by showing that the dynamical consequences of the formula (@), studied
in detail in [14] for isolated systems, are compatible with the dynamical laws. In
the present section we look at a different approach, which uses microscopic his-
tories rather than macroscopic events, and is much more easily reconciled with
the dynamical laws.

In this discussion it will be assumed that there was an initial time, let us call
it tg, at which the Universe as we know it began. In order not to prejudge the time
direction problem by making the intrinsic structure of the Universe temporally
asymmetric quite apart from what is happening inside it, we suppose for the
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time being that there is will also be a final time ¢; at which the Universe as we
know it will end. Such a time is indeed a feature of some cosmological models,
see for example [21], although of course these models use curved space-time so
that the straight light rays in our diagrams would have to be replaced by curved
ones. We shall find that the value of ¢; plays no part in the discussion (except
that it must be greater than ¢y); so the results will apply equally well to a model
universe in which t; = +o00. The case ty = —oo, which arises in the steady-state
cosmological model, can also be treated (see [I7]) but will be ignored here for
simplicity.

The idea of referring back the present condition of the Universe, via determin-
istic mechanical laws, to its condition at time ¢y goes back at least to to Boltz-
mann who writes, when discussing the time asymmetry or “uni-directedness” of
his H theorem,

“The uni-directedness of this process is obviously not caused by the
equations of motion of the molecules, for those do not change when
the direction of time is changed. The uni-directedness lies uniquely and
solely in the initial conditions. However, this is not to be understood
in the sense that for each experiment one would have to make all over
again the special assumption that the initial conditions are just par-
ticular ones and not the opposite, equally possible ones; rather, a uni-
fied fundamental assumption about the initial constitution of the world
suffices, from which it follows automatically with logical necessity that
whenever bodies engage in interaction then the correct initial conditions
must prevail”. [4]

Boltzmann’s proposal for achieving this was to “conceive of the world as an
enormously large mechanical system ...which starts from a completely ordered
initial state, and even at present is still in a substantially ordered state” [5].
According to the usual interpretation of entropy as disorder, Boltzmann’s remark
means that the Universe started in a state of low entropy, and the entropy
has been increasing ever since but is still quite low. Excellent elucidations of
Boltzmann’s proposal are given in [I12|[18]. Boltzmann’s insight about the entropy
of the initial state of the Universe is not the whole story, however. The law
of increasing entropy is a property of certain processes in materials, and such
proceses are only one item in our list of time-asymmetric processes in section
Moreover, it is hard to see how the value of just one number, the entropy, at the
one time t = ty can control the subsequent evolution of the Universe with such
exquisite precision as to determine the time direction of all the physical processes
that happen everywhere for ever after. At the very least some information about
the probabilities at time ¢t = t; seems necessary.

As a step towards advancing Boltzmann’s programme a bit further, I shall
make use of Reichenbach’s “principle of the common cause” [19] to formulate
a reasonable hypothesis about the initial probabilities. Reichenbach’s princi-
ple asserts that “if an improbable coincidence has occurred there must exist
a common cause”. Following Reichenbach himself, we may interpret “improb-
able coincidence” to mean simply a correlation, or more precisely a deviation
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from the product formula for the joint probability of two events or histories
in two spatially separated space-time regions A and B. As for the “common
cause”, like all causes it takes place before its effect, and must therefore be some
event in the past zones of both A and B, that is to say in their intersection
PZ(A)N PZ(B), which I shall call the common past of A and B. Thus, in the
one-dimensional Universe illustrated in Fig. 5, if A and B are correlated, i.e.
if p, s(axb)#p,(a)p,(b), then Reichenbach’s principle leads us to seek the
cause of the correlation in some event that takes place in the region marked C.

t-axis

Fig. 5. Space-time regions for Reichenbach’s common cause principle and the law of
conditional independence. The region below the heavier dashed lines is C = PZ(A) N
PZ(B), the common past of A and B.

It is an elementary consequence of Reichenbach’s principle that if the space-
time regions A and B are so far apart that their past zones are disjoint, i.e. if
PZ(A)N PZ(B) is empty, as in Fig. 6, then the two regions are uncorrelated,
that is to say the formula

Paus(axb) =p,(a)p,(b) (10)

holds for all ¢ in 24 and all b in 25.
Equation ([I0) can be applied to the case where the two “regions” are subsets
of the manifold ¢t = tg, such as the two segments marked M and N in Fig. 6;
this leads us to the conclusion that disjoint parts of the ¢ = ¢y manifold are
uncorrelatedd.
3 In [16] this independence of different parts of the t = to manifold was taken as an
ax1i0m
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From the independence of disjoint parts of the t = ¢y manifold we can derive
a formula, which may be called [17] the law of conditional independence, relating
the probabilities in two regions whose past zones are not disjoint. It states that if
A and B are any two space-time regions, and C' is the common past of A and B,
then A and B are conditionally independent given the history of C. In Symbol

Pavsuc (a X b|C) = Pauc (a|c)p3uc (b|C) (11)
foralla e £2,,be 2,,ce 2.

t=t,

FZ(A) FZ(B)

PZA) B |
e )

M N t=t,

Fig. 6. The initial time is to, the final time ¢;. The regions A and B are uncorrelated,
because their past zones do not overlap (even though their future zones do overlap).
For the same reason, the segments M and N are uncorrelated.

To prove (II), define I to be the initial manifold, on which ¢ = ¢y, and define
two subsets M, N of I (see Fig. 7) by the formulas

M = 1N (PZ(A)) - C)
N =In(PZ(B)) - C), (12)

and let m, n denote their respective histories. By an argument similar to the one
based on Fig. 6, the three regions M, N, C are uncorrelated with one another.

It can be seen from Fig. 7 that the definitions (I2) etc. imply that C U M
severs the past zone of A, and that C'U N severs the past zone of B. Hence, by
the determinism condition ([IJ), there exist functions f, g such that

a = f(mv C)
b =g(n,c). (13)

4 The same equation is given in [I7] but the condition used there to characterize C
appears to be too weak to ensure the truth of (II). Equation (1)), together with a
diagram equivalent to Fig. 5, also appears in Bell’s paper [1] about the impossibility
of explaining quantum non-locality in terms of local “beables”.
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Applying the formula (B) we find that

Pave (a X C) = Z Puoe (m X 0)5(a7 f(mv C))

m e 2n

= Pc (C) Z Py (m)d(a, f(m’ C)) (14)

me 2y

where in the last line we have used the fact that the regions M and C are
uncorrelated. From (I4)) and the definition of conditional probability we obtain

Pave (a\c) = Z Py (m)a(avf(ﬂ%c)) (15)

meE 2n

Similar formulas can be worked out for p,, . (b|c) and p, ;. (a x blc), and using
all three formulas in (Il) we find that the two sides of (Il) are equal. This
completes the proof.

M

Fig. 7 Space-time regions used in proving the law of conditional independence.

Before going on to the extension of these ideas to quantum mechanics, a
word about Bohmian mechanics [2] is in order. From our point of view, Bohmian
mechanics is a deterministic classical theory, but since it contains simultaneous
action at a distance the speed of light in our treatment would have to be taken
infinite. This would make the dotted lines representing the light rays in the
diagrams horizontal. Our formulation of Reichenbach’s common cause principle
would no longer work, but its consequence that disjoint pieces of the t = tg
manifold are uncorrelated might still be adopted as an axiom in its own right.
Initial conditions for Bohmian mechanics are treated in detail in [6], but with a
different purpose in mind.

7 Quantum Mechanics

Most of the main ideas in the model discussed here have analogues in quantum
mechanics. Integration over a space of histories is an important tool in quantum-
mechanical calculations, and so our history spaces (2, 2, can be taken over di-
rectly into quantum mechanics. The probability distribution p, (a), however, is
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more problematical; its nearest analogue is a density matrix, a non-negative
definite matrix which will be written g, (a,d’). In analogy with the dynamical
condition on the classical probability distribution that dynamically impossible
trajectories have zero probability, the density matrix also satisfies a dynami-
cal condition. This condition is derivable from Schrédinger’s equation, and has
a property of symmetry under time reversal derivable from the fact that the
complex conjugate of a wave function satisfies the time-reversed version of the
Schrédinger equation. In relativistic quantum mechanics we would also expect it
to have a property analogous to (@), enabling us to calculate the density matrix
for a region A in terms of the one for a region B which severs the past zone of
A. The analogue of (B) would have the form

Q04 (aval) = Z Z FAB (a" b)FZB (a/’ b/)QB (b’ b/) (16)

beR, b e,

where F, ,(a,b) is a propagator and the star denotes a complex conjugate. The
propagator may be given the following heuristic interpretation: if the history of
the region B should happen to be b, then the wave function of A will be given
by ¢A (a) = FAB (aa b)

It is more difficult to find convincing quantum analogues for properties (ii)
and (iil) of the classical probability model. The analogue of the shift invariance
condition () is easy enough, simply o, ,(Ta,Ta’) = o, (a,a’). To give a precise
formulation of the ergodic property (Bl), however, requires an understanding of
what constitutes an “event” in quantum mechanics, a difficult proble which
is far beyond the scope of this article. Nevertheless we do know from experience
that events do happen, and so the quantum mechanical model must be considered
incomplete if it does not make some kind of provision for events.

Quantum mechanics contains a non-classical concept called entanglement
which has no exact analogue in classical mechanics: it is formally similar to
correlation, but more subtle. Two space-time regions A and B may be said to be
entangled if their joint density matrix is not the product of the separate ones,
i.e. if

0psn(a X b,a! X V) # 0, (a,b)0, (V). (17)
According to quantum theory, entanglement arises if a bipartite system is pre-
pared in a suitable quantum state and the two parts then move apart from one
another, as in the famous EPR paradox[7]. It therefore seems natural to adopt
a quantum analogue of Reichenbach’s principle, asserting that if two space-time
regions are entangled there must exist a common cause. This common cause
would be an event in the common past of A and B. If they have no common
past, as in Fig. 6, then we would expect A and B to be unentangled.

If we want to formulate a quantum analogue of the law of conditional in-
dependence, we need some condition on the common past of the two regions A
and B that will preclude the creation within it of any entanglement between A

5 See, for example, [S[15].
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and B. For example, it would presumably be sufficient to require C' to be com-
pletely empty, both of matter and fields. More leniently, we could allow events to
happen inside C' provided that any incipient entanglement created thereby was
destroyed before it got outside C'. A possible way to achive this might be to make
the requirement that whatever events take place in C' they include something
equivalent to making a complete measurement along the entire boundary of C.
The measurement would intercept any particles or photons emerging from C' and
destroy any phase relations between their wave functions that might otherwise
go on to generate entanglement between A and B.

8 Conclusion

Now we can look back at the various time-directed processes mentioned in section
Bl to see whether their time direction can be derived from Reichenbach’s common
cause principle or whether it is logically independent from this principle and
therefore in a sense accidental. In applying this principle, we shall normally
identify the common cause with some interaction between the two correlated
systems.

Recording devices, memory. A camera is essentially a closed box which in-
teracts with the outside world for a short time while the shutter is open. The
image on the film represents a correlation between the interior of the box and
the world outside. According to the common cause principle, such a correlation
implies an interaction in the common past; therefore the correlation (the image)
can be there only after the shutter was opened, not before. The time direction
of other recording devices, such as your memory, can be understood in the same
way. For example, if you visit a new place, your memory of it is a correlation
between your brain cells and the configuration of the place you went to. This
correlation can exist only after the interaction between your body and the place
during your visit; so you remember the visit after its occurrence, not before.

Irreversible processes in materials; increase of entropy. Boltzmann’s original
derivation of his kinetic equation for gases and the consequent H-theorem (the
non-decrease of entropy in an isolated gas) [3] depended on his Stosszahlansatz,
an assumption which says that the velocities of the gas molecules participating
in a collision are uncorrelated prior to the collision. After the collision, on the
other hand, they will in general be correlated. This is just the time direction we
would expect from the the common cause principle applied to these collisions:
the correlation comes after the interaction, not before.

In the rigorous derivation of Boltzmann’s kinetic equation given by Lan-
ford [9], the collisions are not treated individually but as part of the evolution of
an isolated system of many interacting particles. In this case the time direction
comes from Lanford’s assumption that the particles are uncorrelated at the ini-
tial moment of the time evolution he studies (and, because of their subsequent
interaction, only at that moment). The time direction given by this assump-
tion can be seen to be consistent with the time direction of the common cause
principle if we imagine the interaction to be switched on at this initial moment
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and then switched off again at some later moment; the common cause princi-
ple indicates that the particles are uncorrelated up until the moment when the
interaction starts, but are (in general) correlated thereafter, even after the in-
teraction has been switched off. Thus Lanford’s assumption need not be seen as
an ad hoc assumption for fixing the time direction in this particular problem,
but instead as a particular case of the general scheme for fixing time directions
provided by the common cause principle.

Other rigorous derivations of kinetic or hydrodynamic equations from re-
versible microscopic dynamics make similar assumption about an uncorrelated
initial state, while not assuming anything in particular about the final state,
and so their time direction can be understood on the basis the common cause
principle in the same way as for Lanford’s result. For example, Lebowitz and
Spohn [IOJTT], deriving Fick’s law for self-diffusion in a gas consisting of hard
spheres of two different colours, assume that the the colours of the particles are
initially uncorrelated with the dynamical states of the particles.

Boltzmann also gave a more general argument (for an enthusiastic explana-
tion see [I2J13]) for the increase of entropy in an isolated system, which does
not use any detailed assumptions about the nature of the interactions, nor does
it assume that the particles are uncorrelated at the moment when the evolution
process under study begins, which is normally a moment when the system be-
comes isolated. Instead he assumes that the entropy of the system at this initial
time is less than the equilibrium value of the entropy, and one can then argue
plausibly that the entropy is likely to move closer to the equilbrium value. i.e. to
increase. But what grounds do we have to assume that the lower value of entropy
occurs at the moment when the system becomes isolated rather than the later
moment when the system ceases to be isolated? Boltzmann’s suggestion to base
everything on the assumption of a very low initial entropy for the Universe at its
initial time t = ¢ is very important, but to me it is not a complete answer to the
question, since there is no obvious reason why the entropy of a small temporarily
isolated part of the universe has to vary with time in the same direction as the
entropy of the universe as a whole.

Once again, the common cause principle suggests an answer. The problem
is to understand why an isolated system is closer to equilibrium at the end of
its period of isolation than at the beginning. When an isolated system is in
equilibrium, its correlation with its surroundings is the least possible compatible
with its values for the thermodynamic parameters such as energy; whereas if it
is not in equilibrium it is more strongly correlated with its surroundings@. By
the common cause principle, such correlations imply a past interaction between

6 Such correlations can be regarded as “information” held by the surroundings, which
may include human observers, about the system. Indeed there is a quantitative re-
lation, due to L. Szilard, between the amount of this information and the entropy of
the system. (For a detailed treatment of this relation, with some references to earlier
work, see pp 226-231 of [14].) As time progresses, this information loses its relevance
to the current state of the isolated system, the amount of correlation goes down, and
the entropy of the system goes up.
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system and surroundings; therefore we would expect the correlations to exist
at the beginning of the period of isolation when the system has just been in-
teracting with its surroundings, rather than at the end when it has not. (For
example, the system might have been prepared in some non-equilibrium state
by an experimenter: the correlation between system and experimenter implied
by the non-equilibrium state — and the experimenter’s knowledge of it — arose
from a prior interaction.) In this way the common cause principle provides a
rational explanation of why the low-entropy state, in which the system is more
strongly correlated with is surroundings, occurs at the beginning of the period
of isolation rather than at the end.

Ezxpanding waves. Different points on a spherical wave are correlated. By the
common cause principle, this correlation was caused by a previous interaction,
in this case a local interaction with an electron in the antenna; therefore the
wave comes after the local event that produces it, and must expand rather than
contract.

Ezxpanding universe. This is the one item in our list whose time direction
clearly does not follow from the common cause principle. It is true that the
expansion we see, a correlation between the motions of distant galaxies, implies
a past interaction, presumably that which took place at the time of the Big Bang.
But a contracting Universe would also be compatible with the common cause
principle, since the correlations of the galactic motions which constituted the
contraction could still be attributed to a past interaction, namely the long-range
gravitational attraction between the galaxies.

Black and white holes. A proper treatment of this subject is beyond the scope
of this paper; to produce one we would need to regard the metric of space-time
as part of the kinematic description of the Universe instead of regarding it as
a fixed background within which the rest of the kinematics takes place. All we
can do here is to indicate a few hints that can be obtained by treating black or
white holes as part of the background rather than part of the dynamics.

A Dblack hole arises when a very heavy star is no longer hot enough to support
itself against its self-gravitation. It is a singularity in curved space-time which
begins at the time of collapse and (in classical gravitation theory) remains for
ever thereafter. It is called a “black” hole because (again in classical theory)
no light, or anything else, comes out of it. Given any point in the non-singular
part of space-time, whether inside or outside the event horizon, all the light
reaching that point comes from places other than the black hole. The past zones
of space-time points near a black hole are bent by the strong graviational field,
but topologically they are essentially the same as the ones in Figs. 5 and 7, and
so there is no inconsistency with the common cause principle.

The exact time inverse of a black hole would be a white hole that started
at the beginning of time and disappeared at a certain moment. Given a point
in space-time sufficiently close to the white hole, some or all of the light and
other causal influences reaching it come from the white hole rather than from
the ¢ = ty manifold. The past zones of points near the white hole therefore
need not extend back to the ¢ =ty manifold, but may instead end on the white
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hole itself. The common cause principle applied to this situation would lead us
to conclusions about the white hole similar to the ones reached in section [fl
about the initial manifold, different pieces of its “surface” (to the extent that a
line singularity in space-time can be said to have a surface) being uncorrelated,
both with each other and with the ¢ = t; manifold. It seems, then, that the
existence of white holes would be consistent with the common cause principle.
The enormous gravitational forces at the surface of a white hole would no doubt
have a profound effect on whatever came out of it; indeed one could speculate
tha1tJj the surface of a white hole is at an infinite temperature, or even hotter than
tha
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How to Implement Boltzmann’s Probabilistic
Ideas in a Relativistic World?

Michael K.-H. Kiessling

Rutgers University, Piscataway, NJ 08854, USA

Abstract. This article outlines some of the problems, as well as some recent progress,
in the implementation of Boltzmann’s probabilistic ideas in a world ruled by relativistic
gravity and electromagnetism.

1 Introduction

Boltzmann’s probabilistic arguments reduce the explanation of the universal irre-
versible deterministic behavior of macroscopic systems which, at the microscopic
level, are composed of a huge number of ‘atoms’ whose motion is governed by
a deterministic, reversible dynamics, to the postulate of a very ‘unlikely’ initial
state of the universe; see S. Goldstein’s contribution to this volume for a very
clear exposition of Boltzmann’s ideas. Boltzmann’s insights, which in my opinion
are among the crown jewels of theoretical physics, are simple yet penetrating and
subtle. Not surprisingly it is notoriously hard to rigorously demonstrate their va-
lidity for concrete dynamical systems of theoretical physics. Beginning with the
work of Lanford and King in the mid 70’s, we have some definitive results for
the classical Newtonian prototype system of many hard microscopic balls (more
generally, particles with certain short range repulsive interactions) in the dilute
gas phase, though only for very short times; see H. Spohn’s article in this pro-
ceedings for a very clear explanation of how the irreversible Boltzmann equation
emerges with mathematical rigor in the Boltzmann-Grad limit for individual
systems.

I am firmly convinced that in the course of time technically more powerful
tools will become available for the control of this and for increasingly more real-
istic systems. However, there is a very large gap between the classical Newtonian
world and the relativistic quantum world (whether as quantum fields or super-
strings or whatever). In particular, in bridging this gap conceptual problems
need to be clarified.

The meaning of the quantum world is already the subject of several sessions
at this conference, and I will not add to this discussion except for the remark
that I tend to regard the Bohmian mechanics of Diirr, Goldstein, Zanghi and
collaborators (see D. Diirr’s contribution to this volume) as a very attractive
way of rationalizing at least non-relativistic quantum mechanics — to some extent
because their rationale in Bohmian mechanics is similar in spirit to Boltzmann’s.

A clear discussion of the implications of relativistic causality is given by O.
Penrose in his contribution to this proceedings. I want here to draw attention

J. Bricmont et al. (Eds.): LNP 574, pp. 83 2001.
(© Springer-Verlag Berlin Heidelberg 2001



84 Michael K.-H. Kiessling

to some other conceptual problems that classical relativity imposes on us. I will
address two items: a) the entropy of the universe, where gravitation is the main
issue, and b) the relativistic dynamics of interacting particle systems, which
takes us to the microscopic foundations of electromagnetism.

2 Is the Boltzmann Entropy of the Universe Finite?

In his book “The emperor’s new mind,” Roger Penrose [33] gives a very clear ex-
position of Boltzmann’s explanation of the ‘arrow of time’ as being the result of a
universe that began in an exceedingly unlikely initial state. Of course, Penrose’s
discussion is a modern update on Boltzmann, based on the most trusted of our
physical theories, viz. general relativity, the big bang theory, and the black hole
entropy formula of Bekenstein and Hawking [I3]. (For more details on Boltz-
mann, black holes and the arrow of time, see the contributions by O. Penrose
and S. Goldstein in this proceedings). R. Penrose computes the maximum pos-
sible entropy of our universe to be a whooping 10'?3. According to Boltzmann’s
ideas this now means that the initial condition of the universe was placed in
phase space with a precision of one part in 10101237 an incredibly unlikely feat!
Here, the meaning of ‘likelihood’ is understood not in the sense of relative fre-
quency over an actual ensemble of universes, for we have only one, but in the
sense of ‘typicality’ of a single system, about which we had some discussion at
this conference.

Before I explain how one arrives at this estimate for the maximal entropy of
our universe, I briefly pause to register the physicist’s reductionist judgment of
this tiny probability. Clearly, it is entirely acceptable scientifically to postulate
that the universe started just where it did (some facts about the initial condi-
tions will have to be postulated anyhow). Furthermore, from the probabilistic
view no retroactive conclusions can be drawn from the actual occurrence of a
single event, no matter how improbable the event was a priori. Yet, from the tra-
ditionally successful reductionist view this extraordinarily small measure of one
part in 1010"* calls for a deeper ezplanation — say in form of a more fundamental
physical postulate that would render the initial event an inevitability — rather
than just stating it as an axiom itself that the universe started where it did.
R. Penrose proposes his “Weyl Curvature Hypothesis” as a sensible possibility.
I will not elaborate on this but leave it with the remark that this differential
geometric hypothesis amounts to having no black (or white) holes initially. In
any event, Penrose’s proposal is surely mild in comparison to Einstein’s inquiry
“whether the Dear Lord actually had a choice in creating the world.”

Let us return to Penrose’s estimate of the maximum entropy of our universe
and see how that number actually emerges. Penrose considers one of the possible
space-times of the so-called standard model of cosmology (without the specula-
tive inflation), namely a closed positively curved Friedman-Lemaitre universe (a
solution of Einstein’s field equations). Such a universe has a finite (rest) mass.
Penrose next resorts to black hole thermodynamics, which asserts that a black
hole has a finite entropy and furthermore that the BH entropy increases when
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two black holes merge to form a single black hole. Here, BH can stand for either
black hole or Bekenstein-Hawking, who provided the formula

G

2

Spm = M*3 (1)
for the BH entropy (in units of Boltzmann’s constant kg), where G is Newton’s
constant of universal gravitation, h is Planck’s constant, ¢ the speed of light, and
M is ‘the mass’ of the black hole. One has to be a little careful as to what one
means by mass, but I will not enter into this and just consider a Schwarzschild
black hole (a black hole with no angular momentum and no charge) where mass is
read in the traditional way. Assuming that all the mass of the universe has been
swallowed up by the black hole, and estimating this mass in terms of the accepted
estimate on the number of baryons (essentially protons and neutrons) in it,
which is at least 108, the BH entropy gives Penrose’s result. In the computation
Penrose neglects the phenomenon of Hawking evaporation for such an enormous
black hole, since its time scale would be much larger than the life span of the
universe which eventually collapses onto itself in a ‘big crunch.” Otherwise, the
particular form of the solution of Einstein’s equations has not entered.

Where does the BH entropy formula come from? First, there is black hole
thermodynamics, invented by Christodoulou and others in the 60’s. We stay
for simplicity with the Schwarzschild black hole, whose metric in Schwarzschild
coordinates reads [32]

ds? = —(1 — 2gy)c2dt2 + (1 —

-1

26;?{) dr? 4 r? (d02 + sin? 0 d(bQ). (2)
In this case M is simply the mass visible asymptotically at large distances from
the hole. If you merge two such holes of masses M; and Ms you get a new such
hole whose mass is simply M = M; + M. For Schwarzschild black holes, this
is the first law of black hole thermodynamics. The radius of the black hole’s
horizon (i.e. the spherical ‘surface of no return’ surrounding the singularity) is
the famous Schwarzschild radius,

_2GM

Rs = — (3)
The surface area of the horizon is simply
A=4nR%, (4)

so that A o M2. By the simple inequality M? = (M; + M3)? > M} + M3 (both
M, > 0) we have A > Ay + Ay. And while you can merge black holes, you can’t
separate them, so that the total area can at most increase. For Schwarzschild
black holes, this is the second law of black hole thermodynamics. Now, at this
stage all that is a purely formal analogy to conventional thermodynamics. At
best it suggests that a black hole might have a Boltzmann entropy S o« A, viz.
S oc M2. The contribution of Bekenstein [4] is to have suggested that the black
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hole entropy actually is a Boltzmann entropy, while Hawking has substanti-
ated this analogy by relativistic quantum field theoretical considerations, which
include the quantitative derivation of the constant of proportionality between
entropy and area, the Hawking temperature of a black hole, and the evapora-
tion phenomenon [13]. Relativistic quantum field theory of course should not be
misread here as the elusive quantum gravity but as some ingenious application
of a massless Hermitian field theory in the curved space-time of a black hole.

Granted that the BH entropy may actually be ¢ Boltzmann entropy, I will
now address the question of whether the finite maximum BH entropy is really the
Boltzmann entropy of a closed general relativistic universe with 10%° Fermions.
I take a stepwise approach to the Boltzmann entropy of a gravitating universe,
gradually adding more realism. Interestingly, this approach suggests that the
Boltzmann entropy of the universe may actually be unbounded above! As for the
unlikelihood of the initial state of the universe, this only underscores Penrose’s
point about the need for a deeper postulate (physically, 10710 o1 0 don’t make
much of a difference for this argument). However, it puts an interesting spin on
this problem, for on an infinite entropy scale any finite entropy configuration
qualifies as such an unlikely initial state, even that of the biggest black hole.

Following Penrose I take a closed, positively curved model universe to have
a finite ‘space’ in which there are finitely many particles, having a finite energy
at a certain cosmic time. For the ensuing considerations a snapshot suffices,
whence I simply consider a finite number V of identical particles with Newtonian
gravitational interactions on S3, having a total energy E at a fixed time ¢.

To depart from familiar grounds, I first consider classical Newtonian point
particles. Then Boltzmann’s entropy (in units of kg) is formally given by the
conventional formula

E,
Sci(E,N) = In (W /( . /}R (™) E)dxl...de) : (5)
where ) i
JECUIE N < TR e (6)
1<k<N 2m 1<k<I<N 1z — 21l

is the Hamiltonian. Here, points on S have been identified with vectors z;, € R*
of Euclidean length |z| = 1, and the distance function Iz, — z; | between points
zp and z; is a monotonic function of the chordal distance on S® which reduces
to the latter when xy is near ;. E, is an energy unit. It is easy to perform the
integrations over the momenta p, leaving us with a 3N fold spatial integration

SCl(E,N)zln(c/ N(E+ 3 W)iszdxl...de), (7)

(s2) 1<k<I<N g — 2l

where C is some constant, and the subscript + means the positive part. By direct
inspection one sees that this remaining integral exists only for N < 2 (N =1
is trivial, of course), while it diverges for N > 3. So the entropy of such a finite
classical universe of Newtonian point particles is infinite for finite £ and N > 2.
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It is instructive to know how the unbounded Boltzmann entropy shows itself
in the dynamical evolution of N Newtonian point particles with Newtonian grav-
ity on S? with a spatially uniform initial distribution. A very detailed, though
not entirely rigorous study of the dynamical scenario, has been carried out in
a monumental paper by Heggie [14]. Heggie’s work indicates that the system
‘splits’ into a tightly bound binary system and an expanded, hot halo containing
all other particles. The halo is heated at the expense of the binary, which gets
bound together ever tighter, liberating an unlimited amount of gravitational en-
ergy. The halo carries the entropy. Notice that the infinity comes from the local
singularity of Newtonian gravity, not from its long range character (our space is
finite).

Next, I add more realism and consider non-relativistic quantum mechan-
ics for Fermions interacting via Newtonian gravity. This will definitely stabilize
the local singularity of the Newtonian interaction, first because of the uncer-
tainty principle (in form of a Sobolev inequality; Heisenberg’s principle won’t
do. See [23]), and second because of the Pauli exclusion principle for Fermions.
The Hamiltonian is the same, except that now py = (h/i)Vy, where h is Planck’s
constant divided by 27, and it now acts on the antisymmetric N particle wave
functions. By following verbatim a proof of Lévy-Leblond [22] for the Euclidean
case, we find that the Hamiltonian is bounded below as inf spec H o« —N7/3, and
since our space is compact, filled with N Fermions, and the operator self-adjoint,
we have a discrete spectrum for which Weyl’s asymptotic law for the counting of
eigenvalues holds. Thus, for finite NV and E > Ej, where Ej is the ground state
energy, the non-relativistic quantum mechanical Boltzmann entropy is finite,

S (B,N) = TrPg ap < oo. (8)

(Here, Pg ap is the projector onto a small interval AE around E; projecting
onto E would not work because of the discrete spectrum).

Next, let us become one step more realistic and take special relativity into
account while still keeping Newtonian gravity, as in Chandrasekhar’s theory
of white dwarf stars. At this stage we already need some compromise, for a
relativistic many body Hamiltonian is a delicate problem in itself. A rigorous
analysis can be carried out (and has been in the Euclidean setting, by Lieb and
Thirring [24] and Lieb and Yau [25]; see also [23]) for the ground state problem
of the pseudo-relativistic Hamiltonian

D R R D s
1<k<N 1<k<I<N 1z —zl

for which the properly special relativistic equations of Chandrasekhar, here of a
one species Fermion system, emerge in a large N scaling limit. Most importantly,
the Hamiltonian is bounded below now only if N < N*, with (neglecting spin

countin
) N*—C 9 ( he )3/2 (10)
16/ \Gm?
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where C' = 0.87.. is determined by solving a nonlinear PDE numerically. If m is
the neutron mass, then N* ~ 10°®. Systems which are more massive than about
one solar mass collapse. What does this imply for the entropy? For N < N* the
same reasoning as in the non-relativistic case leads again to a finite Boltzmann
entropy for ¥ > Ej, where Fj is the ground state energy. However, this argument
fails in the supercritical case N > N* relevant to our universe as a whole. We
need to look for a different argument.

Since we are interested in large N, an educated guess can be made using
the semi-classical theory. The semi-classical theory is a large N limit, whenever
that limit exists, of the microscopic quantum model governed by H®™) in which
particle correlations are completely dominated by the mean one-particle behav-
ior. Thus, in the semi-classical theory for N relativistic, gravitating Fermions of
mass m one treats the Fermions as distributed independently and identically ac-
cording to a probability density function f(z,p) on S® x R? satisfying the bound
h3f < 1. Asymptotically as N oo, the quantum mechanical Boltzmann en-
tropy for such a large special relativistic system of gravitationally interacting
Fermions is given by

S5(E. ) = sup S35, (1.V). (11)
where
S F )= =N [ [ (Fmeh + (000 - Hln -1 )ded (12
R3 Ss

is the semi-classical entropy functional (I neglect irrelevant factors of 2 for count-
ing neutron spin), and the sup is taken over all probability densities f for which
h3f <1 and ES5,(f,N) = E, where

/ / vm2ct + p2c? f(x, p)dzdp

szl/Sa /sglm_yl )p(y)dady (13)

is the (pseudo) special relativistic semi-classical energy functional, with

w\»l;

;E‘l(fa

p(r) = . f(z,p)dp. (14)

The extra N'/3 factor at the kinetic energy is all that remains from Pauli’s
exclusion principle for N Fermions, which at the microscopic level rules out that
two or more Fermions are in the same single-particle state.

Now, we want to use this theory in the regime where the scaling limit would
not exist, i.e. N > N*, and this has to be justified. A rigorous justification is
not so easy to come by, but note that the semi-classical theory is physically very
plausible and used with impunity in stellar structure calculations for hot stars
whose mass may exceed the Chandrasekhar limit by a factor 10 or more. In
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this spirit, I simply use this semi-classical relativistic theory to show that the
entropy of such a special relativistic universe does not have an upper bound if
N > 1.2N*, for any given E. The non-optimal factor 1.2 is an artifact of the
method of proof, which surely can be improved.

My proof uses a suitable maximizing sequence of trial functions f(z,p) along
which the entropy surpasses any prescribed value. The sequence of trial densities
itself does not converge. A similar proof was designed by Antonov for the corre-
sponding non-relativistic classical theory [2]; however, Antonov’s trial functions
cannot be used for proving the unboundedness of entropy in our semi-classical,
special relativistic theory. While the strategy is the same, namely to break up
the system into a core which collapses, liberating gravitational energy, and a
halo which picks up that energy, thus heating up and in the course boosting its
entropy beyond any bound, the breakup into core and halo is quite different in
both theories.

In fact, to simplify the calculation I choose a slightly less optimal breakup of
the system which suffices for the present purposes. Thus, we take our N > N*
Fermions and split them into two subsystems, one with N; and one with Ny
particles, such that N; + No = N. Both subsystems are placed far apart so that
they interact only by a mutual, essentially constant gravitational energy which
can be neglected. As a consequence of this separation, the total energy of the full
system is simply the sum of the two energies of the two individual subsystems (up
to the discarded irrelevant additive constant). Likewise, the entropy of the full
system is simply the sum of the two entropies of the two individual subsystems.
Provided that N; and N5 are both sufficiently large, semi-classical asymptotics
will hold for each subsystem individually. In order to collapse one subsystem, say
number 1, we need to choose N; > N* anyhow. While N> need not exceed N*,
it cannot be arbitrarily small for semi-classical asymptotics to hold. Something
like Ny > 10720 N* will surely do, however.

I have yet to specify the probability densities fi and fs for the particles of the
two subsystems. Both f1 and f; are of the type (|Br||Bp|) ™' XBu(z0) ()X B (P),
where Bgr(zo) is a ball in S of geodesic radius R centered at x¢, Bp is a ball
in R3 of radius P, centered at 0, and |B| denotes the corresponding volume of
a ball. Moreover, x denotes characteristic function, taking the value 1 on the
domain indicated as suffix and vanishing outside of it. There is enough freedom
left in choosing the radii in space and momentum space, as well as the locations
in space. Our goal is to show that the R’s and P’s can be chosen such that
the total semi-classical entropy S, = S25,(fi, N1) + S5, (f2, N2) surpasses
any prescribed value without violating the energy constraint E*(,(fi, Ni) +
E57,(f2,N2) = E (= const.) nor the exclusion principle h3f, < 1 for n = 1,2.

Explicitly, the semi-classical entropy for our total system reads

§&=7§2Nn{ln IBRn]lLBpnl B (\BRHALBPH| ) (1- |BRfT|33P|)} (15)
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and the total energy constraint reads (in good approximation)

G 2
E= n;; (Nﬁ/ﬁpnc - NﬁgR—T’i) . (16)

Here I have made use of the fact that we will shrink R; arbitrarily so that
the gravitational energy of subsystem 1 is essentially the same as in R3, and
similarly I have chosen R sufficiently small (though fixed) to allow this re-
placement. Furthermore I made use of the fact that the shrinking of Ry will
be compensated by an expansion of P; and P» in such a way that, the exclu-
sion principle is obeyed, yet also the energy of subsystem 1 becomes arbitrarily
negative. Since the P’s will become arbitrarily large, we can operate with the
asymptotic form for large P, of the exact formula for the kinetic (plus rest)
energy Egin = (3/8) 3, _1 » Na/mc2((1 + 2X72)\/T+ X2 — X3 arsinh X,,),
where X,, = P, /mc. ,

We determine P in terms of Ry by demanding that the energy F; of subsys-
tem 1 decreases to —oo as R; shrinks to zero, given fixed N7, more specifically
like 4y = —e/R; with € an arbitrarily small, strictly positive constant. Notice
moreover that we have to satisfy the condition h3f,, < 1 as well. This constraint
for f1 gives us a lower bound on Nj, which up to corrections of O(e) is given by

15v5 1 he \3/2 .
Sor (Gna) 119987 (17)

N; >
where the same mass m is to be used as in the formula for N*. This lower
bound on N; that allows us to shrink R; arbitrarily in our special relativistic
semi-classical functional is essentially the critical N* which obtains also from
the boundedness properties of the pseudo-relativistic Hamiltonian (as in fact it
should), the factor 1.199.. coming from the non-optimal trial densities. Thus, if
we choose N > 1.2N*, we can pick N; > 1.199N* and Ny > 1072°N* and then
let Ry — 0, obtaining
4 Gm? _g4s3dey 1
2T N 4/375) (18)

P = (N3 —
! (1 5 ¢ 1 3c R1

from our postulated behavior of F;. Total energy conservation and the assumed
constancy of Re now give us

234Gm2 ,434 g
Py =Ny 5R720+N2 /Q(E-l-*), (19)

which has the asymptotic behavior
Py~ Ny 7 —— (20)

as Ry — 0. With Ry constant and P, increasing beyond all bounds, it now
follows that the constraint h%fy < 1 holds as well.
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Finally, given arbitrary fixed E, and N > 1.2N*, for the special relativistic
quantum Boltzmann entropy we find from the semi-classical analysis that

Som(E,N) > const. +3NzIn % , (21)
for arbitrary R;. Whence, letting R; \, 0, we find that the right hand side
' 0o. The proof that the quantum Boltzmann entropy is infinite for supercritical
special relativistic masses is complete.

We summarize these findings as follows. While quantum mechanics stabilizes
the short range singularity of the Newtonian gravity, special relativity coun-
teracts this to some extent, spoiling the lower bound for the Hamiltonian, and
as result of this also the finiteness of the Boltzmann entropy, if a critical N is
surpassed.

In our last step we finally take general relativity into account. General rel-
ativity will enhance the destabilization of the system towards collapse, and so
one should naively expect that the Boltzmann entropy is infinite also now. How-
ever, the BH entropy is finite. How can we understand this? Since radiation has
not been taken into account at all, neither in the special relativistic, Newtonian
gravity model, nor in the BH entropy formula, the resolution of this putative
paradox should not be sought in the Hawking evaporation of black holes. A
possible hint comes from the observation that, if in the semi-classical, special
relativistic theory we use a trial density that describes the collapse of all the
matter onto itself (the closest analog in that model to a universe whose matter
has formed a single black hole), then we get the finite entropy

st (M) = 2N 1o N + O(N). (22)

This seems to suggest that also in general relativity one might get higher en-
tropies by splitting the system into a collapsing core and a halo which receives the
liberated energy from the core and carries the entropy to infinity. The problem
is that black holes are surrounded by a horizon. This would make it impossible
to transfer the gravitational energy liberated in the collapse of part of the sys-
tem to the remaining halo, in this way cutting off the supply line that would
boost the entropy beyond all bound. However, all known black hole solutions
are axisymmetric, which is hardly an exact symmetry in Nature. It is not clear
whether a closed, nonsymmetric horizon can form to give a nonsymmetric black
hole. (I owe this thought to Christodoulou.) This would imply that black holes
do not strictly exist in Nature, but naked singularities would, in violation of
the cosmic censorship hypothesis. In that case a transfer of energy to a halo
would become possible so that the Boltzmann entropy could be infinite also in
the general relativistic case. This would imply that the maximum BH entropy
is not the Boltzmann entropy of that universe.

Thus, while BH entropy may actually be ¢ Boltzmann entropy (superstring
theorist claim they can do the counting of states), the BH entropy of a black hole
containing all the mass of the universe may not give the Boltzmann entropy of
that universe. It surely is an interesting problem to investigate, but a definitive
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answer presumably requires a consistent theory of quantum gravity. Presently
the jury is still out on whether this is possible.

Meanwhile, it is legitimate to contemplate that the Boltzmann entropy of the
(closed and finite) universe may actually be infinite. This pushes Boltzmann’s
ideas to the extreme. Strictly speaking, the initial state of the universe must have
been not just exceedingly unlikely but ‘sheer impossible.” Moreover, measured
against this entropy scale any finite entropy state would qualify as ‘impossible
initial state.” Clearly that would even allow many states which are not compatible
at all with the actual dynamics of the universe, which from a different perspective
underscores Penrose’s call for a deeper principle that selects the initial state.

3 Relativistic Dynamics of Interacting Particle Systems

I now switch gears and consider the foundations of a microscopic relativistic
dynamics of interacting particles. This problem lies at the heart of both the
correct formulation of relativistic equilibrium statistical mechanics and of the
probabilistic derivation of the relativistic analogs of Boltzmann’s kinetic equa-
tion for the prototypical relativistic interactions, gravity and electromagnetism.
Pauli discusses the relativistic equilibrium statistical mechanics for noninteract-
ing ideal gases [32] but is silent as to how to formulate it for interacting particles.
In kinetic theory, very reasonable and beautiful relativistic kinetic equations can
readily be written down both for gravity and for electromagnetism, but it is
not at all clear how to consistently formulate the underlying microscopic models
of interacting relativistic particles that these kinetic equations are supposed to
describe.

Let me explain this situation in more detail at hand of the kinetic theory.
First, how do we know that the relativistic kinetic equations are indeed rea-
sonable? The answer is that we do have a secure point of departure in the
non-relativistic kinetic theory for systems with gravitational (Newton) or elec-
trostatic (Coulomb) interactions. Their kinetic theory differs significantly from
that of systems of particles with very short range repulsive interactions, e.g. hard
spheres. In the case of systems with short range interactions, the kinetic regime is
that of a dilute gas, in which the leading dynamics is just reversible ‘free stream-
ing’ of noninteracting particles; small corrections due to occasional encounters
of two particles (pair collisions) are responsible for the irreversible behavior over
much longer time scales; triple or higher encounters are entirely negligible. The
appropriate equation for these systems with short range repulsive interaction is
Boltzmann’s kinetic equation, and its derivation from a microscopic model has
so far been possible only for short times; cf. the contribution to this volume by H.
Spohn. In contrast, the truly long range character of both Newton and Coulomb
interactions guarantees that each particle always interacts with all the other
particles of the system. The kinetic regime here emerges at the other extreme,
where so many particles (in the limit, infinitely many) interact simultaneously
that the leading order dynamics is a reversible mean-field dynamics generated
self-consistently by the common single particle distribution of the particles. Ir-
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reversibility enters as correction due to many small encounters of a particle with
the distortions in the smooth mean-field that are caused by the nearby presence
of other individual particles. For Newton and Coulomb systems, the leading or-
der, reversible mean-field dynamics is governed by the Vlasov equations, the
irreversible dynamics by the Balescu-Lenard equations. For the non-relativistic
Vlasov equation with regularized Newton or Coulomb interactions a rigorous
derivation valid for all times has been given by Braun and Hepp [6]. For the
non-relativistic Balescu-Lenard equation only formal derivations exist. In any
case, it is straightforward to write down relativistic generalizations for gravitat-
ing and for electromagnetic systems that reduce to these non-relativistic models
in the limit ¢ — oco.

To have a concrete example, I now list the equations of the reversible, rela-
tivistic Vlasov theory. The electromagnetic systems in flat Minkowski space are
governed by what is commonly called relativistic Vlasov-Maxwell equations, [40],
which read (k indexes the particle species)

Ofi(z,pt) o 0 fu(z,p, t)

Vg 8fk:(mvpa t)
EF+—xB) ———~ = 2
ot o +en( T ) ap 0 @3
for the phase space probability densities fx, and

1%B(m t)+V x E(z,t)=0, (24)
10

_,gE(x t)+V x B(x,t) =4r— ZNkek/ vefr(z,p, t)dp,  (25)

V- E(z,t) = 47T2Nk€k/ fr(z,p, t)dp, (27)

k R?

for the electric field E and magnetic field B at the point € R? at time t € R.
Here,
p/mi

V1+p?/mic?

is the velocity of a particle with momentum p, rest mass my, charge ex. The rel-
ativistic Vlasov-Maxwell equations are Lorentz covariant, though here not writ-
ten in a manifestly covariant format. They preserve the conventional integrals
of mass, energy, momentum, angular momentum, Boltzmann’s H function, and
infinitely many other integrals. Global well-posedness of the Cauchy problem for
small initial data is known, and for large data under the additional assumption
that no singularities occur near the light cone, see [40JTOITTIT2].

The corresponding kinetic equations for a general relativistic gravitating sys-
tem are the Vlasov-Einstein equations. I skip their presentation, but remark that
they are precisely what you expect them to be, once you have seen the above
Vlasov-Maxwell equations written in manifestly covariant form. Excellent dis-
cussions can be found in the recent works of Rein [34] and the earlier article by
Ehlers [g].

Vi — (28)
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The ease with which one can write down the Vlasov-Maxwell and Vlasov-
Einstein equations contrasts sharply with the enormous difficulties one faces
in writing down the corresponding consistent microscopic equations which these
kinetic equations are supposed to approximate in the kinetic regime. The Vlasov-
Maxwell respectively -Einstein equations are purely classical equations, whence
it should be possible to derive them from a classical microscopic model. However,
we don’t seem to have any consistent relativistic microscopic model of classical
particles interacting with (their) radiation fields, be it electromagnetic or grav-
itational. This is the notorious radiation reaction problem. For recent work on
the electromagnetic point particle problem, see [9131].

The classical electron theory of the late 19" and early 20*" century was an
early, pre-relativistic and pre-quantum attempt to construct a consistent micro-
scopic dynamical theory of electrons and their electromagnetic field. To overcome
the problem of infinite radiation reactions and self energies of point charges,
that theory postulates, stable extended ‘atoms of electricity’ which generate the
electromagnetic fields, the Maxwell-Lorentz equations for the dynamics of these
fields, and Newton’s equation of motion for the dynamics of these electrons,
equipped with the Lorentz force averaged over an electron. Very recently now,
W. Appel from the ENS Lyon and I succeeded [3] in constructing a working
relativistic Lorentz electrodynamics (LED), following an important lead taken
by Nodvik [30]. This may open up the door for the first serious attempt to give
a microscopic foundation of relativistic Vlasov-Maxwell theory. But it also sheds
new light on the physical viability of LED as a potential classical limit of QED.

In the remaining pages I outline the LED of Appel and myself. A compre-
hensive discussion will appear elsewhere [3]. I pave the way to our relativistic
LED with a brief review of the semi-relativistic theory.

In the semi-relativistic electrodynamics of Abraham-Lorentz the charge (—e
for an electron) is distributed around the instantaneous location ¢(t) € R? of
the particle by a charge density fe with SO(3) symmetry and compact support,
satisfying [, fe(z)d*z = —e. The charge density f. is rigidly carried along by
the particle with linear velocity ¢(¢), a point advocated in particular by Abraham
[M, and rotating rigidly with angular velocity w(¢). Hence, charge and current
densities, p(x,t) and j(x,t), of a single particle are given by the Abraham-Lorentz
expressions

p(z,t) = fe(z = q(t)), (29)
' felx —q@)v(z,t), with v(z,t) = ¢(t) +w(t) x (z —q(t)).  (30)

<

-

=
I

Considering only a single particle interacting with the electromagnetic field, ([29)
and ([B0) are the source terms in the classical Maxwell-Lorentz equations

10
10 )+ V x Bla,t) = antj(a ) (32)
c ot xz, xz, - ﬂ-C] z,t),
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V- B(z,t) =0, (33)
V- E(x,t) = 4mwp(z,t), (34)

where E(x,t) € R? is the electric field and B(z,t) € R? the magnetic field at the
point 2 € R? at time ¢t € R. The evolution equations for the dynamical variables
of the particle, i.e. position ¢(t), linear velocity ¢(t), and angular velocity w(¢),
are Newton’s and Euler’s equations of motion, equipped with the Abraham-
Lorentz expressions for the volume-averaged Lorentz force and torque [26] felt
by the ‘electron.” Newton’s equation here reads

dpy

1
2 = /RS [E(;E,t) + —v(z,t) X B(x,t)| fo(z —q(t)) dz, (35)

where
Pb = Mnq (36)

is the linear momentum of the bare particle, with my, its bare mass (‘material
mass’ in [2§]). Euler’s equation here reads

dditb = /Rd(x —q(t)) x [E(:c,t) + %v(x,t) x B(z,t)| fo(z —q(t))dx, (37)
where
Sp = Ibw (38)

is the classical particle spin of the bare particle associated with the bare moment
of inertia Iy,. In [I6] it was shown that this model satisfies the conventional
conservation laws for charge, energy, linear and angular momentum. When the
bare inertias my, # 0 and [, # 0, the semi-relativistic equations listed above pose
a Cauchy problem for the following initial data, posed at time ¢ = tj: for the
mechanical variables of the particles, the data are ¢(to), ¢(to), and w(to); and for
the fields, B(z,t) satisfying (33)), and E(x,ty) satisfying ([B4)) at t = ¢o. Notice
that (33) and (B4) are merely initial constraints, which then remain satisfied
by the fields B(z,t) and E(z,t) in the ensuing evolution. For (33]) this is seen
by taking the divergence of (BI). For (B4) this is seen by taking the divergence
of (B2) and the time-derivative of (34l), then using the continuity equation for
the charge, which is a consequence of (29) and (B0) alone. Abraham [I] actually
insisted on setting my = 0 = I,, but note that this is in serious conflict with the
initial value problem just explained.

Interestingly, most works after Abraham [I], e.g. [2728/36IT53541], consider
a model ‘without spin,” obtained by discarding (37)) and setting w = 0 identically
in the remaining equations. (To just discard (B7) is not entirely consistent with
the conservation of angular momentum understood in the conventional physical
sense [16]. A consistent procedure is to take w — 0 jointly with I, — oo such
that s; — s;. The particle motion is then the same as in the model without spin,
but now spin is still part of the model, following passively along in such a way
that angular momentum is conserved [3].) This simplified model without spin
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was recently treated rigorously in the papers [5[19]20[21], where for technical
reasons the Einsteinian momentum

Pb = 7mbq'
VI-1iP/e

with my, # 0 is used instead of the Newtonian (36) (see also [ITJ18] for a simpler
scalar theory). In [5I9], the global existence and uniqueness for the Cauchy
problem of a particle without spin and my, # 0 was proven. The papers [19/20/21]
address the long time asymptotics of the dynamics with my > 0 and derive
effective equations of motion in slowly varying external fields. Moreover, in [5]
it was shown that the motion is stable if m;, > 0 and unstable if my < 0.
Their work shows that the bare mass should not be negative in a theory without
spin, contrary to what was advocated by Dirac [7]. Comparable results for the
semi-relativistic equations including spin are not yet available.

I now turn to the relativistic LED. Our relativistic dynamical equations
can be written in close analogy to the semi-relativistic equations by following
the conventions of C.W. Misner, K. Thorne and J.A. Wheeler [29] and using
component-free notation to facilitate the comparison with the semi-relativistic
theory. A Lorentz frame {eg, €1, €3, e3} satisfies the elementary inner product
rules

(39)

—lforp=v=0

e, e, = lforpy=v>0. (40)
0 for p#v
We abbreviate x - x = ||x||*, where ||x]|| is the Minkowski norm of x, defined

as the principal value of (x - x)/2. Notice that ||x||* is negative for time-like
vectors. The tensor product between any two four-vectors a and b is a tensor
of rank two, denoted by a ® b, and defined by its inner-product action on four-
vectors thus, (a® b)-x = a(b-x) and x- (a® b) = (a- x)b. Any tensor of
rank two, T, can be uniquely written as T = T"”e, ® e,. In particular, the
metric tensor reads g = g"”e, ® e, where " = e, - e, as given in (). Notice
that g - x = x, i.e. g acts as identity on four-vectors. The exterior product
between two four-vectors defines an anti-symmetric tensor of rank two, denoted
by a wedge product a A b, and given by aA b = a® b — b ® a. Notice that
(aAb)-x = —x-(aAb). The four-trace, or contraction, of a tensor of rank
two is given by sum over the diagonal after multiplying the time-component
by negative one. Thus, the four-trace of an antisymmetric tensor vanishes, and
that Trg = 4. For a differentiable function f(x), its four-gradient is denoted by
Ox f. The four-Laplacian is simply the (negative of the) d’Alembertian, or wave
operator, and given by 0y - 0x = —[. This fixes the general notation.
Kinematically, the motion of the particle will be described by one time-like
oriented space-time curve 7 — q(7) € RY3 for the translations, and one space-
like oriented space-time curve 7 — wg(7) € RY? for the inertial gyrations, where
7 € R is the proper time of the particle, i.e. ¢?(d7)? = —dq - dq. I shall switch
to units such that ¢ = 1. By u(r) = dq/dr we denote the four-velocity of the

particle. We have u- u = —1. We will sometimes write u = (cq) . By 21 = uAu
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we denote the antisymmetric tensor of Thomas precession [37] in Minkowski
space-time (2pw in [29]). By £2g we denote the antisymmetric tensor of the
inertial Fuler rotation w.r.t. that co-moving particle frame {e,},=o, .3, with
€o = u, which satisfies the law of Fermi- Walker transport [29]
%é# = -7 €. (41)

Our four-vector wg that describes the particle’s inertial rotation is the dual to
the tensor £2g, whence 25 - wg = 0, and since 2 - u = 0, also wg-u = 0, i.e.
wg is space-like.

The ‘classical electron’ carries a negative unit of the elementary charge e,
distributed in the particle’s rest frames by a spherically symmetric electrical
charge density fo(| . |) : R® — R~ satisfying

/R3 fe(z]) dx = —e. (42)

In general, f, : Rt — R~ is a measure. The relativistic analog of (29) and (B0) for
such a charge distribution is the four-current density computed by Nodvik [30],

+o0
0= [ " (u-2-x-a) Lllx-al)o(u - a)dn (@3

where
=027+ 025. (44)

The four-current density (@3) is the source term in the inhomogeneous Maxwell-

Lorentz equations
Ox - F(x) = 4mj(x) (45)

supplemented by the homogeneous Maxwell equations
Ox - *F(x)=0. (46)

Here, F is the standard anti-symmetric, rank-two, electromagnetic field strength
tensor, and *F is the star dual to F.

Different from the semi-relativistic theory, we now also need a compactly
supported spherical mass density fu(| . |) : R® — R, where f,, : Rt — Rt is
in general a measure giving the particle a positive bare rest mass

—_ / () de (47)

and positive non-relativistic moment of inertia

fo=3 [ loffuliahds. (15)
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We are now ready for the dynamical equations for the translational and
gyrational degrees of freedom. Translational motions are ruled by

p= [ Flatx: (u-2-x)lxiuxax, (@)

where
p(7) =M(7) - u(r) (50)

is the Minkowski four-momentum, and

A S o T
R1,3 |QEX

_ /Rm [x @ x, [F(a+x), 6], ], fe(llx]) 6(u-x)dx (51)

——————fu(llx])d(u-x)dx g

the symmetric Minkowski mass tensor. The first term is simply the rotational
bare mass of the particle. The second term originates in an electromagnetic spin-
orbit coupling and describes a generally anisotropic translational inertia of the
spinning charged particle. The gyrational motions are ruled by

LSt (205 =
/‘x/\(g+u®u)~F(q+x)-(ufQox)fe(||x||)5(u~x)dx, (52)
R1.3

where

$u(r) == [ xn =20 g () s(utr) - x)ax (5

V1-l192e(r) x|

is the spin angular momentum (about q) of the bare particle, satisfying Sy,-u = 0.

These are our equations of relativistic LED with bare inertias. They have to
be supplemented by the Cauchy data for q, u, with u satisfying ||ul|? = —1,
furthermore for 2 and F.

For the special case that only the spin degree of freedom is coupled to the field
in the dynamics, we proved global existence and uniqueness for small ‘coupling
constant.’” For the general case, only local well-posedness under certain conditions
is known. Assuming global regularity, our equations satisfy the conventional
conservation laws analogous to the semi-relativistic theory with spin. In addition,
there is a further conservation law for the magnitude of the renormalized spin.
Most notably: the renormalized electron is a soliton. It is this feature which
guarantees that ‘an electron remains an electron.’

I end with a note on the physical viability of a purely electromagnetic LED.
When Uhlenbeck and Goudsmit [39] proposed the idea of an electron spin mag-
netic moment, Lorentz objected that the postulated magnitude of about one
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Bohr magneton would require equatorial rotation speeds of the purely electro-
magnetic electron of about 10 times the speed of light ([3§], p. 35). The ac-
ceptance of electron spin as some form of electron-intrinsic angular momentum
turned the Lorentz electron’s superluminal equatorial speed into a weighty argu-
ment against the physical viability of LED as a classical limit of QED, which has
persisted ever since. However, judged from a modern perspective on mass renor-
malization the purely electromagnetic calculations by Lorentz are not proper. We
have carried out a renormalization flow analysis for a stationary rotating charged
particle with its charge and positive bare rest mass distributed uniformly over
a sphere. For matched physical electron data (mass, charge, and magnetic mo-
ment), the model electron reaches equatorial speed of light precisely when its
bare rest mass vanishes, which happens when its radial size is of the order of
the Compton radius of the physical electron, not the classical electron radius!
The renormalized mass of this purely electromagnetic limit particle consists of
the traditional electromagnetic contribution plus a ‘photonic’ contribution as-
sociated with its luminal rotational motion while its bare rest mass is zero. Its
spin is 3%/2 plus corrections of order a.
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Probability in Orthodox Quantum Mechanics:
Probability as a Postulate
Versus Probability as an Emergent Phenomenon

Stephen L. Adler

Institute for Advanced Study, Einstein Drive, Princeton NJ 08540, USA

Abstract. The role of probability in quantum mechanics is reviewed, with a discussion
of the “orthodox” versus the statistical interpretative frameworks, and of a number of
related issues. After a brief summary of sources of unease with quantum mechanics,
a survey is given of attempts either to give a new interpretive framework assuming
quantum mechanics is exact, or to modify quantum mechanics assuming it is a very
accurate approximation to a more fundamental theory. This survey focuses particularly
on the issue of whether probabilites in quantum mechanics are postulated or emergent.

1 Orthodox Quantum Mechanics and Issues It Raises

Quantum mechanics (QM) is our most successful physical theory, encompassing
phenomena as diverse as chemical bonding, the band structure of solids, and
the standard model of particle physics. But the probabilistic aspect of quantum
mechanics has been a source of unease from the outset. As surveyed by Home
[1], the Founding Fathers were divided over this aspect of the theory that they
had created: Bohr, Born, and Heisenberg were comfortable with the probabilistic
structure of quantum theory, whereas Einstein and Schrodinger had profound
reservations. This unease, and division, have continued to the present.

1.1 Postulates of Quantum Mechanics

Let us begin with a review of the postulates of QM, in the arena of a complex
Hilbert space, following for the larger part the presentation of Ballentine [2].

e Observables are associated with self-adjoint operators. Thus we have

S=Y sbs . )
P, =Z|@,3n><a’3n| ) (2)

with S an operator, s, its eigenvalues, P, the corresponding orthogonal
projectors, and a a label that distinguishes degenerate eigenvectors.

e Each state is associated with a density matrix p, which is self-adjoint, non-
negative, and has trace unity,

=pl, (3)
0, Trp=1, (4)

J. Bricmont et al. (Eds.): LNP 574, pp. 103-114, 2001.
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so that the spectral decomposition of p takes the form

p:ZPn|¢n><¢n| ) (5)

n

0<pn<1l, > pn=1 . (6)

A pure state is asssociated with an idempotent density matrix, satisfying
p? = p. This condition, together with the condition of unit trace, implies that
there is exactly one nonzero eigenvalue p, = 1, with all other eigenvalues
pn' 1 # m vanishing, and so for a pure state the spectral decomposition or
the density matrix reduces to

p=lon){(onl (7)
The average of an observable S in a general state p is given by
(S) =TrpS . (8)
In particular, for a pure state with p = [¢)(¥| , {(¥|) = 1, we have
(S) = (WISlY) 9)

An observable S can only take the values s, of its eigenvalues. The probability
of finding the eigenvalue s, in a normalized pure state [i),,) is

Pn =Z|<¢|@»Sn>\2 . (10)

Within coherent sectors of Hilbert space, superpositions of pure states are
pure states, and self-adjoint compositions of observables are observables.
The dynamics of the density matrix p and of a state ¢ in Hilbert space is
specified by

p(t) = Up(to)U™" (11)
[h(t)) = Ulb(to)) - (12)

Here U (t, t) is a unitary operator, which for small ¢ —tg = 0t takes the form

i

U = exp (hH(t)ét) , (13)

defining the (possibly time dependent) system Hamiltonian. This dynamics
is termed the “U operation” by Penrose [3].

We finally come to the effect of a measurement. After the measurement of
the eigenvalue s,, in a pure state, the new system state is

X lasw){asald) )
2. o salw) 2]

This equation summarizes what is termed the “R operation” by Penrose.

[¥') =
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1.2 Interpretive Framework

While everyone agrees that the above postulates provide a practical set of rules
for making predictions in quantum mechanics, and that these predictions to
date have always agreed with experiment, there is a dichotomy when it comes
to giving an interpretive framework for the rules.

e On the one hand, we have the “orthodox” interpretation, as given, for exam-
ple, in the text of Mandl [4]. This asserts that the state i) gives a complete
description of an individual system, and that (14) corresponds to “reduction”
of the individual’s state vector.

e On the other hand, we have the “statistical” interpretation, as discuused,
for example, in the review of Ballentine [2], according to which the state |¢))
describes certain statistical properties of an ensemble of similarly prepared
systems. According to this interpretation, (14) corresponds to the prepara-
tion of a new ensemble by a measurement. There may be, or there may not
be, hidden variables that specify a complete, nonstatistical interpretation of
individual systems: the statistical interpretation is agnostic with respct to
this issue.

1.3 Why the “R” Operation Is Needed

To see why the “R” operation is needed, let us demonstrate that the measure-
ment process cannot be represented by a deterministic, unitary evolution on a
closed system. Let us consider a Stern-Gerlach experiment, in which an initial
spin eigenstate |¢) with eigenvalue 1/2 along the z axis is separated, by means
of a magnetic field that is inhomogeneous along the z axis, into orthonormal
states |1y) , |1;) that have respective spin eigenvalues 1/2,—1/2 along the z
axis. Thus, at the detector one sees either |i4) or | ), with

(Wuloy) =0 . (15)

Let us suppose that these final states evolved from the initial state by the de-
terministic unitary “U”process, which would imply that

lby) =Uly) (16)
ly) =Uly) . (17)

This would imply
0= (Y |¢r) = (WIUTUI) = (wly) =1 (18)

which is a contradiction. Hence, the measurement process, in which an initial
coherent superposition of states leads to a definite but unpredictable outcome,
cannot be described by a deterministic unitary time evolution. Thus measure-
ment involves a physical process, which we have called the “R” process, that is
distinct from the deterministic unitary “U” process that governs the unobserved
evolution of the quantum system.
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However, the “R” process does not have to be nonunitary; one can have for
the ith atom going through the apparatus the evolution

[va) = Usly) (19)

with U; a unitary evolution that is different for each i. This is possible because
any path through Hilbert space connecting two normalized pure states can be
described by a succession of infinitesimal unitary transformations. To prove this,
it suffices to consider the infinitesimal segment |¢) — |¢) 4 |dw)), with (¥|dy) =
0. If we take

U=1+|dp) (@] — [Y)(dy| (20)
Ut =1—[dy) @] + [v)(dy] (21)

then we have UTU = UU' = 1 up to an error of second order, and Uly) =
|) + |dtp), as needed. So it is perfectly possible for the “R” process to be de-
scribed by a stochastic unitary process, constructed from a sequence of random
or partially random infinitesimal unitary transformations, and we will see in
Sect. 3.1 examples of how this can be accomplished.

1.4 Micro Versus Macro

In QM, the probability is the squared modulus of the probability amplitude.
Probability amplitudes superimpose coherently, and between measurements they
evolve in time by the “U” process. Thus, in the microscopic realm:

e One sees coherent superpositions.
e Amplitudes evolve through deterministic, unitary evolution.

On the other hand, in the macroscopic realm:

e One does not see coherent superpositions, e.g., of dead and alive cats.
e Measurements involve the “R” process, which is not deterministic unitary.

This dichotomy leaves us with the following questions (for more detailed
discussions, see Penrose [3] and Leggett [5]):

e Where is the dividing line between “micro” and “macro”?
e What is responsible for it?

1.5 Postulated Versus Emergent Probability

A unique feature of orthodox QM is that it is the only probabilistic theory where
the probabilities are postulated ab initio, and are not emergent from unobserved,
deterministic phenomena at a deeper level. A typical theory where probabilites
are emergent is statistical mechanics. In statistical mechanics one starts from a
probability postulate of uniform phase space occupation. This assumption, and
the related concept of an equilibrium ensemble ( which reflects the implications
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of conserved quantities for the phase space occupation), is consistent because
of Liouville’s theorem, which implies that a uniform distribution is preserved in
time by the dynamics.

However, these probabilistic statements are not the end of the story in statis-
tical mechanics. There are underlying laws — the equations of classical molecular
dynamics — which are deterministic; no probabilities enter into their formulation.
These laws lead, by a process that is still not completely understood (as reflected
in discussions of ergodicity at this Conference), to an effectively uniform phase
space distribution for systems that are sufficiently complex. Thus, the proba-
bilistic theory of statistical mechanics is emergent from the deterministic theory
of classical mechanics.

1.6 Recapitulation
To sum up, there are a number of sources of unease about QM:

e There is no predictive description of individuals.
e There is a micro-macro divide of unclear origin.
e There is a probabilistic structure that is postulated rather than emergent.

But QM works! Many subtle and remarkable predictions of QM are experi-
mentally verified in many different physical arenas. Thus either

e (A) QM is exact, but to deal with the sources of unease it needs reinter-
pretation at the conceptual level (although no modification of the standard
postulates is needed to use QM as a practical computational and predictive
tool).

e (B) QM is not exact, but rather is a very accurate asymptotic approximation
to a deeper level theory.

I do not believe that it is just a matter of taste which of these possibilites is
chosen, because the distinction between (A) and (B) is relevant to the issue of
Planck scale unification of the forces and the particle spectrum. If QM changes,
it may profoundly influence the ground rules for unifying gravity with the other
interactions.

2 Reinterpretations of Quantum Mechanics
Assuming It Is Exact

Let us now review four differing approaches based on premise (A), that QM is
exactly correct but in need of reinterpretation. Our focus in each case will be on
the extent to which the probabilistic structure is postulated or is emergent.
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2.1 Everett’s “Many Worlds” Interpretation

In the “Many Worlds” interpretation introduced by Everett [6] and discussed in
further detail in the articles collected in [7], there is no state vector reduction;
instead, there is only Schrodinger evolution of the wave function of the entire
universe. To describe N successive measurements in this interpretation requires
an N-fold tensor product wave function.

Probability is not emergent, but rather is postulated in the Everett picture.
Everett introduces a measure on the coefficients of the final superposition result-
ing from N successive measurements, which as N — oo behaves mathematically
like the usual QM probability rule. There is a logical jump (or an implicit as-
sumption — this is still a matter of debate) in going from the Everett measure
on tensor product coefficients to statements about the relative frequencies of
experimental outcomes.

2.2 The Histories Approach

The so-called “Histories” approach has been extensively developed recently by
Griffiths, Omnes, and Gell-Mann and Hartle (for a review and references see [8],
and for a semipopular account see [9]). The histories approach takes as a given
that QM is a stochastic theory; probability is introduced as a postulate, and is
not emergent. The basic objects in the histories approach are time-dependent
projectors Ej(tx) associated with properties occurring in a history. The proba-
bility of a history is then postulated to be given by

p = Tr[E,(tn)...E1(t1)pEr (t1)... En(tn)] (22)

with p the density matrix at the intial time. This definition can be shown to lead,
under appropriate circumstances, to all of the expected properties of probabili-
ties. In this interpretation, state vector reduction appears only in the statistical
interpretation sense discussed above, as a rule for relating the density matrix
after a measurement to the density matrix before the measurement.

In both the “Many Worlds” and the “Histories” interpretations, there is by def-
inition no concept of the “individual”. We shall now discuss two other currently
studied interpretations of QM that enlarge the mathematical framework to give
an “individual”.

2.3 Bohmian Mechanics

There has been a recent revival of interest in Bohmian mechanics (see [10] for
a technical account and references, and [11] for a semipopular account). In
Bohmian mechanics, in addition to the Schrodinger equation for the N-body
wave function ¥(q1, ...,qn, 1),

L RN -
la_—;qukwrwp , (23)
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the mathematical framework is enlarged by introducing hidden “particles” mov-
ing in configuration space with coordinates Q) and velocities

dQy h
Vi = W = mikImVleogl/}(Qla "'anat) . (24)

The state of the “individual” is then specified by giving both the wave function
and the coordinates Qy of the hidden particles. A probability postulate is intro-
duced, that the probability distribution on configuration space obeys p = [t|?
at some initial time to. The Bohmian equations given above then imply that
this remains true for all times subsequent to ty; the logic here resembles the
use of the Liouville theorem in statistical mechanics. Unlike statistical mechan-
ics, Bohmian mechanics has no underlying molecular dynamics-like layer, so the
probabilites are not prima facie emergent. We note, however, that in [10] argu-
ments are given (and are further discussed at this Conference) that the Bohmian
probability postulate follows from considerations of “typicality” of initial config-
urations (in distinction to the ergodicity arguments used in attempts to derive
the postulates of statistical mechanics from the equations of molecular dynam-
ics).

2.4 The Ax—Kochen Proposal

Recently Ax and Kochen [12] have extended the mathematical framework of QM
in a different way to encompass the “individual”. They identify the ray with
the ensemble, and the ray representative, i.e. the U(1) phase associated with
a particular state vector, with the individual. They then give a mathematical
construction to specify a unique physical state from knowledge of the toroid of
phases. They introduce a probability assumption, that the a priori distribution
of phases is uniform, and then show that, by their construction, this implies that
the probabilities of outcomes obey the usual QM rule. Thus, probability in the
Ax-Kochen interpretation is not emergent, but their probabilistic postulate is
arguably weaker than that in standard QM or in Bohmian QM.

2.5 Are Interpretations of Quantum Mechanics Falsifiable?

We conclude this brief survey of alternative interpretations of an assumed ex-
act quantum mechanics by posing the question, can the interpretations given
above be falsified? By construction, the four interpretations described above are
designed to agree with the predictions of standard QM. Clearly, if an interpre-
tation could be shown to differ in some prediction from that of QM, and if this
difference in predictions were resolved experimentally in favor of standard QM
(in the way that the Bell inequalities have been tested and favor QM), then
the interpretation would be falsified. But suppose that an interpretation makes
empirical predictions that, within the domain in which the rules of QM apply,
are without exception indistinguishable from the predictions of QM. Then is it
possible, in principle, to falsify that interpretation?
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The answer, I believe, may be “yes”, because none of the interpretations
described above gives a quantitative account of the micro-macro divide — that
is, when do we, and when don’t we, expect to see coherent superpositions? To
the extent that this becomes an experimentally answerable question, and to
the extent that one can get corresponding predictions from the interpretations
sketched above, one might be able to distinguish between different interpretive
frameworks for an exact QM.

3 Theories Where Quantum Mechanics Is Modified

Let us turn now to approaches based on premise (B), that QM is a very accurate
approximation to a deeper level theory. We will first discuss phenomenological
approaches based on this premise, and then turn to attempts at a more funda-
mental theory.

3.1 Phenomenological Modifications: Stochastic Models

As we discussed in Sect. 1.3, although the “R” process cannot be described by a
deterministic unitary evolution, it is perfectly admissible for it to be described
by a unitary evolution that differs for each individual measurement act, and in
particular by a stochastic unitary evolution. Considerable effort has gone over
the past two decades into attempts to unify the “U” process and the “R” process
into a single dynamical rule, by formulating phenomenological modifications of
the Schrodinger equation in which the “individual” is described by a stochastic
unitary evolution of a pure state. The physical motivation for such modifications
is that if quantum theory is an approximation to physics at a deeper level, there
could be small fluctuation or “Brownian motion” corrections to this physics,
which determine the outcomes for individual systems.

The natural mathematical language for formulating stochastic modifications
of the Schrodinger equation is the It6 stochastic calculus, which is basically a
differential calculus version of the theory of Gaussian random variables. (For a
clear exposition of the It6 rules, see Gardiner [13].) One introduces the stochastic
Ito differential dW;, which obeys the rules

(dW)2 =dt, dWdt=0 ; (25)

thus dWW, is a fluctuating variable with magnitude (d¢)z, and as is familiar from
the theory of path integrals, quantities of order d¢ are retained while those of
order (dt)% are dropped. Let us now consider the following equivalent stochastic
evolutions (introduced at various times, and in various forms, by Didsi; Ghirardi,
Rimini, and Weber; Gisin; Hughston; Pearle; and Percival — for references, see
[14] and [15]). Letting |z) be a pure state, and p = |z)(z|/(z|z) be the corre-
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sponding density matrix, we can write a stochastic pure state evolution

d|z) = [adt + BAW4]|2) , (26)
o= —iH ~ o A— (A, 5= jold—(A)], (27)
A= AT, (A) = (z|Al2)/(z]z) (28)

or the equivalent [15] density matrix evolution
1 1

Here we have taken units with 7 = 1, ¢ is a numerical parameter which governs
the strength of the stochastic process that modifies the standard Schrodinger dy-
namics, and one can generalize the above equations by replacing A — Al AW, —
dW} and including a sum over j in each term. Letting E[p] denote the stochastic
expectation of p with respect to dW; ( not the same as the quantum expectation
(p)), the evolution of p implies the following Lindblad type evolution of E[p],

%ip] = —i[H, Elp]] - éoz[fl, [A, Elpll] - (30)

Let us now ask [15], when does this equation admit stationary solutions
Elp]s, for which

dE[p]s
dt

= 0= ~i[H, Blpls] - o’[A, [, Elpls]] 7 (31)

Multiplying by E[p]s, taking the trace, and using cyclic permutation under the
trace, which implies that

TeEpls[H, Elpls) = TrH[Elpls, Elols) =0, (32)

we get the condition
0= — 4o TrBlpls[A, [4, Blpls] (33)
= — 50" Ti{A, Blpls][4, Blpls]t (34)

Since the argument of the final trace is positive semidefinite, it must vanish, and
so we learn by reference to the evolution equation for E[p]s that we must have

[A, Elpls] =0, [H, Elpls] =0 , (35)

in other words, a stationary value E[p]s must commute with both the Hamilto-
nian H and with the operator A which drives the dissipative process.
Various cases are possible, depending on the choice of A:
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e For an energy driven process, with A = H, the stationary value E[p|s can
be any function of H. One can then prove [15] with no approxzimations that,
when all energy eigenstates are nondegenerate, in the limit of large times,
p approaches an energy eigenstate projector |e)(e|, with each such projector
occuring as the outcome of the stochastic process with the corresponding
probability P. = Trp(0)|e)(e|, with p(0) the initial time density matrix.
Correspondingly, the stochastic expectation of p, which is what we cus-
tomarily term the density matrix, evolves from a pure state density matrix
E[p(0)] = p(0) to the mixed state density matrix E[p]s = >__ P.le)(e|. Thus,
for an energy driven process (or more generally, processes in which there are
several A7 which all commute with the Hamiltonian), the QM probability
rule is emergent from the phenomenological stochastic dynamics.

As discussed in [14], if one assumes that the parameter o and the corre-

sponding stochastic process originate from Planck scale physics, one gets
1

the estimate (again in units with h=1) o ~ Mp2 ., which implies a char-

acterstic state vector reduction time scale

2

tr ~ (282/?/) sec (36)
with AE the energy dispersion of the initial state. An important question
that remains to be answered is whether this estimate gives a satisfactory
phenomenology for state vector reduction in all cases, when the characteristic
AF arising from environmental interaction effects is assumed. That is,does
the predicted micro-macro divide always occur in the right place?

e For a localization process (the Ghirardi, Pearle, Rimini form of the original
Ghirardi, Rimini, Weber idea; for references see [14], [15]), one takes A to be
an operator that produces a Gaussian localization, or one uses multiple A7
corresponding to many such localizations. Since the kinetic term p?/(2M) in
the Hamiltonian H does not commute with x, and thus does not commute
with a localizing operator A, there now is mo stationary limit unless the
usual Schrédinger evolution term in the stochastic Schrédinger equation is
neglected. In this approximation, in which only the stochastic terms are
kept, one gets similar results to those found in the energy driven case, with
H eigenstates replaced now by A eigenstates.

For the localizing case, an important issue that remains to be addressed is
whether the phenomenological theory can be made relativistic. This may be
a more severe problem than in the energy driven case because, while the
Hamiltonian operator H of Schrodinger dynamics appears in a similar role
in quantum field theory, the coordinate & appears in quantum field theory
as a label for degrees of freedom, rather than as an operator.

3.2 Fundamental Modifications

Of course, even though the phenomenological stochastic Schréodinger equations
discussed above give exactly (in the energy driven case) or approximately (in
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the localizing case) an emergent QM probability rule, there is still a probabilis-
tic postulate in the form of the appearance of the It6 differential dW;. Since
these equations have the characteristic form expected for the dynamics of open
quantum systems, it is natural to ask whether they are simply the Brownian
motion description of some underlying dynamics. Specifically, can one achieve
a fully emergent probabilistic structure at the QM level from a pre-quantum
dynamics that is not probabilistic?
Two approaches of this type have been discussed in the literature:

e In [16] 't Hooft has proposed that quantum states are the equilibrium limit
orbits or Poincare cycles of an underlying chaotic, dissipative, deterministic
theory.

e In [17] we have proposed as a possible pre-quantum dynamics a “generalized
quantum” or “trace” dynamics, obtained by setting up a generalized clas-
sical dynamics of noncommuting phase space variables {¢,}, {p-} with no
a priori commutativity properties beyond cyclic permutation inside a trace.
One can show that, with an approximation similar to assuming a large hi-
erarchy between the pre-quantum and the QM energy scales, that by an
equipartition argument the canonical commutation relations of QM are an
emergent property of the statistical mechanics of this system.

Both of these proposed approaches to an emergent probability structure in
QM are at present programmatic, and significant open questions remain: Can
one construct an effective wave function and Schrédinger equation from the pre-
quantum dynamics? What do the leading fluctuation corrections look like, and
are they the mechanism responsible for state vector reduction? Can one use
them to make contact with the phenomenological stochastic extensions of the
Schrodinger equation discussed above? Affirmative answers to these questions
would yield the probabilistic structure of QM as an emergent phenomenon, in
close analogy with the origins, in the underlying deterministic layer of molec-
ular dynamics, of the probabilistic structure of statistical mechanics. Failure,
after sufficient effort, to construct such a pre-quantum underpinning for QM
would support the view that QM is exact, in need perhaps only of a modified
interpretation.
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Bohmian Mechanics
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Abstract. This is a short review of Bohmian Mechanics with special emphasis on
the role of probability within this deterministic quantum theory without observers. I
discuss the equations of motion and the statistical mechanics of this theory.

1 The Theory

1.1 Equations

Bohmian mechanics is a quantum theory without observers [1,2]. This means
that neither the act of observation nor the notion of observer play any role in
defining the theory — the theory is not about observers and observation — and it
explains all non relativistic quantum phenomena. The theory is about something
primitive!, the basic ontology, and the laws for that are given.

Bohmian mechanics is a deterministic theory of point particles. Like Newto-
nian mechanics it is invariant under Galilei transformations, but unlike Newto-
nian mechanics it is a first-order theory — acceleration is not a concept entering
the law of motion. Rather this law directly determines the velocities of the par-
ticles as follows.

For an N-particle system the positions of the IV particles form the configu-
ration space variable Q = (Q1,...,Qn) € R*N, Q) € R? being the position of
k-th particle. The motion of the configuration is determined by a time-dependent
wave function on configuration space 1(q,t) € C, ¢ = (q1,...,qy) € R*Y, that
obeys Schridingers equation (my is the mass of the k-th particle and V' is the

potential)
N o 32

I(g,t) 3 %Akw(q’ t) + V(g)(g,t). (1)
k=1

L 0%(a.1)
BT

The wave function’s role is to induce a velocity-vectorfield on configuration space
v¥(q), the integral curves of which are the trajectories of the particles

1Qi h Tn(* Vi)
dt my, (o

! In contrast, observers are complicated objects, made of many parts: for example one
may get a haircut and still be functioning as observer.

=0l (Q) = (Q1,...,Qn). (2)

J. Bricmont et al. (Eds.): LNP 574, pp. 115-131, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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To solve (1), (2) one needs an initial configuration (i.e. the initial positions of
all the particles) and an initial wave function.

In [3] we show how the law of motion may be seen as emerging in a natural
manner from the requirement that it be invariant under Galileian transforma-
tions.

Non Newtonian Character. Bohmian mechanics is a first-order theory: Given
the velocity field, specifying the positions of the particles at one time fixes the
trajectories. Newtonian mechanics needs both position and velocity specified for
the motion to be determined. Differentiating (2) with respect to time ¢ does not
render the theory second order, no more than does a Newtonian theory become
a third order theory by differentiating m& = F' with respect to time. Never-
theless David Bohm, who worked this theory out in 1952 [4,5], presented this
first-order theory also in the Newtonian looking second-order form. It is clearly
useful to take the first-order character seriously. For example configuration space
trajectories can never cross each other. Bell [1] also emphasized the first-order
character. He writes the right hand side of (2) as the quotient of the quantum
flux 5% and the density p = [1/|2, the significance of which I shall address later.

Nonlocal Character. The wave function is a function on configuration space.
That space is not ‘anschaulich’ like physical space, it is abstract. But since the
wave function is part of the law of the motion it is important for the under-
standing of Bohmian mechanics that the abstract configuration space be taken
seriously. The role played by the configuration space wave function in defining
the motion makes Bohmian mechanics nonlocal: Looking at (2), the velocity of
each particle depends on the position of all the other particles no matter how far
the other particles are away. The amount of action at a distance depends only
on the degree of entanglement of the wave function on configuration space, that
is, the extent to which the wave function differs from a product of single particle
wave functions.

Because of the observed violations of Bell’s inequalities [1] (see [6] for various
examples), nature is nonlocal. A fundamentally correct physical theory must
therefore be nonlocal. Bohmian mechanics shows that this can naturally be
achieved — by incorporating the wave function on configuration space as physical
field, which is naturally a nonlocal object.

Names. The theory goes under various names, but it’s always Bohmian me-
chanics: Causal Interpretation [4], de Broglie-Bohm pilot wave theory (Bell [1]),
or de Broglie-Bohm theory, or pilot wave theory (Valentini in this volume) or
simply Bohm'’s theory. De Broglie’s name appears because de Broglie presented
reluctantly the equations of Bohmian mechanics (which even earlier had been
written down by Madelung, for a fluid picture of the wave evolution) at the
Solvay conference 1927, but in the discussion with Pauli at this conference, he
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found himself unable to defend his ideas. A stochastic version of Bohmian me-
chanics, where the trajectories are perturbed by white noise, exists, namely,
stochastic mechanics (sometimes called Nelson’s stochastic mechanics [7]).

Point Particle Theories. Other deterministic point particle theories are for
example Newtonian mechanics and the relativistic Wheeler-Feynman Electro-
magnetism [8] of point charges — a theory without fields. (For a relativistic theory
of extended charges and fields see the contribution by Michael Kiessling in this
volume.)

While in these theories physicists agree that the particles are ontological, the
particles in Bohmian mechanics are often seen with distrust and given funny
attributes (Adler in this volume calls them hidden ‘particles’). On the one hand,
this is understandable because orthodox quantum mechanics forbids us to talk
about the trajectories of particles. On the other hand, the point particles are
ontological in Bohmian mechanics — they are, in fact, what the theory is about.
Ignoring them, the theory becomes a theory about nothing, pretty much like
orthodox quantum mechanics, where one resorts to the dubious notion of ob-
server as fundamental. To understand Bohmian mechanics and how quantum
phenomena emerge from it, it is necessary that the particles be ontological —i.e.,
be taken seriously.

Other Quantum Theories Without Observers. A pure wave function on-
tology, with no particles as part of the ontology, lies behind the idea of the
collapse models of quantum mechanics, and they are discussed in this volume
by Alberto Rimini and Gian Carlo Ghirardi. So I say nothing more.

The program of Decoherent Histories or Consistent Histories arises in my
understanding also from the wish to have facts in the quantum world without
the action of some observer’s mind. Roland Omnes reports about that in this
volume.

1.2 Frequently Asked Questions

I answer briefly some questions that may arise immediately when the theory is
presented as above. Typically the questions are of the nature: But isn’t there a
problem with this and that? and the answer is: No, there is no problem.

What about Spin? Can Bohmian mechanics deal with spin?

Instead of the wave function 9(q,t) € C let 1(q,t) € (spinspace =) CF k =
1,2,3, ..., i.e. the wave function is a spinor, which defines then the velocity field
in an obvious way, namely by using the inner product in spinspace in (2) [9].
The Schrédinger equation (1) is then replaced by the Pauli equation, involving
electromagnetic fields and Pauli matrices. Spin is thus a property of the wave
function.
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What about Fermions or Bosons? Can Bohmian mechanics describe indis-
tinguishable particles?

In (1) and (2) the particles are labeled, as if they were distinguishable (for
example by different masses). To formulate Bohmian mechanics for indistinguish-
able particles one may demand that the law be invariant under permutation of
the (artificially introduced) labels, or one may formulate Bohmian mechanics
from the beginning on the right configuration space of indistinguishable par-
ticles. As one might expect both approaches establish that only symmetric or
antisymmetric wave functions can be used in the formulation of the law [12].

What about the Newtonian Limit? Does Newtonian mechanics emerge
from Bohmian mechanics?

The Newtonian limit or classical limit of Bohmian mechanics is a limit in
which the Bohmian trajectories become Newtonian. There are various physical
situations in which this is the case. The question itself presents no conceptual
difficulties. Concerning the transition of a first-order theory to a second order
theory, one may note that the Bohmian trajectories do have at a given time (say
the initial time) a position and a velocity, and that the velocity is determined by
the wave function. The extra degree of freedom needed for a second order theory
(the free choice of an initial velocity) resides in the wave function. (Note also that
a one dimensional Bohmian world is special since Bohmian trajectories can never
cross, which in one dimension presents a ‘topological’ barrier for the particle
motion, while classical trajectories do not have that. Here classical motion still
emerges from the motion of narrow wave packets.) For a recent discussion of the
classical limit of quantum mechanics from a Bohmian perspective see [14].

Concerning the appearance of masses (and the potential V') in (1) and (2)
we note that actually only naturalized quantities p, = = (or %) appear in the
law, which only a posteriori, in the Newtonian limit of Bohmian mechanics, are
recognized as connected with the inertial mass (or classical potential) [9].

What about Relativity? Can Bohmian mechanics be turned into a relativistic
theory?

There are various ideas behind this question. One idea is that relativistic
quantum theory is a quantum theory of fields, so, superficially, quantum field
theory shows that particles cannot be ontological. The phenomena of pair cre-
ation and annihilation support that argument. On the other hand, pair creation
and annihilation is a particle phenomenon, and the aim of quantum field theory
is to describe particles (for example in scattering situations). Therefore under
further scrutiny it may well be the case that particles are still part of the ontol-
ogy. To come to grips with these aspects of relativistic quantum phenomena may
in fact be easy compared to the following: Nature is nonlocal and any relativistic
theory of nature must respect that, i.e. it must account in a Lorentz invariant
way for faster than light effects to achieve action at a distance. For toy models
in which this is achieved see [13], and see also the discussion in [10].
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There is also the more metaphysical idea that eventually physics will look
quite different from the way it looks now: I am thinking here of future quantum
gravity and physics beyond the Planck length. From a Bohmian perspective, the
metaphysical answer to this is the following: The moral of Bohmian mechanics
is not that the ontology must be a particle ontology, but rather that physics,
and I mean now in particular quantum physics, can still be (I would rather
like to say must be) about something very clear, about some clear ontology.
Otherwise one ends in endless debates about interpretations of mathematical
symbols. Furthermore Bohmian mechanics shows that one should not be afraid
of thinking of the simplest ontology, one directly suggested by the phenomena,
as the right ontology, despite of the droppings of authorities. All the same, it
may also happen that the primitive ontology for quantum theory at deeper levels
is more elusive.

2 The Explanation of Phenomena

2.1 Trajectories

Newtonian mechanics applies with a high degree of accuracy over a very wide
range of scales: From planetary motion, to apples falling to earth, to bullets shot
from a gun, and further on to the motion of gas molecules in a dilute gas. The
difference of description of the gas and of the motion of the bullet (or of other
macroscopic bodies) is rather striking. In the case of the bullet one is used to
taking aim, that is, one thinks of a very precise initial position and velocity of
the bullet for computing its trajectory, or, better, for predicting its trajectory,
and one could even consider testing such a prediction in experiment, observing
for example where and at which time the bullet arrived. Thus the bullet motion
is described in detail. However, for the gas a statistical description is used and
accepted. I shall come to that in the next section, because what springs to mind
first when a mechanical law is written down, is the study of detailed motions like
the bullet motion. I will go along with that here but I warn that the computation
of particle trajectories in Bohmian mechanics analogous to what one is used to
in Newtonian mechanics is not as illuminating. The reason is that in Bohmian
mechanics the positions of the particles are, as I shall explain later, typically
randomly distributed, given the wave function, just as one would expect from
Born’s statistical law: At every moment of time, the configuration of the system
is [¢|? distributed, and that is that, for most of the cases at least?.

Motion in Ground States. Ground state wave functions can be taken to
be real; thus by (2) the velocity field is zero, so Q(t) = Q(0) — the particles
do not move. Many find this at first disturbing, in particular when it comes
to the ground state of the hydrogen atom: First one learns the Bohr-model,

2 Exit time, tunneling times and scattering, as well as the classical regime are situations
where trajectories are helpful [11,14].
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where electrons move on orbits around the nucleus, then one learns that that is
false because the existence of trajectories contradict the Heisenberg uncertainty
principle, and now Bohmian mechanics says that the electron is at rest. This
seems even worse, because the Coulomb force is supposed to act on the charge
and standing still is not much of a reaction. So this is a good example to get
familiar with the radically non Newtonian character of Bohmian mechanics, in
which the action of forces does not play a fundamental role.

Double Slit Experiment. This is one of the experiments that strongly sug-
gests the particle ontology. Particles are sent one at a time through a double slit.
There is always only one particle on the way. One can see it coming at the screen,
let’s say a photo plate! When it arrives it makes a black spot where it lands. At
the end, after many particles have passed, the black spots add up to a pattern,
which looks like an interference pattern of waves, and Bohmian mechanics ex-
plains that. Just look at the trajectory picture of the computer solutions (due to
Dewdney et al. see [5]) of the equations (1) and (2), where the initial positions
of the trajectories are chosen in a random manner. Now note the following: The
trajectories curve wildly. Why? Look how the trajectories spread immediately
after passing through the slit, the particles moving on straight lines guided by
the spherical wave parts originating at the slits, until the two parts of the wave
begin to interfere (the typical interference pattern of spherical waves builds up
before the photo plate) and the particles, guided by this wave, move so as to
reproduce the |t)|2-distribution. Furthermore if one considers the symmetry line

particles which arrive here
went through the upper slit

axis of symmetry

trajectories cannot cross this axis

particles which arrive here
went through the lower slit

Fig. 1. Possible trajectories in the two slit experiment

in this experiment and recalls that trajectories can’t cross, one sees that trajec-
tories starting in the upper half must go through the upper slit and must hit
the upper half of the photoplate. (This is one way of observing through which



Bohmian Mechanics 121

slit the particle has gone without destroying the interference pattern. Just look
where it arrives on the photo plate.)

Tunneling. In textbooks tunneling through a barrier is often discussed by sta-
tionary wave methods. In one dimension trajectories cannot cross, and one finds
immediately that in this stationary picture particle trajectories can only travel
towards the barrier. This, one sometimes hears, is bad for Bohmian mechanics,
because it does not describe back scattering of particles. But this is wrong. When
a particle is sent towards a barrier, it is guided by a wave packet which is not
stationary, and that’s all. Because trajectories can’t cross, if the particle is ‘in
front’ of the packet it goes through the barrier, if it is in the back it turns back.
It couldn’t be nicer than that.

\Y
VAVAVE:
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©
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Fig. 2. Tunneling through a barrier: A potential V'

Cats and Cloud Chamber Tracks. A macroscopic Bohmian trajectory, which
looks Newtonian, is that of the cat, when it jumps out of the box in which the
atom did not decay. Other Bohmian trajectories are made visible to the eye in
cloud chamber tracks.

2.2 Statistical Mechanics

Equilibrium. Statistical mechanics and the kinetic theory of gases is by now
well established. A famous success is Boltzmann’s explanation of the second law
of thermodynamics — the meaning of entropy and why it should increase. See
Sheldon Goldstein’s as well as Herbert Spohn’s contributions to this volume.
To describe a gas, a statistical description is used, and the regularities derived
are not certain but merely overwhelmingly ‘probable.” Nevertheless it is clear to
most that a statistical description is a matter of convenience, not necessity: it is
impractical to specify the initial velocities and positions of all the gas molecules,
compute their motion and observe where they are later. We are simply ignorant
about these details, about which we don’t much care, and that’s where the
statistical analysis comes to the rescue.

Boltzmann characterized the initial conditions for which the thermodynamic
regularities hold as overwhelmingly probable. Nowadays, it is widely recognized
that it would be more appropriate to speak in terms of typicality. The good
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initial conditions are typical with respect to a measure of typicality, in the sense
that, with respect to this measure, exceptions are rare — they are assigned very
small weight by the measure. This measure is determined by the physical law:
It must be “equivariant” with the motion of the particles, so that the notion
of typicality is independent of time. Typicality is discussed and applied in the
contributions by Goldstein, Kiessling and Spohn. I shall return to this in later
sections, where I discuss the meaning of typicality statements in more detail.

In the Newtonian case the measure is determined by a strong form of equivari-
ance, namely stationarity, i.e. its density is a stationary solution of the continu-
ity equation for the Hamiltonian flow on phase space, which is called Liouville’s
equation for Hamiltonian or Newtonian dynamics. Liouville’s equation allows for
many stationary solutions, and some feel uneasy that the measure of typicality
is sometimes not uniquely determined.

Nonequilibrium. But we think that in principle we could do without statistics
in a classical world, in principle we could know all the velocities and positions
of all the gas molecules and we could even displace some or all of the molecules
according to our taste, i.e., we could change what looks typical into something
that looks atypical. More to the point: We have the impression that we could get
rid of randomness altogether if we wished to do so. Why? Because our universe
is in a state of global nonequilibrium (see [3])! Typicality with respect to an
equivariant measure is in contrast an equilibrium notion.

If one applies this idea of complete control of initial conditions at least for
small subsystems to Bohmian mechanics, it is often felt disturbing that one
cannot control wave function and position of a Bohmian particle the way one
would like. Born’s statistical law is a law! If the wave function is 1, the position
is |¢|?-distributed. A common reaction is then this: If the position of the particle
cannot be experimentally controlled and given a sharp value, no matter what the
wave function is, then what are the particles good for? Then they play no physical
role! As superficial as this argument is, we may as well apply it to the universe.
We humans cannot experimentally control the initial conditions of the stars in
the milky way, hence the stars play no physical role. Should we deny then that
they are?

I think what is felt as disturbing is that now it seems that there is a fact to
be explained: Why is it that Born’s statistical law holds without fail, while the
equidistribution of gas molecules in a container may fail to hold (by prior proper
manipulation from outside)3?

Boltzmann’s answer to this could turn out to be surprisingly simple: Maybe
the statistical law of Born arises because it is ‘overwhelmingly probable,” or,
better, typical. Because if that were the case then it would explain why it does
not fail (see also Goldstein’s article) — no more than the second law of thermo-

3 So as long as one does not talk about particles, i.e. as long as Born’s statistical law
is not about a distribution of particles but about results of ‘observations,” it has
seemed acceptable. On what grounds? On no grounds.
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dynamics, no more than it is possible to build perpetual motion machines. And
it would explain why the name Born’s law is properly chosen.

2.3 Statistical Bohmian Mechanics

In [3] we showed that the empirical import of Bohmian mechanics emerges from
typicality. What is typical is the distribution of particle positions. But before
I explain more, I recall that in orthodox quantum theory it is often said that
randomness is intrinsic. What is meant by that?

Observe that in orthodox quantum theory only the Schrédinger equation (1)
appears and that equation has no intrinsic randomness. (The collapse models, as
discussed by Rimini in this volume could serve as examples for an intrinsically
random theory). The Schrodinger evolution thus cannot account for the random
spots on the photo plate in the two slit experiment. (Moreover, it cannot account
for any fact, random or nonrandom.) This is related to the measurement problem
of orthodox quantum theory, which I describe next.

The Collapse. The evolution of a system coupled to a measurement device in
which the wave function of the device (@) becomes correlated with particular
wave functions (g, k =1,2,...) of the system,

Pr(2)Po(y) — Ui (2)Pr(y), 3)

is called a measurement process, where the arrow indicates the evolution of the
wave function of the combined system: the measured system and the apparatus.
The @y, are wave functions corresponding to distinct pointer positions, and @g
is the ready state. Then by the linearity of the Schrédinger equation

> ath(@)Po(y) — > axth(x) Pk (y)- (4)
k k

That is what comes out of the theory — a macroscopic superposition of pointer
wave functions. That is not familiar in nature and that is the measurement
problem. It is ‘solved’ by talk: The observer collapses the sum in (4) to only
one of the wave functions, let’s say to ¢, ()P, (y). And he does so with the
probability |a, |>. But no one knows why he should do that. That is the intrinsic
part. That is why there is nothing to show. It’s intrinsic.

The observer is supposed to do two things. He creates facts and he does
so in a random fashion, but at the same time obeying Born’s statistical law.
So he must be very smart! That is why Bell asked whether the observer must
have a degree in physics — who else would know about Born’s statistical law?
But it is clear that the measurement problem cannot be talked away, it is not a
philosophical issue. It is a hardware problem!

It is worthwhile to understand the measurement situation in Bohmian me-
chanics. The Bohmian trajectories of the system and apparatus particles are
in configuration space made of the system-coordinates X and the apparatus-
coordinates Y. Then look at the following picture:
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Apparatus
supp <D1 = Y1 +
Bohmian
Trajectory
supp D, =Y, +
\(XO’YO)
supp ®,2Y, +

supp ’(/) System

Fig. 3. The apparatus axis represents the configuration space of Y coordinates, the
system axis that of the X coordinates. Since the supports of the apparatus wave func-
tions @y, are sufficiently disjoint, corresponding, as they do, to macroscopically different
pointer positions, only the term in (4) in whose support Y is situated is relevant to the
behavior of the system, so that as a practical matter all but one of the terms in (4)
may be ignored.

When the apparatus wave functions have sufficiently disjoint supports, then
it is very difficult to have them interfere again. This is because of purely ther-
modynamical considerations concerning the number of degrees of freedom which
have to be controlled to achieve interference in the future. Some have difficulties
with such arguments, especially if they go further, to include the recordings of
the pointer positions on paper. That is, when the wave function is now one which
is even more macroscopically entangled, including patterns of ink on paper. Ev-
eryone would agree that it would be exceedingly difficult to produce interference
which could turn such facts into fakes, but that it is all quantum mechanics, and
that it is only because of thermodynamics that these funny things do not hap-
pen, that not everyone agrees about. In fact, in the collapse models, discussed by
Rimini, these funny things cannot happen. The wave function does collapse by
law. But in Bohmian mechanics it is simply a matter of convenience to proceed
with the components of the wave function that will guide the particles from now
on and forget about the other parts of the wave function. After all, what we
really care about is what the particles are doing; this, according to Bohmian
mechanics, is what quantum theory is fundamentally about, and it is out of the
behavior of the particles that physical phenomena emerge. The collapse is not a
physical process, but a matter of pragmatism.*

4 At the same time, it is true that the collapse of the wave function can be regarded
as a physical process for Bohmian mechanics, but the wave function that collapses is
the effective wave function of a subsystem of a larger system, see Definition 1 below.
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This explains the collapse, but the randomness, where does that come from?
That is what I address in the last section.

Decoherence. A note on the side: The Schréodinger equation determines the
evolution of the wave function of the N-particle system. When this system ‘in-
teracts’ with another system, of, say, M particles, the wave function for the
combined system lives on the configuration space of the M + N particles (as in
(3),(4).) This should not be seen as extra requirement supplementing the theo-
retical description but rather as a consequence of the basic equations (1),(2). I
shall return to this point in the next section. In any case, as we just said, the
interaction of one system with another brings about the entanglement of their
wave functions, and the more complex the entanglement becomes, in particular
when the entanglement becomes macroscopic, interference between terms of the
resulting superposition becomes practically impossible. In (4) it is certainly the
case that interference of the different pointer positions is practically impossi-
ble, and this practical impossibility gets stronger with further interactions, since
pointers are usually in some room full of radiation, air, flies and all kinds of
interacting environments. This aspect of entanglement is now being called ‘de-
coherence’. It is a prerequisite for the collapse to do no harm: For all practical
purposes one may forget about macroscopic superpositions. And it is a prereq-
uisite for the formulation of the measurement problem, and in and of itself in no
way its solution.

Subsystems. Bohmian mechanics is, like all fundamental physical theories, a
theory of the Universe — of a Bohmian particle universe, nonrelativistic and so
on. So what we are dealing with in everyday life are subsystems of this universe
and subsystems of subsystems, and what we want to have is a good description
of subsystems, in fact we would like to have Bohmian subsystems, meaning that
there is a Schrodinger wave function which guides the particles of the subsystem,
at least for some time. What I imply here is indeed that the wave function which
enters (1),(2) as defining equations of Bohmian mechanics is the wave function
of the largest system conceivable — the universe. What we need to have is a wave
function of a hydrogen atom, of a molecule, of many molecules, of pointers, of
cats. How can we get such a thing, a wave function for a system of interest,
which is a subsystem, almost always, of a larger system?

Let us denote the mother of all wave functions — the wave function of the
universe — by ¥(q) and let us write x for the system-coordinates and y for the
environment-coordinates, describing the rest of the universe, everything which
is not the system. So we have a splitting ¢ = (x,y), @ = (X,Y). Recall that
the small letters stand for generic variables and the capital letters for the actual
configuration of the particles. By inspection of (1), (2) and recalling the last
sections, one is quickly lead to the following concept:
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Definition. Let
U(q) = (z)®(y) + 2" (q)

with @ and @+ having (macroscopically) disjoint y-supports and suppose Y €
supp @. Then ¢ is the effective wave function of the system.

Easy to check: The effective wave function of a system governs the motion of
its configuration X (t). Moreover, by virtue of the decoherence effects discussed in
the decoherence and collapse sections, as long as a system is decoupled from
its environment, the evolution of its effective wave function will be governed by
the Schrédinger equation (1) for that system. The effective wave function is the
precise substitute for the collapsed wave function in orthodox quantum theory,
so one should feel comfortable with this notion.

Quantum Equilibrium Hypothesis. What comes now is technically very
easy but at the same time misunderstood by many. This section is about the
foundations of statistical Bohmian mechanics (in fact of the statistical analysis
of any physical theory). Where does the randomness come from?

Recall the double slit — or the Stern—Gerlach — experiment. What is striking
is that we have regular random outcomes: For the double slit we get relative
frequencies of black points on the photo plate which are given by Born’s law, and
for the Stern Gerlach experiment we can get outcomes as in a coin tossing, i.e., in
a long run of sending many particles through the inhomogeneous magnetic field,
half go up and half down. How can this lawful random behavior be accounted
for? Easy: By the law of large numbers for independent random positions of
the particles. Just as one would argue in classical physics: Given some initial
randommness — that is, the statistical ansatz — the instability of the motion should
produce enough independence for a law of large numbers statement to hold (this
was made very clear in [15]).

Having said this, a hard question seems to remain: What is responsible for
the randomness of the initial conditions? Since in a deterministic physical theory
there is apparently no room for genuine randomness, it would seem that it must
come from ‘outside’. Thus the usual answer is: Systems are never closed and from
the ‘outside’ come random disturbances. But after including the ‘outside’ we are
dealing only with a bigger physical system, itself physical and deterministic;
thus we have merely shifted the question of the origin of randomness to a bigger
system, and so it continues and one hopes that eventually the question will
evaporate into empty space. But it does not and only if one continues to ask can
one know for sure that the shift to include the ‘outside’ is a dead end. The biggest
system conceivable, the universe, has no outside. It is for the universe that the
question of the origin of the randomness must be answered! The answer was
given by Boltzmann. It is that there is no need for (and, more to the point, no
sense to) randomness in the initial conditions of the universe. Rather, a random
pattern of events emerges from the deterministic evolution from a fixed initial
condition for the universe — provided that initial condition is typical. I shall
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explain this a bit more here, but for a deeper understanding the reader should
consult [3].

We begin by recalling the well-known fact that the ‘quantum equilibrium’
distribution |1|? for the configuration of a system has, mathematically, a spe-
cial status within Bohmian mechanics: It is a quasi-invariant or, more precisely,
equivariant distribution, analogous to the microcanonical distribution of statisti-
cal mechanics. Consider the continuity equation of the Bohmian flow, analogous
to Liouville’s equation for a Hamiltonian flow,

dplg,t) +V -v¥p(g,t) = 0. (5)

Now v¥t = %, with j¥* the quantum flux, which satisfies an identity holding
for solutions of Schrodinger’s equation

Olpe> +V -3¢ = 0. (6)

This is roughly analogous to the fact that a Hamiltonian velocity field is diver-

gence free which — used on the continuity equation for the Hamiltonian flow —

yields Liouville’s equation, for which the usual stationary solution is obvious.
Here, (6) may be rewritten

et + V- v o> = 0 (7)

so that p(q,t) = |¢(q,t)|? satisfies (5) and thus defines an equivariant distribu-
tion: It does not change its form as a functional of p; during the evolution (=
equivariance).

Just as in statistical mechanics, this simple mathematical fact leads naturally
to the Quantum Equilibrium Hypothesis (QEH):
‘If a system has effective wave function ¢ then its configuration has |¢|?.” Much
in the spirit of Gibbs, this may be regarded merely as a reasonable statistical
ansatz for dealing with subsystems: It is supported by the physical theory, it
is simple and it works. As is the common praxis in statistical mechanics, we
can think of this distribution as describing an ensemble of identical subsystems,
obtained by sampling across space and time.

Typicality. We are now at a stage analogous to the present status of statistical
mechanics. It is known that the rigorous justification of the statistical hypothesis
that systems tend to be microcanonically (or Gibbs) distributed is a very hard
and unsolved problem. What we would like to have is a rigorous proof that
normal thermodynamic behavior emerges for a sufficiently large class of initial
conditions for the universe, or, failing that, for the systems of direct interest to
us, at least for some initial conditions for these systems. But even the latter is
way beyond our reach (see also Goldstein’s contribution to this volume).

For Bohmian mechanics, however, one can provide just such a rigorous jus-
tification of the QEH; one can show, in fact, that it emerges for ‘most’ initial
conditions for the universe. I will not go through the proof here but rather com-
ment on misconceptions about this statement and its proof.
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The statement that the QEH can be justified is a law of large number state-
ment: What we must look at are the empirical distributions of the configuration
for ensembles of small subsystems. Small here means compared with the size of
the universe. A laboratory is extremely small.

Consider equations (1) and (2) for the evolution of the universel So @ com-
prises the coordinates of all the particles of a Bohmian universe and ¥ is the
mother of all wave functions: the wave function of the universe. Now let

pemp(Q7$ t 26 Q t —LL’) (8)

be the empirical distribution of the configuration for an ensemble of N similar
subsystems (subsystem 4 having configuration X;), each subsystem having ef-
fective wave function ¢ at a given time ¢ (for simplicity I discuss here spatial
ensembles at a given time. In general one has time and space ensembles [3]).
Here X;(@Q,t) is determined by (2) and the initial conditions (). We emphasize
that pemp is a function of Q). Moreover, the set of @’s relevant to (8) is very
much constrained by the requirement that the subsystems have effective wave
function ¢ (see the definition of effective wave function).

Suppose now that we could show the following: There exists one initial con-
dition Q, i.e. one evolution of a Bohmian universe, for which®

P (@, 2, 1) = |l (2). (9)

for all appropriate subsystems, wave functions ¢, and times ¢. In other words,
that Born’s statistical law holds within that special universe. This would be a
fantastic result, clearly demonstrating the compatibility of quantum randomness
with absolute determinism. Moreover, the empirical data would encourage us to
believe that we are in that universe. Nonetheless, such a result would not explain
why Born’s statistical law holds: we would need to know why we should be in
that very special universe. Now take the other extreme: Suppose it turned out
that for all initial @’ (9) is true. That would mean that Born’s statistical law
is a theorem following from (1) and (2). Then — provided we believe in the
correctness of our theory — we must be in one of these universes and purest
satisfaction would result.

But Boltzmann’s analysis of the origin of the second law of thermodynamics
(see the contribution of Goldstein to this volume) should have taught us that
the latter is too much to expect. Moreover, it follows from our analysis in [3]
that in fact it is impossible — i.e., that there must be bad initial conditions
for which the QEH fails (see [9]). What is proven in [3], a law of large numbers
theorem for (8), thus cannot be much improved upon.®

The usual way of formulating a law of large number result is in terms of
typicality: Typically the numbers in the interval [0, 1] have a decimal expansion

5 for precise formulations see [3]

6 In statistical physics the exploration of mixing, the relaxation of a nonequilibrium
distribution on the full phase space towards an equilibrium distribution, has become
widespread and has led some to the belief that mixing is central to the justification of
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in which every digit comes with relative frequency =~ %. That is: Most of the
numbers in the interval [0,1] have a decimal expansion in which every digit
comes with relative frequency = 1—10. Now, ‘most’ is here with respect to the
Lebesgue measure. That measure is a measure of typicality, and one may ask
what its relevance is. In physics, according to Boltzmann, we are in the fortunate
situation that the measure of typicality is dictated by physics: Typicality must be
stationary, which requires the measure to be equivariant. (The stationarity of
the notion of typicality makes it equilibrium-like, hence ‘Quantum Equilibrium’.)
Thus for Bohmian mechanics typicality is defined using the |¥|? distribution. It
gives us a notion of ‘most’ and ‘few’ in this situation, where counting is not
possible.

Warning: We used |¢|? to formulate the statistical hypothesis, in which it
represents an empirical distribution. Now we refer to it (or, rather, to |¥|?)
to define the measure of typicality, an entirely different concept. Moreover, the
wave function ¥ of the universe and the wave function @ of a subsystem are
also rather different objects, and it is in a sense an accident that they seem so
similar and obey the same equations — and (for good reasons) go by the same
name. But while for ensembles of subsystems of one universe empirical statistics
are relevant, a statistical ensemble of universes is quite another matter.

We show that for typical solutions of (2) (the universal wave function is
assumed to be given) Born’s law (9) is valid: the set of exceptions is assigned
very small measure by the |¥|? distribution. The failure to distinguish between
|o|? as an empirical distribution and [¥|? as a measure of typicality leads to the
following reformulation of our analysis: Consider a probability distribution of
universes with density [#|2. Then the configuration of a subsystem with effective
wave function ¢ is |p|? distributed.” But this is not a very useful result, since
sampling across universes is neither possible for nor relevant to humans.

More sensible, but still besides the point, is the following. Consider coin
tossing. I make the following model. The outcomes of every toss are independent
identically distributed random variables. I take the product measure on the
probability space of sequences of outcomes. Then the law of large numbers holds:
Typically, the relative frequency of heads is approximately % That is ‘trivially’
true, by construction. It is important to appreciate how this appeal to typicality
differs from Boltzmann’s and from ours in [3]. Note in particular that there is
no simple relationship between the initial configuration @ of the universe and
the empirical statistics that emerge from @ via the dynamics (2). Note also that
in general we make no claim about empirical statistics at the initial universal
time, since it need not be the case that a decomposition into subsystems with
the same effective wave function (or any effective wave function at all) is possible
at this time.

the equilibrium hypothesis. This belief is particularly attractive, since it is connected
with notions like chaoticity and independence. It is nonetheless quite wrong. For more
on this see the contribution of Goldstein to this volume.

" In [16] this is referred to as the nesting property.
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This result justifies for me the QEH; it explains why Born’s law holds —
or, what amounts to more or less the same thing, it explains why it should be
expected to hold. To go further we would need to analyze just what is meant
by explanation; see the contribution of Goldstein to this volume, where this is
touched upon.

I remark that the operator formalism of quantum theory emerges (with sur-
prising ease) from statistical Bohmian mechanics [4,17,18].

3 Simplicius Simplicissimus

What is typicality? It is a notion for defining the smallness of sets of (mathe-
matically inevitable) exceptions and thus permitting the formulation of law of
large numbers type statements. Smallness is usually defined in terms of a mea-
sure. What determines the measure? In physics, the physical theory. Typicality
is defined by a measure on the set of ‘initial conditions’ (eventually by the ini-
tial conditions of the universe), determined, or at least strongly suggested, by
the physical law. Are typical events most likely to happen? No, they happen
because they are typical. But are there also atypical events? Yes. They do not
happen, because they are unlikely? No, because the are atypical. But in principle
they could happen? Yes. So why don’t they happen then? Because they are not
typical.

Using typicality one may define probability in terms of law of large numbers
type statements, i.e., in terms of relative frequencies and empirical statistics.
What is meant by: In a Stern—Gerlach experiment the probability for spin up
is %? The same as for heads turning up in a coin tossing. So what is meant?
The law of large numbers: That in a long run of repetitions of the experiment
the relative frequency of the outcome in which the spin is up or the coin shows
heads will typically be close to the value %

Is there another sense of probability? Probably there is! Does explanation via
appeal to typicality require deeper conceptual analysis? Certainly. Can appeal
to typicality be entirely eliminated from scientific explanation? Very unlikely!
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Chance of Reduction
as Chance of Spontaneous Localisation
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Abstract. This is a short review of the Spontaneuos Localisation Program, which
yields quantum theories without observers, without adding extra variables to the wave-
function. After a short review of the various interpretations of quantum mechanics, I
dicuss the discrete version of the spontaneous localisation process in connection with
the measurement problem, and after introducing the fundamental notion of “compoun-
dation invariance” I turn to the description of a continuous version of the localisation
process.

1 Introduction

By theory of quantum measurement I mean a theoretical framework in which
the system S+A (or S+A+E) is considered, S being a quantum system, A an
apparatus measuring some physical quantity of S (and E the environment of
S+A, if its consideration is deemed necessary). The aim is to obtain, from the
treatment of such a system, results in agreement with the standard postulates
of quantum mechanics concerning measurement.

My task here is to describe quantum mechanics with spontaneous localiza-
tion. If by reduction theory we mean a theory incorporating the reduction of
the wave function in the principles of quantum mechanics without introducing
an a priori fuzzy distinction between microscopic (quantum) and macroscopic
(classical) systems, then quantum mechanics with spontaneous localization, in
its various forms, is the only known consistent reduction theory. Thereby, it con-
stitutes one possible way to found a theory of quantum measurement. To the aim
of positioning this approach with respect to others, I shall briefly review some
relevant formulations of quantum mechanics, pointing out their main features
with reference to the theory of quantum measurement in the sense indicated
above.

Copenhagen Interpretation. Its characteristic feature is that it identifies
measurements as processes of a special nature because of the presence of the
apparatus A which is assumed to be non—describable by quantum mechanics.
In other words the Copenhagen interpretation rejects the program of the theory
of quantum measurement. On the other hand, the special nature of the mea-
surement process allows the assumption of the reduction principle, and, as a
consequence, the wave function (alone) describes individual quantum systems.

J. Bricmont et al. (Eds.): LNP 574, pp. 133-147, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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Ensemble Interpretation [1]. It assumes that the wave function describes
an ensemble of systems, not an individual system, and never suffers reductions.
It further assumes that, given the wave function at a time, the distribution
of the results of a measurement performed at that time on the ensemble of
systems is given by the standard quantum probability law. As a consequence
of the lack of reductions, if a measurement (an ensemble of measurements) is
performed by A on S at a certain time, the wave function of S+A+E after
the measurement contains all entangled terms corresponding to the possible
results. But, if any measurement is successively performed on the ensemble of
systems S+A, decoherence due to E prevents the various terms from interfering,
so that the distribution of the results is the standard one. In this sense the
ensemble interpretation allows to set up a theory of quantum measurement.
However, no element of description of the system corresponding to the result of
an individual measurement is there, and this fact causes problems of consistency,
typically if subensembles selected according to the results of a measurement are
considered [2].

History Formulations [3]. These are developments of Everett’s theory of
the universal wave function. Again the wave function always evolves according
to the Schrodinger equation, no reduction takes place, and decoherence plays
an essential role. However, the formulation is such that an element of descrip-
tion of the system, the branch label, is used together with the wave function
and is in correspondence with the result of an individual measurement. As a
consequence, no consistency problem of the type encountered in the ensemble
interpretation arises. The problem here, in my opinion, is that branch labels
are used as elements of description of the system, but, at the level of principles
only their existence is assumed, without declaring what they specify and when.
Such a declaration takes place in the course of the treatment, as a consequence
both of the dynamical properties of the system and, unfortunately, of arbitrary
choices [4].

Bohmian Mechanics [5]. In this theory a definite element of description of
the system, the configuration, is put beside the wave function and both together
describe an individual system. The wave function suffers no reduction, but the
configuration is in correspondence with the result of an individual measurement.
As a consequence of this, a consistent theory of measurement can be set up [6].
Since there is no reduction decoherence must be taken into account.

Reduction Theories. Here the wave fuction remains the sole element of de-
scription of the system, but a universally occurring stochastic reduction process
is incorporated into the principles of the theory. A consistent theory of quan-
tum measurement can be set up, in which the wave function after an individual
measurement is in correspondence with the result of the measurement. The time
evolution given by the Schrédinger equation is altered by the universal reduction
process.
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It is seen that there are several strong similarities between reduction theories
and the Copenhagen interpretation: in both reduction is there, the wave function
is the sole element of description, and it describes an individual system. Of
course there are also important differences. Among these, the role of chance.
In the Copenhagen interpretation chance intervenes only in exceptional, or at
least special, circumstances — measurements. In reduction theories chance is a
universal, always present feature of time evolution, which becomes more or less
important according to the specific situation.

Before tackling the task of expounding quantum mechanics with spontaneous
localization as the only known consistent reduction theory, I notice that I have
used several times the expression element of description. Someone could ask
me: what do you mean by that? is it a synonymous of element of reality? or at
least does the introduction of an element of description entail the existence of
an element of reality? The answers belong to the sphere of my privacy, so that
I let the questions drop.

2 Reduction Theories and the Measurement Problem

As T have already said, a reduction theory is characterized by the fact that no
element of description of the system is added to the wave function and that, cor-
respondingly, the Schrédinger equation is altered in such a way that reduction
is described as a physical process affecting the wave function. It is understood
that this alteration must be ruled by definite, universally valid, precise math-
ematical statements. It must rapidly suppress superpositions originated by the
dynamics of measurement. For the rest, it must have practically unobservable
consequences, so that predictions of standard quantum mechanics remain valid.
It will share with ordinary reduction stochastic and nonlinear features.

The idea of a stochastic modification of the Schréodinger equation aimed at
solving the measurement problem is an old one [7]. The following difficulties were
encountered: i) the basis problem — which are the states to which the stochastic
process leads? ii) the trigger problem — how can the process be effective in
measurement situations and ineffective for the rest? In spontaneous localization
theories a definite answer is given to the first question and the answer to the
second one follows.

Consider the awkward superposition arising in measurement

[¥)[A0) —> le)AD)] ) + lp2)|A)[ ) + ..

The spontaneous—localization solution to the measurement problem is based on
the assumption that, in any measurement, the apparatus contains a macroscopic
part which is located in macroscopically—separated positions in the different final
states | A1), |A2), ... Then the proposed stochastic localization process, acting on
such a macroscopic part of the apparatus, reduces the unwanted superposition
to one of its terms. It is seen that the question about the basis selected by the
process is answered directly for the apparatus part of the total system, indirectly



136 Alberto Rimini

and dependently on the structure of the superposition, for the measured—system
part.

The approach sketched above has nice features. First, the measurement prob-
lem is solved in a conceptually simple way. Secondly, the wave function remains
the sole tool for describing the system and it describes an individual system. On
the whole, the conceptual apparatus is very near to textbook quantum mechan-
ics.

One can also list disturbing features. First of all, the Schrédinger equation
is altered (may be one is very reluctant to that). Furthermore, a satisfactory
Lorentz invariant version has not been found as yet. Finally, one can feel uneasy
because ordinary decoherence, which certainly is there, becomes redundant. I
would not include among the disturbing features the fact that chance becomes
a universal trait of the quantum—mechanical behaviour.

3 Spontaneous Localization of a System
of Distinguishable Particles

I begin describing the first proposed (GRW) spontaneous localization process
[8], even though it is presently overcome, because it is much more intuitively
intelligible than the more recent and refined theoretical models.

It is assumed that each particle i of a system of IV distinguishable particles
experiences, at Poisson distributed random times with mean frequency J\;, a
spontaneous sudden process. In the time intervals between two successive sud-
den processes the system evolves according to the Schrodinger equation. The
spontaneous sudden process is a localization described by

) — 1¥5) =165)/l19e ], |62) = La|¥),
where ﬁ’m is a positive, selfadjoint, linear operator localizing particle i around

the point &, normalized so that / d’e (ﬁ;)z = 1. The probability density for the

occurrence of x is assumed to be
pr(z) = [|¢%|1%.

The operator ﬁ; is chosen to have the Gaussian shape

1

L. = G9(g'—x) = N exp (—%((ff - w)/a)g) ., N= (ﬁ){

The width a measures the accuracy of the localization. On the whole, the pro-

cess depends on the width « and, for each particle, on the frequency A;. For

sufficiently long times, the effectiveness of the localization process of particle i
depends on the ratio \;/a?.

When we started to study the model theory I have just described we had the

vague idea of assuming it as a fundamental, universally valid mechanical theory,
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at least in the nonrelativistic domain. By suitably choosing the frequency param-
eters, one could obtain weak (for microscopic particles or strong (for macroscopic
objects) localization effects. I shall discuss whether this point of view is tenable,
disregarding for the moment the fact that the theory cannot be applied to sys-
tems with identical particles.

4 Compoundation Covariance

In fundamental mechanical theories, such as classical or quantum mechanics, a
dynamical principle (the Newton law or the Schrédinger equation) is applied
to particles, which are regarded as the constituents of the considered physical
system. The constituents being particles means first that their linear dimensions
are small enough, with respect to other lengths relevant to the problem, so that
they can be treated as pointlike with reference to a chosen degree of accuracy of
the description of the system. Furthermore, the possible internal structures of the
particles must be sufficiently hard, so that their modifications in the considered
dynamical conditions are irrelevant for the motion of the particles as wholes,
again with reference to the chosen degree of accuracy of the description.

Several levels of description, i.e. several different identifications of the objects
to be considered as the pointlike constituents of the system, are generally pos-
sible. Given an acceptable coarse description, a finer description in which the
particles of the coarse description are regarded as objects compound of smaller
particles, is certainly acceptable too. As an example, consider a Li™ ion moving
in a weak electrostatic field. If the field is weak enough, a coarse description in
which a single charged particle is the sole constituent of the system is possible.
But a finer description, in which two electrons and a Li nucleus (in a suitable
initial condition) are the constituent particles of the system, is also possible.
And an even finer description, in which two electrons, three protons, and four
neutrons (in a suitable initial condition) are the constituent particles, is possible
too.

Both within classical and quantum mechanics, each coarse level of description
can be derived from the finer level (in suitable dynamical conditions concerning
forces and initial conditions) and the dynamical principle has the same form in
the different levels. I refer to this property of a mechanical theory as compoun-
dation covariance.

If compoundation covariance were not there, a problem of consistency would
arise. Therefore, I state the following general principle: any mechanical theory
not declaring to which elementary constituents it applies must enjoy compoun-
dation covariance. If this principle is assumed, it constitutes a criterion of ac-
ceptability when one proposes a new mechanical theory or a modification of an
existing theory.

Let me investigate whether the GRW model of spontaneous localization en-
joys compoundation covariance.
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5 Compoundation Covariance of the GRW Process

Consider a system of N particles forming an object. The wave function has the
form

¥(g, ) =¥(Q) x(r, 5),

where ¥(Q) is the centre—of-mass wave function and x(r,s) is the structural
wave function, r being the internal coordinates and s the spin quantum numbers.
The localization of particle ¢ results in the wave function

Ly ¥(Q) x(r,5) = G(q" — =) ¥(Q) x(r,5).

The structural wave function x(r, s) is strongly peaked around a value 7 of
the internal coordinates, the width Ar of x(r, s) being typically of the order of
10~% cm or less. The only exception to this situation is that of superconducting
states, which must be considered separately. Let a be such that

Ar < a.

In such conditions, considering the position g* of particle ¢ with respect to the
center of mass, 4 ,
¢ =q'(r)+Q,
one can put in the Gaussian function appearing in the definition of Ii;
q' ~q'(r0) +Q,
so that N ‘
Ly (Q) x(r,s) ~ G(Q — (x = q'(r0)) ) ¥(Q) X(r, 5)
= GV(Q - X")W(Q) x(r,s) = (LE #(Q))x(r, ).
The probability density for the occurrence of X' = a — qi(ro) is

pr(X') = pr(z) = [|ILL x| = (LS 9| = I 2.

One can see that, in the considered conditions, the localization process does
not affect the structural wave function of the system, and the localization of a
single constituent particle entails a localization of the same type of the centre
of mass. The process enjoys compoundation covariance, the frequency of the
localization of the centre of mass being given by

Acm. = Zz Ai

A possible choice of the width and frequency parameters satisfying the re-
quirements of sect. 2 is
a~107° cm,

1/Anucleon &~ 10'%s & 3-10% years  ie.  1/A(1y ~2:10%s.
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6 Physical Consequences of the GRW Process

A single microscopic particle suffers localizations with frequency A. Since A is
tremendously small, the Schrodinger equation remains fully valid even if the
wave function of the particle is extended over a macroscopic region.

In the case of a system of N independent particles, e.g. a beam, the wave
function has the form

w(qas) = ¢1(Q1»31) . 7/’1(‘1“ Si) . 1Z)]\f(qus]\f)

Then N N
Li(q,s) = 1(ay, s1) - - (Lopwi(gs, si)) - - Un (@, sn),

so that a localization of particle i affects only that particle. The overall frequency
is > ;A\, but the relevant quantity is the fraction of particles which suffer a local-
ization in a time unit, i.e. ) . A;/N, which again is small. Interference experiments
with the beam are undisturbed.

If N particles form an object, the internal wave function is unaffected, as we
have seen. If the object is macroscopic, since A is large, its position as a whole is
rapidly made sharply definite. This is just the result desired in connection with
the measurement problem.

7 A Familiy of Continuous Stochastic Processes
in Hilbert Space

I look now for a continuous stochastic process in Hilbert space having the same
physical effects as the previous discontinuous process. Let me start with the (It6)
simple stochastic differential evolution equation

) = | -3 Hdi + g AdB| )

where A is a selfadjoint operator, and B(t) is a Wiener process such that

dB(t) =0, (dB(t))? = dt. (1)
The above equation does not conserve the norm of |¢). To get norm conservation,
one can first introduce a counterterm such that the norm is conserved in mean,

djy) = —%f{dH—gAdB— L g2 A2 at| |y),

then further modify it so that the norm is conserved individually, by replacing
A with the nonlinear operator

Ay =A— (W|Aly),
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getting finally [9]
i N N
djy)y = —£Hdt+gAde—%QQ(Aw)2dt [4). (2)

This is precisely the infinite frequency limit of a discontinuous process of the
previously considered type in which the quantity A is made sharp through the
repeated action with mean frequency A of the Gaussian operator

LA =G(A-a),

the limit being taken with the prescription

Y
A—00
where « is the accuracy parameter appearing in G.
One can prove directly (without reference to the corresponding discontinuous

process) that the evolution equation with the stochastic term alone
d) = [g Ay dB — § 2 (Ay)* ] )
has the effect
|1/]> —_— pe|w>/||pew”a Pr(e) = Hpe"/}HQv (3)

t—o0

where P. is the projection operator on the eigenspace of A belonging to the
eigenvalue e (with obvious modifications in the case of continuous spectrum). If
both the Schrodinger term and the stochastic term are kept, the net result will
depend on the competition of the two evolution processes.

It will be necessary in the following to induce several compatible quantities
to have sharp values. This can be done in different ways.

Let A™ be a set of commuting selfadjoint operators. Associate with it a set
of independent Wiener processes By, () such that

dBo(t) = 0, ABoy () ABr (1) = St (4)

and replace the single stochastic term in eq. (2) by a sum of similar terms. The
resulting evolution equation is

) = [-F B+ Y adpas, 1Y @dpral . o

If the Schrodinger term is dropped the limit for large ¢ of [¢)) is given by eq. (3)
where P, are the projections on the common eigenspaces of the operators Am.

A different structure of the evolution equation is obtained if a unique Wiener
process B(t) with the property (1) is associated to the set of commuting selfad-
joint operators Al. The operator g/l is replaced in eq. (2) by the selfadjoint sum
> glAl. The resulting evolution equation is

dj) = [—;HdtJer g AL dB -} (Zlglflip)g dt] ). (6)
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If the Schrodinger term is dropped the limit for large ¢ of [¢)) is given by eq. (3)
where P, are the projections on the eigenspaces of the operator Zlgl/ll.

In the case of a set of commuting selfadjoint operators depending on two
index variables Alm, one can proceed in the second way for the index [ and in
the first way for index m, i.e. associating a set of independent Wiener processes
B, (t) with the property (4) to the set of operators Zlglmfllm. The resulting
evolution equation is

i - A N2
djy) = H Hat+> 3 g A B = 13" (3 g dl) dt] ).
(7)
If the Schrodinger term is dropped the limit for large ¢ of |¢) is given by
eq. (3) where P. are the projections on the common eigenspaces of the oper-
ators Zlglmfllm.

As an example of the formalism described above, let me get the continuous
version of the GRW process. In the discontinuous version there is an independent
localization process for each particle and for each space axis. The correspond-
ing continuous process is obtained from the evolution equation (5) through the
identifications

m — i particle index,
Am — q' position operator of particle 1,
B, (t) — B,;(t) a vector Wiener process for each i,
dB;(t) =0, dB;(t)dB(t) = 6;;1dt,
Im — 9 g =X\i/a?,

where I is the unit tensor. The resulting evolution equation is

aJy) = {_;ﬁdw > dl-aB-3Y o () dt} . ©®

Its physical consequences, for sufficiently long times, are the same as those of
the discontinuous process.

8 Spontaneous Localization of a System
of Identical Particles

In the case of identical particles, the positions g, of individual particles are no
more dynamical variables of the system. Correspondingly, the GRW process and
its continuous version (which both act making sharp the g,’s) do not respect the
correct symmetry of the wave function.

The simplest way to introduce a localization process in the case of identical
particles (a single kind, for the moment) is replacing the operators “positions
of the various particles” by the operators “number densities around the various
space points” as the operators which are made sharp by the process. This can
be obtained from eq. (5) through the identifications
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m — x space point,

Am — N®  number—density operator around x,
B, (1) — B, (t) stochastic field such that

dBgz(t) =0, dBg(t)dBg(t) =09(x — a’) dt,
Gm — g independent of x
for the sake of translational invariance.

The resulting evolution equation is
s 3., AT 1.2 /[33 \TL 2
dg) = |- Hdt +g[dPe N7dB, — 4 g d:c(Nw) atl ). (9)

The number—density operator N?® can be defined, in second—quantized language,
as

NT — ZS/dBm/G(s)(x/ —z)a'(x,s)a(x,s), (10)

where

1

. 9 1

Gx) = N3exp (f%(m/a) ) , N = (273@2> )

The stochastic terms in eq. (9) with N* given by (10) and (11) define the sponta-

neous localization process for identical particles (GPR) [10]. It is strictly equiv-

alent to a previous proposal [11] introduced as a modification of eq. (8), without

consideration of the number—density operator.

The width a of the Gaussian (11) must be large enough to avoid fluctuations

on a microscopic scale, and small enough to allow significant variations on a

macroscopic scale of the resulting density. In spite of the different meaning, its

order of magnitude must be nearly the same as that of the width « appearing
in the localization operator of the GRW process. A sensible assumption is

a~10""cm.
The parameter g measures the intensity of the coupling to the stochastic field.
We shall see that a reasonable value is

g>~1073%cm?s7! (for nucleons) .

I shall discuss compoundation covariance of theories of this type in the case

of several kinds of identical particles.

9 Spontaneous Localization of a System of Several Kinds
of Identical Particles

There exist two natural generalizations of the GPR process to the case of several
kinds of identical particles.
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In the first case one introduces independent stochastic fields for the different
kinds of particles. Each particle field is coupled to its own stochastic field via its
own coupling constant. The evolution equation is obtained from eq. (5) through
the identifications

{ k kind—of-particle index,

m — .

T space point,

Am — Nk number—density operator of particles k£ around «,

B, (t) — By (t) set of stochastic fields such that
dBkw(t) =0, dBkw(t)dBk/w/ (t) = g 09 (x — :B/) dt,
Im — Ik independent of x
for the sake of translational invariance.

The resulting equation is

i 2
) = [—;i ma+y gk/d?’w Ni*dBr — 3> g,i/d?’w (Nj;w) dt} 1) .
(12)
Equation (12) defines the independent—fields spontaneous localization (IFSL)
process.
Alternatively, one introduces a universal stochastic field to which each par-
ticle field is coupled via its own coupling constant. The evolution equation is
obtained from eq. (7) through the identifications

l — k kind—of—particle index,
m — x space point,
Alm — Nk number—density operator of particles k£ around «,
B, (t) — B (t) universal stochastic field such that
dB.(t) =0, dBg(t)dBg (t) = 6®(x — ') dt,
Jim — Gk independent of @

for the sake of translational invariance.

The resulting equation is

i . RN
dly) = {—tht—F Py g NidB, - %/d?’ac (Zkgk Nk ) dt} ) .
(13)
Equation (13) defines the universal-field spontaneous localization (UFSL) pro-
cess.

10 Compoundation Covariance of IFSL and UFSL
Processes — Mass-Density Process

Let the system consist of objects, of various kinds labelled by the Greek index x,
each object consisting in turn of constituent particles, of various kinds labelled
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by the Latin index k. We assume that objects of all kinds are microscopic, in
the sense that their linear dimensions are smaller than the width a appearing in
the definition of densities.

The IFSL and UFSL theories, when applied to constituent particles, are
specified by the couplings gp of constituent particles of kind k to their own
stochastic fields By () in the case of the IFSL theory, to the universal stochastic
field B, (t) in the case of the UFSL theory. Similarly, when objects are considered
as constituent particles, the same theories are specified by the couplings g, of
object particles of kind x to their own stochastic fields By (t) in the case of
the IFSL theory, to the universal stochastic field Bg(t) in the case of the UFSL
theory.

Compoundation covariance imposes relations between the couplings g and
gx in terms of the numbers n,y of constituent particles of kind k£ in objects of
kind & [12].

In the IFSL case the condition of compoundation covariance is

2 2
E knnk Ng'k 9, = 9k 6/&%’ .

For k # «' the right hand side is zero, so that, except for the case in which there
is only a single kind of objects, the only solution is that in which all ¢g’s are zero.
Therefore, the IFSL process does not enjoy compoundation covariance.

In the UFSL case the condition of compoundation covariance is

anﬁk 9k = k- (14)

Therefore the UFSL process enjoys compoundation covariance provided the g’s
are additive. Since in nonrelativistic theories masses are additive,

my = E knnk: mg,
a natural solution of condition (14) is
mg my
gk = 9o ’ 9x = 90 )
mo mo
myg being a reference mass and gy a universal constant, i.e.
Mg
9k =90 ——
mo

for any kind K of microscopic particle, compound or not.
If that choice is made, a process is obtained in which the mass densities
around each space point are made sharp. The evolution equation is

N g0 A 90 2 re 2
) = [~Eirars 2 oo dizas, - (2 oo (313) | ). 09

where

i =3 my e,
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A reasonable assumption for the width a appearing in the definition of den-
sities and for the coupling g¢ to the stochastic field is

a~107° cm, gg ~ 1072 cm? S_l,

having taken the proton mass as the reference mass my.

11 Physical Effects of the Mass-Density Process

Consider first a single (elementary or compound) microscopic particle of the
kind K. It is understood that its linear dimensions are smaller than a. It can be
shown [10] that, for the single particle, the mass—density process is equivalent
to its localization within a volume of linear dimensions a with an effective mean

frequency equal to
3

2 3
mg 1 2

e = g2 | 2 )
" go<m0> (47Ta2>

Using the values of a and gy proposed in sect. 10, one finds for example

o 1n—23 —1 o 1n—17 =1 o 1n—12 —1
Aelectron = 10 s )\proton ~ 10 s )‘A:25O ~ 10 s .

The localization process is negligible for all microscopic particles.

For any macroscopic object whose structure is such that the component par-
ticles are well localized in comparison with a, it is easily shown [10] that the
structural wave function is practically unaffected by the process. On the other
hand a localization process acts on the centre—of-mass wave function. Two kinds
of effects must be estimated in connection with the localization of the centre of
mass.

First we are concerned with the reduction effects. It can be shown [10] that the
off-diagonal elements of the centre—of-mass statistical operator in the position
representation are damped exponentially at a time rate I" given by

2
F:g(zj <n§0) Vouta

where p is the mass density of the macroscopic object and V;; is the volume
of the object which is uncovered in the two positions to which the off-diagonal
element refers. Reduction is in all cases very rapid. For example, for p = 1 gcm ™3,
Vout = 1075 cm3, one gets

I~ 107s71

A second effect of the localization process is a certain amount of stochasticity
that it necessarily introduces in the motion of macroscopic objects. This kind
of effect can be intuitively understood by noting that squeezing position implies
widening momentum, so that successively propagation enlarges the spread of
final positions. In order that the classical behaviour of macroscopic objects be
not contradicted, it has to checked that the effect is negligible. It can be measured
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by a quantity having the meaning of momentum diffusion coefficient, whose value
in the direction of n is [10]

1 3 0 2
232
Dp=goh (47ra2> (mo> 51

where S is the section of the object transverse to nm. This formula was derived
for a parallelepiped and for n parallel to its edges, but it is anyway meaningful
as an indication of order of magnitude. For p = 10gcm ™2, S| = 1cm? one gets

D, =~ 10730 (g cm 5_1)2 s,

It is seen that the effect is very small.

The effect of spontaneous localization on superconducting internal states,
where electron wave functions are extended, must be studied separately. It was
shown [12] that suppression of supercurrents is negligible and that reduction of
superpositions of different supercurrents due to spontaneous localization is slow
compared to reduction due to other causes.

12 Conclusion

I have shown that the program outlined in sects. 1 and 2 of working out a re-
duction theory could be realized. Spontaneous localization played an essential
role in that, because of its characteristic property of cumulating, in the case
of macroscopic objects, effects which are negligible at the level of microscopic
constituents. In conjunction with the quite realistic assumption that apparatus
always contain macroscopic parts located in macroscopically—separated positions
in the different final states, it provides a satisfactory theory of quantum mea-
surement.

I want to emphasize the role, in working out the theory, of the principle
of compoundation covariance. In the case of the GRW process, the exigence of
checking its validity led to the discovery of the cumulative property. In the case
of the mass—density process, it provided a convincing argument to favour such
a process rather than other possibilities.

People, including myself, can believe in the whole edifice, or not, or be ag-
nostic. In any case, I think it was worth while to show that it could be done.
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Abstract. This is a short review of the consistent histories approach to quantum me-
chanics. After a short description of Bohr’s and von Neumann’s approach to quantum
mechanics the notion of history will be defined and the determination of probabilities
of histories will be discussed.

1 Introduction

One will be concerned here with three questions about probabilities and the
interpretation of quantum mechanics. The first one goes back to Thomas Bayes,
when a logical inference “a implies b” is expressed by means of a conditional
probability
p(bla) =1, (1)
one may then ask the question:
1. Is the logic of quantum mechanics Bayesian?

The second question has to do with the opposition of probabilism versus deter-
minism. When Max Born discovered the randomness of quantum mechanics, the
question “why probabilities ?” was immediately raised. Emphasis has changed
by now. Quantum mechanics has been vindicated so universally and precisely
that one would rather look at the macroscopic world as obeying quantum laws
and ask:

2. Why is there determinism?

A third question is concerned with the interpretation of probability calculus and
it was apparently first asked by Emile Borel:

3. Do very small probabilities make sense?

This neglected question came back recently to the forefront of physics with the
interest for decoherence, because the discussions about the meaning of this effect
always amounted to the meaning of very small probabilities.

These three questions are central in the interpretation of quantum mechan-
ics by means of consistent (or decohering) histories, and I will therefore also
summarize this interpretation [1].

J. Bricmont et al. (Eds.): LNP 574, pp. 149-156, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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Though originally an independent approach, consistent histories were soon
found to yield answers for the problems of interpretation very close to the or-
thodox ones. A convenient way for introducing histories is therefore to pin down
a significant difference between two main versions of the “orthodox” interpre-
tation. One of them, the Copenhagen interpretation by Bohr, Heisenberg and
Pauli, deals directly with hard problems such as the meaning of measurements
or the relation between macroscopic and microscopic physics. A second version
of interpretation, by von Neumann, is more directly concerned with logic. The
theory of histories[2—4] can be seen as a missing link between the two approaches:
it relies on von Neumann’s well-defined assumptions and, after having solved a
few non-trivial problems, it can turn most of the Copenhagen rules into so many
theorems, and even correct a few of them.

2 The Bohr Approach

The basic statements of the Bohr interpretation are well known:

1. The state of a physical system is described by a wave function (or a state
vector).

2. Classical physics is taken for granted. One cannot apply the quantum for-
malism to a macroscopic system, whose main features are described on the
contrary by classical physics.

3. Correspondence. The opposition between classical and quantum physics is
slightly alleviated by a (rather fuzzy) assumption of continuity between
them: the correspondence principle.

4. Complementarity. This is again a principle, stating that two different repre-
sentations of a quantum system by means of classical concepts cannot hold
together (at least generally). One must choose to speak either of a wave or
a particle and, when speaking of a particle, one must either consider its po-
sition or its momentum. The relevant choice is dictated by the experimental
setup. Complementarity has drastic logical consequences since it disagrees
with standard realism.

5. Measurements are essential for an understanding of quantum physics (This
is a consequence of Point 2: measurements provide the sole link between
microscopic quantum physics and macroscopic classical physics).

6. Randomness. The possible results of a measurement are occurring at random.
The relevant probabilities are given by Born’s rule. Notice however that
according to Rule 2, classical determinism is valid at a macroscopic level.

7. Reduction. Bohr’s construction is crowned by the reduction rule (or “wave
function collapse”), which was often believed to express a genuine physical
effect.

3 The Von Neumann Approach

Von Neumann’s approach is substantially different from Bohr’s, particularly
through the following epistemic principle standing behind it:
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1. There is only one kind of physical laws and they are given by the quantum
principles.

These principles involve essentially (i) the Hilbert space mathematical formalism
; (i) relativistic — or galilean — invariance under a change of reference frame and
(iii) Heisenberg-Schrédinger dynamics for the observables or the wave function.

Von Neumann tried to derive a measurement theory from these principles,
because his epistemic approach implied that they should generate their own
interpretation. He also made an important remark concerning the language of
physics and its relation with the mathematical formalism:

2. Every property of a quantum system asserts that “the value of some observ-
able A(t) is in some range A of real numbers”. This property (or “elementary
predicate” as he called it) is associated with a projection operator in Hilbert
space (namely the operator

P = Z a,n){a,n|, (2)

acA
an eigenvector of A(t) with eigenvalue a being denoted by |a,n)).
Von Neumann encountered however three major problems:

(i) He found that macroscopic entanglements are generated by a quantum mea-
surement, a remark to become famous with the example of Schrédinger’s
cat.

(ii) He could not extend the quantum predicates to the case of classical proper-
ties, as they hold for a macroscopic system.

(#i) The elementary predicates did not obey the standard rules of logic.

In contrast with the philosophically minded Bohr approach, von Neumann’s one
is more promising because it ends up with three well-defined problems. One has
“only” to solve them. This task has now been achieved: Problem (%) is solved
by the decoherence effect [5-9]. Problem (ii) is solved by using coarse graining
[4,10] or, more conveniently and more directly (in my opinion) by the powerful
mathematical techniques of microlocal analysis [11]. Finally, Problem (%ii) is the
task of “consistent” histories.

In my own view, the first two ideas are essential for a real understanding
of interpretation. The case of histories is different. I would agree that one can
understand quantum mechanics without them, just as much as one can dig a big
hole with a shovel rather than an excavating machine. Histories make interpre-
tation simpler, because they provide a language for it. This language is sensible,
because it agrees with conventional logic, and universal, because it covers both
quantum (microscopic) and classical (macroscopic) physics.

4 The Notion of History

Almost every textbook or experimental paper is full of histories. It describes an
experiment by explaining which kind of experimental devices have been used
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and how they worked; it also mentions which kind of physical events occurred
or were supposed to occur among atoms and particles.

The idea of histories [2] was to describe an experiment as a series of mi-
croscopic events, using von Neumann’s framework. Every event is expressed by
a projection operator Py (ty) where ¢, denotes the time at which a relevant
property is supposed to occur. The whole experiment, at least as far as micro-
scopic events are concerned, is therefore described by a sequence of projections
{Pi(t1), Pa(t2) - - - Pn(ts)}. This is called a history.

But the idea is not restricted to microscopic events. Histories have been ex-
tended to include the essential features and the detailed working of experimental
devices, after solving von Neumann’s Problem (%i). It goes as follows: A classical
property differs from a quantum property by asserting simultaneously the values
of a position observable in some interval with a width Aq and of the correspond-
ing momentum in an interval Ap (with Aq- Ap < h). This property can still be
expressed by a projection operator, or rather a set of equivalent projections.

There are three ways for obtaining this result:

e The most general method relies on microlocal analysis, which is the most
powerful mathematical technique for the study of linear operators [11].

e One can also follow Klaus Hepp [12] and use coherent states |g, p), i.e. Gaus-
sian wave functions where ¢ and p denote the average values of position and
momentum. The construction of the operator P is particularly simple since
it is given by

P =/ lq,p){q, pl dgdp/h, (3)
AgxXAp

e Finally, one can use a coarse-grained description of matter in the macroscopic
device, decoherence implying in that case a classical behavior [4,10].

Whichever approach is used, it shows that the classical description of macro-
scopic physics is a special case of the quantum description so that, from there
on, I will consider histories as including every relevant feature (microscopic or
macroscopic) in an experiment.

5 Probability of Histories

One can define a probability for a history such as {P;(¢1), Pa(t2) ... Py(tn)} (to
be denoted by a). To do so, one must introduce a complete family of mutually
exclusive histories. (In some of these histories, for instance, a scattering of two
particles occurs whereas, in another history, their collision ends up in a reaction).
One can then define the probability of history a: Let the product C, = Py (¢1) -
Py(tg) -+ Py(t) denote a “history operator” and ¢ denote the density operator
for the initial state of the system (including the state of the experimental devices)
at a time earlier than t;. Then one has

Pa = tI’{C}; 0 Ca} . (4)
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In order to satisfy the basic properties of probabilities, and particularly their
additivity, the family of histories should not be arbitrary. It must satisfy the
following consistency conditions [2]:

Real part of tr {C] 0 C,} =0 (5)

for two different histories, a # b.

One may wonder whether expression (4) is unique. Goldstein and Page [13]
conjectured it is not but, recently, G. Nistico [14] proved uniqueness under simple
assumptions. The idea consists in noticing that the beginning of a history, say
from time t; to tg, is also a history. The probability for the complete history a
going from ¢; to t, can then be written as

Pa = pi - p(nlk) , (6)

where py, is the probability for the initial part of history a (from #; to t;) and
p(nlk) a conditional probability for the later part of history a (from t;41 to ),
assuming the initial part as given. If the probabilities of histories (including so-
called “compound histories”) and the conditional probabilities satisfy the axioms
of probability calculus, one finds that Eq. (4) is necessarily valid and the con-
sistency conditions (5) must hold. (These conditions, for instance, eliminate as
inconsistent a description of an interference experiment trying to assert through
which path a particle has gone).

6 Histories and Logic

There is a close connection between our Question 1 (Is logic founded on prob-
abilities?), von Neumann’s problem (%) (propositions do not generally satisfy
the standard rules of logic) and the meaning of consistent histories.

One can extract a lot of propositions from a consistent family of histories
(e.g. the statement of an elementary event P (t) or a whole history). The logi-
cal operations “and, or, not” are easily defined on the set of propositions. Logical
inference a = b (a implies b where a and b are two propositions) is then every-
thing needed for using elementary logic. Introducing the conditional probability

p(bla) = p(a and b)/p(a) , (7)

one can show easily that Condition (1) is a correct definition of inference and
the standard rules of logic are satisfied.

One then stands on a firm logical ground for interpretation and the answer to
Question 1 is that the statements about an experiment are related by Bayesian
inference. It should be noticed that most propositions are not expressed by a
unique projection, but by a set of projections (as obvious in the case of a history).
This is how one avoids the logical difficulties with von Neumann’s third problem.
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7 Complementarity

Complementarity is no more a fuzzy philosophical principle in the history formal-
ism. It means only that different consistent families of histories can sometimes
account for the same microscopic events (if for instance one of them states a
position property and the other one a momentum property, for the same object
at the same time). It means that histories cannot pretend to restore realism in
the quantum world.

I will seize this opportunity for putting an end to a controversy. Bernard
d’Espagnat asked whether because of complementarity there is a notion of truth
(or reality) in the history description of quantum events (outside the truth of
classical data) [15]. I proposed such a definition [16] and it was disproved by Fay
Dowker and Adrian Kent [17]. They were right though, fortunately, the truth
of data is enough for interpretation [1]. T should mention however that some of
Dowker and Kent’s conclusions are overstretched because of their reliance on
purely algebraic arguments, taking no account of decoherence.

8 The Question of Determinism

There is an important case when complementarity does not enter. It occurs
with a purely classical device when no quantum measurement (or anything like
it) is acting. Histories can still be used and they involve only classical proper-
ties (though still relying on quantum principles). The resulting classical logic
is unique and in complete agreement with the observed uniqueness of empirical
reality.

What about determinism in that case? Determinism is essentially a logical
equivalence between two classical properties holding at different times: one of
the properties can state for instance that an apple starts from up a tree with
zero velocity whereas the other property states that the apple has fallen below
the branch it started from.

Determinism holds in that case (i.e. the logical equivalence it stands for is
correct) with a probability pge;. This probability is most often very close to 1.
The main point is that determinism is then cast into a probabilistic framework
(taking into account a very small probability for its failure).

The mathematics of semiclassical physics standing behind this result are
rather involved and they rely on a famous theorem in microlocal analysis by
Egorov [18]. The proof of this theorem shows exceptions where pget is not close
to 1 and determinism does not hold. Examples are provided by a chaotic motion
extending down to the Planck scale h in phase space or the existence of very
narrow potential barriers. These exceptions, which can be directly read out from
the proof of Egorov’s theorem, confirm obviously the soundness of the approach.

9 Decoherence

One can learn much by looking at the trace in (4) for the probabilities or (5) for
the consistency conditions. It is convenient to consider the trace as a summation
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over three different kinds of degrees of freedom: (i) those of atoms or particles
undergoing a measurement () the degrees of freedom for the main features of
experimental devices (i.e. those of classical physics), (4ii) the very large number
of “ignored” degrees of freedom describing the atomic substance of the apparatus
and the external environment (atmospheric molecules, external light and so on).
Equivalently, one might formally consider the whole physical system as made of
three interacting subsystems: the relevant particles, a collective (classical) system
and a so-called “environment” involving the innumerable degrees of freedom on
which there is no information.
The trace can then be thought of as made in three steps:

e First on the environment. The result is most often decoherence.

e Then a trace is made over the collective degrees of freedom, resulting in
external conditions on the particles.

e Finally, the trace over the particles degrees of freedom is performed, as it
was first introduced by Griffiths.

Decoherence is essentially a destruction of macroscopic interferences, an effect
which has been much investigated theoretically and recently observed experi-
mentally [9]. It removes macroscopic entanglements and its consequences are
essentially the same as a reduction process.

10 Small Probabilities

Two main aspects of the history interpretation are the inclusion of classical
physics (with determinism) in the quantum framework and the replacement of
reduction by decoherence. These assertions are so important that there is no
surprise in hearing controversies about them. As far as I know, all the controver-
sies turn around the meaning of very small probabilities or they can be brought
back to it. Here are some examples:

e Determinism and classical statements are approximate: there is always a
small probability for their violation.

e Measurement data are never absolutely disentangled: there is always a tiny
probability for incomplete decoherence.

These small probabilities are unavoidable when quantum mechanics is supposed
universal. It is clear for instance that in a toy model of the universe contain-
ing, say, 33 particles, there could be some determinism or decoherence but not
much. The probabilities for violating determinism or maintaining macroscopic
entanglements are on the contrary very small in the practice of physics (they are
given typically by an exponential whose exponent contains some power of h=1).
They have no consequence on observation and they can only influence, in some
sense, our vision of the world, i.e. the philosophy of science.

Let us define for convenience a very small probability as so small that no
man-made apparatus can measure it (or even an apparatus containing less mat-
ter than the observable universe). Some investigation on this question can be
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made, involving of course a precise calculation of the relevant probabilities and
the possibility of measuring them. What is then the meaning of very small prob-
abilities? This is the main question for deciding whether the present new version
of interpretation is satisfactory.

I only know as an answer the one by Emile Borel [19]: Very small probabilities
are empirically and philosophically meaningless and they should be considered
as strictly zero. This is the Zero-th axiom by Borel in his interpretation of prob-
ability calculus. Too small probabilities not only correspond to nearly impossible
events but, were one of these events to happen, it would be impossible to repro-
duce it. The interpretation of probabilities seem therefore to stand prior to the
interpretation of quantum mechanics, though one is then obviously dealing with
philosophical options with no practical consequence.

The question: “do very small probabilities make sense?” is certainly of some
interest in a meeting such as the present one. Much of the philosophical aspects
of the interpretation of quantum mechanics may hinge on it. Does one need for
instance microscopic realism as Bohmian mechanics assumes? Does one need
some physical reduction mechanism? Certainly not if very small probabilities
are physically meaningless so that one may be completely satisfied with a world
obeying standard quantum mechanics.
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Space Time and Probability

Simon W. Saunders

Sub-Faculty of Philosophy, University of Oxford, 10 Merton St., Oxford OX1 4JJ, UK

Abstract. Within the consistent history formalism we show how non-epistemic prob-
ability can enter in Everett’s Interpretation within a relativistic context.

1 Introduction

Special relativity is most naturally formulated as a theory of spacetime geometry,
but within the spacetime framework probability appears to be a purely epistemic
notion. It is possible that progress can be made with rather different approaches
— covariant stochastic equations, in particular — but the results to date are not
encouraging. However, it seems a non-epistemic notion of probability can be
made out in Minkowski space on Everett’s terms.

I shall work throughout with the consistent histories formalism. I shall start
with a conservative interpretation, and then go on to Everett’s.

2 Probability in Consistent Histories

In the consistent histories approach histories are represented by ordered products
of Heisenberg-picture projection operators, of the form

C(a(n,—m)) = Py, (tn)--.Pay (t1) Pag (t0) Po_y (t—1) ... Pa_, (t—m)- (1)

Here a(n,—m) is the ordered sequence of variables (a,,...a_,); its values are
histories. (As is usual, variables will on occasion stand for values as well. I shall
also write a, o', etc. where beginning and end points of histories do not need to
be made explicit.) Each variable oy, where k € {n,...—m}, ranges over subspaces
of Hilbert space as defined by a resolution of the identity, i.e. a pairwise disjoint
set of projections {P,, (t;)} which sum to the identity. Histories, therefore, are
ordered sequences of sub-spaces of Hilbert space. The question of which set of
projections is to be selected at each time is a version of the preferred basis problem
of quantum mechanics. I shall come back to this presently; for the time being,
for the sake of concreteness, suppose the spectrum of each projection is a subset
of the configuration space of the system (call it an outcome). The probability of
the history a(n, —m) given state p (which may be pure or mixed) is:

Pr(a(n, —m)) = tr(C(a(n, —m))pC(a(n, —m))"). (2)

J. Bricmont et al. (Eds.): LNP 574, pp. 157-165, 2001.
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This quantity can be obtained by repeated application of Luders’ rule, supposing
the projections of (1) to be measured sequentially, conditionalizing the state on
the outcome in each case.

The conditional probability of history a(n, 1), given history «(0, —m) (“fu-
ture outcomes conditional on the present and the past”) — assuming the latter
has non-zero probability — is:

tr(Cla(n, 1))C(a(0, —m))pC(a(0, —m))*Cla(n, 1))")
tr(C(a(0, —m))pC(a(0, —m))*) -
These quantities are real numbers in the interval [0, 1]. The sum of the probabil-

ities for all such histories (holding the conditions fixed) is equal to one. Neither
property holds for the retrospective conditionals, of the form:

Pr(a(n,1)|a(0, —m)) =

tr(C(a(0))Cla(=1, —=m))pC(a(=1, —m))* C(a(0))")
tr(C(a(0))pC((0))") @
(“past outcomes conditional on the present”). A condition that ensures that

these too are correctly normalized and sum to one is the so called consistency
condition (also called the weak decoherence condition) [5,10]:

Pr(a(-1, -m)|a(0)) =

a#a = tr(Cla)pC(a)") + tr(C(a’)pC(a)*) = 0. (5)

Consistency is a restriction on the preferred basis. As it stands it is a weak
constraint [2]; it is more stringent if it is to hold on variation of the state.
Certain variables, and associated spectral decompositions — integrals of densities
that obey local conservation laws, for example — habitually decohere [6].

The consistency condition is not needed to ensure normalization and addi-
tivity of probability for histories in the predictive case. We can dispense with it
in the retrodictive case as well; we need only replace the denominator in (4) by:

Y. w(C(a(0,—m))pCa(0, —m))"). (6)

(g )

But this strategy is seriously deficient when we consider the algebraic structure
which histories inherit from their definition. For example — the one we have at
the back of our minds — consider outcomes as subsets of configuration space.
As such they inherit the structure of a Boolean algebra. One outcome can be
contained in another by set inclusion, and this generalizes naturally to histories:

an, Cal,..,a; Ca) < aln,—m)) C o' (n,—m). (7)

The Boolean operations of intersection and union extend to histories as well. If a
probability measure on this space of histories is to respect this Boolean algebra,
then:

Pr(aUqa’) = Pr(a) + Pr(a/) — Pr(ana’). (8)
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This condition is not in general satisfied when probabilities are defined by (1, 2);
nor does it follow on introducing normalization factors such as (6). Using (1) and
(2), from (8) one obtains (5); equation (8) is in fact a form of the consistency
condition. It ensures that the probability measure over histories respects the
natural set-theoretic relations that follow from coarse-graining.

In physical terms, an outcome consists in values of certain variables (in our
case, configuration space variables) having values in designated intervals of re-
als. On partitioning these intervals one obtains new, finer-grained outcomes, and
new, finer-grained histories. The sums of probabilities for non-intersecting histo-
ries should equal the probability of their union; this is the consistency condition.
The analogous condition is automatically satisfied by histories in the pilot-wave
theory, where — because deterministic — it is equivalent to an additivity require-
ment for probabilities of disjoint subsets of configuration space at a single time.

Consider now the interpretation of probability. Although the notation for
histories, including the time tg, is suggestive, it does not in fact imply that “the
present” is in any way preferred; it only reflects, let us say, our particular loca-
tion in a given history, the one which is actual. We suppose it is a consistent
history. We suppose, moreover, that although the available data is necessarily
approximate, telling us that variables take values in certain intervals, there is
all the same a unique, maximally fine-grained, history of events — the one which
actually occurs. We proceed to assign probabilities for all such fine-grained his-
tories, conditional on the coarse-grained history fixed by the available data. The
conditional probabilities of (3) and (4) are special cases of them. But if the ac-
tual history is maximally fine-grained — no matter that we do not know what
it is — then the probability of every possible outcome at every time, conditional
on the actual history, is either zero or one. The only non-trivial notion of proba-
bility available can only concern incompletely specified histories, histories which
can be further fine-grained (whilst still satisfying the consistency condition).
Probability is epistemic.

This framework as it stands cannot be cast in relativistic form, but there
is a near neighbour to it, where the preferred basis concerns subsets of the
spectra of self-adjoint quantities built out of algebras of local fields. The various
measures and the consistency condition can in turn be expressed in terms of path
integrals [7]. There seems to be no fundamental obstacle to extending this notion
of spacetime probability to relativistic quantum theory. But the probabilities
arrived at in this way are all epistemic.

3 Probability in the Everett Interpretation

There is no non-epistemic notion of probability consistent with relativity theory
because relativity requires the tenseless spacetime perspective, and that in turn
forces an epistemic notion of probability.

There has been plenty of debate in the philosophy literature about this ar-
gument [12,9,16]; here I wish only to show that there is certainly a loophole in
it — if one is prepared to follow the logic of the treatment of tense, in moving
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to the spacetime perspective, to include the treatment of the determinate and
indeterminate as well.

Suppose as before that the present is not in any way privileged — that the
question of what is “now”, like the question of what is “here”, is simply a matter
of where one happens to be located (in space-time). Now extend this analysis
to “determinateness”. We are to view these terms as what philosophers call
indexicals, terms whose reference depends on the context of utterance. But in
conformity with relativity, suppose that such contexts are ineluctably local; what
is determinate is in the first instance is what is here and now — and, derivative
on this, what has probability one relative to the here and now. If we are to
calculate these probabilities using (3), (4) (and supposing our history space is
in fact a quasiclassical domain [4]), we will obtain pretty much the same results
as using quantum mechanics as standardly interpreted: events in the past which
would have left a record in the present will be determinate; events of a similar
kind, but in the future, will in general be indeterminate; events remote from the
here and now will likewise, in general, be indeterminate This, typically, is our
determinate vicinity. So one would expect on general physical grounds.

We arrive, given the preferred basis, not at a space of histories, but at a space
of vicinities. They are all of them possibilities; the question is which of them are
realized. But it would be quite impossible to suppose that only one of them is;
that would be akin to solipsism, an egocentric or at best an anthropocentric
view of reality. No more can there be only a single “here”. One might suppose
that there is only a single “now”; there are those who believe that the past and
future are not real, or not in the sense that “the now” is real. But it had better
be a global, universal now, or else there is some local spatial vicinity which
has this special status as well — and we are back to the conflict with special
relativity (according to which there is no privileged global notion of “now”).
In non-relativistic physics we have a half-way house, in which moments but not
places can be singled out as real; it is not available in the relativistic case.

We might link up these possible local vicinities, in spacelike and timelike
directions, and thereby arrive at the set of all possible histories. We would be
led back, that is to say, to the framework previously considered, the consistent
histories formalism — and to the epistemic notion of probability already consid-
ered. The only remaining alternative is to suppose that all possible local states
of affairs exist. This I take to be Everett’s approach. All that there is is the set of
vicinities, with all the conditional probabilities defined between them. In physics
we do not only take up an atemporal perspective, situated at no particular mo-
ment in time, we take up an acontingent one, independent of any contingent
event too. But it is a local perspective. It says nothing about which history a
particular vicinity is part of; indeed, one and the same vicinity will be part of
many distinct histories — depending on the probabilities. There is no hint of the
epistemic notion of probability that we had before.

We should be clear on the difference between this and a many histories inter-
pretation. Reifying all the histories of a given history space does not materially
change the situation regarding the interpretation of probability. Probability re-
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mains as before, epistemic. The actual history is the one in which one happens
to be; probability, as before, concerns the measure of histories consistent with a
given coarse-grained description. It makes no difference if they are fictitious or
real.

What is so different about the Everett approach? It is that there is no uni-
vocal criterion for identity over time. There is no fact of the matter as to what
a given actuality will later turn into. Transition probabilities can be defined as
before ((3, 4), where the outcomes now concern local events), but there is no
further criterion of identity over time. This criterion is determinate — one has
a unique future event — only insofar as the probability for that event is one (in
which case it is already part of the vicinity, according to our earlier definition).

It is has been objected by many that the notion of probability is incoherent
in the Everett interpretation [8], but one can hardly insist that for the notion of
probability to make any sense the future must already be settled. The approach
is moreover much less extravagant — and stays within the bounds of what can be
locally defined — than the many histories approach, according to which there are
vast numbers of qualitatively identical local vicinities, a different one for every
distinct history that can accommodate it (a point well-known in the philosophy
literature [1]).

But here I am concerned with the intelligibility of the approach, not its
plausibility. Does probability make any sense on its terms? In every other solution
to the problem of measurement, including many-histories, the future is univocal.
There is a unique fact of the matter as what will actually be. It is by no means
clear that this statement can be coherently denied, or that any meaningful notion
of probability can be made out in its absence.

It is not a conceptual necessity, however. It is obviously unnecessary in the
case of ordinary objects. Whether the Ship of Theseus, parts of which are steadily
replaced over time, remains really the same, or whether it is the ship built from its
parts that is really the original, has been a worry for philosophers for millennia.
No one else has been much concerned by it. If we have any very pressing a priori
convictions on this, it seems they come into play at the level of personal identify;
that there must be a unequivocal notion of identity when we come to human
beings. But this too has been the subject of a long and inconclusive debate in
philosophy.

The problem can be starkly posed [14]. The human brain has remarkable
bilateral symmetry. It can indeed be divided — an operation known as a com-
missurotomy — without obvious deleterious effects (although not as far as the
brain stem and the rectilinear formation). But as shown by a series of classic
experiments [15] the two hemispheres can be made to operate as distinct and
non-communicating centres of consciousness. It is a stretch to take the further
step — and to consider the two hemispheres as physically separated altogether,
so that they may function as separate persons — but it is hard to see why objec-
tions on the grounds of medical feasibility should be germane to the conceptual
difficulty. So let us take this further step. In the process, suppose too that there
is rather greater functional symmetry between the two hemispheres than is in
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fact typical. It follows that following the process of fision there are two perfectly
normal persons each with equal right — and claiming that right — to count them-
selves the same as the person prior to the division. Prior to division, it seems
there can be no fact of the matter as to which of the two one is going to be.

How are we to understand this? One can hardly expect to have some sort of
shared identity, that the two persons that result will somehow think in tandem.
It is unreasonable to expect death — each of the two that result will certainly
say that they have survived; one would be inclined to call it survival if only a
single hemisphere were to remain. So what does one expect? On any behavioral
criterion, the situation is exactly the same as a probabilistic event with two
possible outcomes. We can speak of probability, even though there is no fact of
the matter as to what one will be.

This is a distinctively philosophical thought experiment, but I do not think
it differs fundamentally from physical thought experiments. Unlike many of the
latter, it may even turn out to be practically possible. And I do not see why the
concept of unequivocal identity over time should be retained as sacrosanct, when
so many other basic concepts of space and time have been so radically revised
in physical science.

There remain of course other difficulties with Everett’s ideas — the preferred
basis problem among them. This problem is particularly severe for a one-history
interpretation of history space, where the ontology — the question of what exists
— depends on the answer to it. On reflection, for the same reason, it is just as
bad in a many-histories interpretation. It is ameliorated but not removed in the
Everett approach, where the preferred basis does not determine what ultimately
exists, but only the constitution of particular observers — of which vicinities in
the universal state are habitable [17,13]; but this is a much larger question than
the one that I have been concerned with.

References

1. Albert, D. and B. Loewer [1988] ‘Interpreting the Many-Worlds Interpretation’,
Synthese 77, 195-213.

2. Dowker, F., and A. Kent [1996] ‘On the Consistent Histories Approach to Quan-
tum Mechanics’, Journal of Statistical Physics 82, 1575-1646

3. Everett III, H. [1957] ‘Relative State Formulation of Quantum Mechanics’, Reviews
of Modern Physics 29, 454-62.

4. Gell-Mann, M. and J.B. Hartle [1993] ‘Classical Equations for Quantum Systems’,
Physical Review D47, 3345-3382

5. Griffiths, R. [1984] ‘Consistent Histories and the Interpretation of Quantum Me-
chanics’, Journal of Statistical Physics, 36, 219-72.

6. Halliwell, J. [1998] ‘Decoherent Histories and Hydrodynamical Equations’, Phys-
ical Review D58, 105015

7. Hartle, J. [1989] ‘The Quantum Mechanics of Cosmology’, in Quantum Cosmol-
ogy and Baby Universes: Proceedings of the 1989 Jerusalem Winter School for
Theoretical Physics, ed. S. Coleman, J. Hartle, T. Piran, and S. Weinberg, World
Scientific, Singapore, 1991, pp.65-157.



10.
11.

12.

13.

14.

15.

16.

17.

Space Time and Probability 163

Loewer, B.: [1996] ‘Comment on Lockwood’, British Journal for the Philosophy of
Science, 47, 229-32.

Maxwell, N. [1985] ‘Are Probabilism and Special Relativity Incompatible?’, Phi-
losophy of Science, 52, 23-43.

Omnes, R.: [1988] Journal of Statistical Physics, 53, 933.

Pearle, P. [1990] ‘Towards a Relativistic Theory of Statevector Reduction’, in A.
Miller, ed., Sizty-Two Years of Uncertainty, Plenum Press, New York, p.193-214.
Putnam, H. [1967] ‘Time and Physical Geometry’, Journal of Philosophy, 64,
240-47, reprinted in Philosophical Papers, Vol. 1, Cambridge University Press,
Cambridge, 1975, 198-205.

Saunders, S. [1993], ‘Decoherence and Evolutionary Adaptation’, Physics Letters
A184, 1-5.

Saunders, S. [1998] ‘Time, Quantum Mechanics, and Probability’, Synthese, 114,
p-405-44, 1998.

Sperry, R. [1982] ‘Some Effects of Disconnecting the Cerebral Hemispheres’, Sci-
ence, 217, 1223-26.

Stein, H. [1991] ‘On Relativity Theory and the Openness of the Future’, Philosophy
of Science, 58, 147-67.

Zurek, W. [1994] ‘Preferred States, Predictability, Classicality, and the
Environment-Induced Decoherence’, in The Physical Origins of Time Asymme-
try, J.J. Halliwell, J. Perez-Mercader and W.H. Zurek, eds., Cambridge University
Press, Cambridge.



Hidden Variables, Statistical Mechanics
and the Early Universe

Antony Valentini

Present address: Theoretical Physics, Blackett Laboratory, Imperial College, London
SW7 2BZ, England, and Center for Gravitational Physics and Geometry, Department
of Physics, The Pennsylvania State University, University Park, PA 16802, USA.
Permanent address: Augustus College, 14 Augustus Road, London SW19 6LN,
England.

Abstract. One of the central mysteries of quantum theory is that it seems to be fun-
damentally nonlocal — and yet the nonlocality cannot be used for practical signalling
at a distance. The consistency of modern physics seems to depend on a ‘conspiracy’,
in which nonlocality is hidden by quantum equilibrium noise . It is as if there is an
underlying nonlocality which we are unable to control because of the statistical charac-
ter of quantum events. I explore the possibility of quantum nonequilibrium for Hidden
Variables Theories like the pilot-wave theory of de Broglie and Bohm in the context of
nonlocality.

1 Introduction

One of the central mysteries of quantum theory is that it seems to be fundamen-
tally nonlocal — and yet the nonlocality cannot be used for practical signalling
at a distance. As argued elsewhere [11-14], the consistency of modern physics
seems to depend on a ‘conspiracy’, in which nonlocality is hidden by quantum
noise. It is as if there is an underlying nonlocality which we are unable to control
because of the statistical character of quantum events.

A natural explanation for this peculiar state of affairs is the hypothesis that
quantum probability distributions are not fundamental, but merely represent
a special state of equilibrium in which nonlocality happens to be masked by
statistical noise [11-14]. In quantum theory a system with wavefunction ¢ has
an associated probability distribution given by the Born rule p = |¢|2. This is
usually regarded as a fundamental law. If instead we regard p = [|? as analogous
to, say, the Maxwell distribution of molecular speeds for a classical gas in thermal
equilibrium, the above ‘conspiracy’ takes on a different light: it is seen to be an
accidental, contingent feature of the ‘quantum equilibrium’ distribution p = |+|2.
In a universe that is in (global) thermal equilibrium, it is impossible to convert
heat into work; this is the classical thermodynamic heat death. In a universe
that is everywhere in quantum equilibrium, it is impossible to use nonlocality
for signalling; this is the ‘subquantum heat death’ which, we claim, has actually
occurred in our universe.

J. Bricmont et al. (Eds.): LNP 574, pp. 165-181, 2001.
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The pilot-wave theory of de Broglie and Bohm [4,2,3] offers a concrete model
of this scenario.! A system with wavefunction v is assumed to have a definite
configuration z(t) at all times whose velocity is determined by the de Broglie
guidance equation m = 95/0x, where 7 is the canonical momentum and S is the
phase of ¥ (given locally by S = Almln). The wavefunction v is interpreted
as an objective ‘guiding field’ in configuration space, and satisfies the usual
Schrédinger equation.?

At the fundamental hidden-variable level, pilot-wave theory is nonlocal. For
example, for two entangled particles A and B the wavefunction (x4, x5, t) has a
non-separable phase S(z4,zp,t) and the velocity dza/dt = VaS(xa,zp,t)/m
of particle A depends instantaneously on the position zg of particle B.? How-
ever at the quantum level, where one considers an ensemble with distribution
p(za,2p,t) = |(za,2p5,t)|?, operations at B have no statistical effect at A: as
is well known, quantum entanglement cannot be used for signalling at a distance.

It is worth emphasising that this ‘washing out’ of nonlocality by statistical
noise is peculiar to the distribution p = [|?. If one considers an ensemble of
entangled particles at t = 0 with distribution pg(z 4, 25) # [to(za,75)[?, it may
be shown by explicit calculation that changing the Hamiltonian at B induces an
instantaneous change in the marginal distribution pa(za,t) = [dzp p(za,z5,t)
at A. For a specific example it was found that a sudden change Hp — PAI% at
B - say a change in potential — leads after a short time € to a change Aps =
pA(ang) - pA(an 0) at A given by [12]

Apa = =9 <a(xA)/de b(:cB)po(xA’xB) - WO("TAva)P) (1)

[Yo(ra, zp)[?

(Here a(z4) depends on to; b(x ) also depends on Hl; and is zero if Hy, = Hp.)

For nonequilibrium ensembles py # |10|?, there are genuine instantaneous
signals at the statistical level. This has recently been shown to be a general
feature, independent of pilot-wave theory. Any deterministic hidden-variables
theory that reproduces quantum theory leads, for hypothetical nonequilibrium
ensembles, to instantaneous signals at the statistical level [17].

Note that our inability to see the trajectories — or hidden variables — is also
a contingent feature of equilibrium: the uncertainty principle holds if and only if

! Note that in 1927 at the Fifth Solvay Congress de Broglie proposed the full pilot-
wave dynamics in configuration space for a many-body system, not just the one-
body theory; and unlike Bohm’s reformulation of 1952, de Broglie’s new approach
to dynamics in the 1920s was always based on velocities [16]. The proceedings of the
Fifth Solvay Congress are being translated into English [1].

Pilot-wave dynamics may be applied to fields as well as particles — even to fermion
fields [13,14,16] and non-Abelian gauge theories [16]. Note that the natural spacetime
structure associated with this velocity-based dynamics is Aristotelian spacetime E X
E?, which has an inbuilt natural state of rest [15].

It is being assumed here that the position of particle B could in some sense be
changed while keeping the wavefunction fixed.
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p = [1|? [12].# Heuristically, it is natural to compare our limitations with those
of a Maxwell demon in thermal equilibrium with a gas, whose attempts to sort
fast and slow molecules fail. The common objection to hidden variables — that
their detailed behaviour can never be observed, making their existence doubtful
— is seen to be misguided: for the theory cannot be blamed if we happen to live
in a state of statistical equilibrium that masks the underlying details. There is
no reason why nonequilibrium could not exist in the remote past or in distant
regions of the universe [13], in which case the details of the ‘hidden-variable level’
would not be hidden at all.

Our central theme, then, is the subquantum ‘heat death of the universe’
at the hidden-variable level. How does one account for the quantum noise —
encapsulated by the Born rule p = [1)|?> — that pervades our observed universe
at the present time?

2 ‘Empirical’ Approach to Statistical Mechanics

It will be shown how one may set up an analogue of classical statistical mechanics,
based on pilot-wave dynamics in configuration space [11,13,16]. We shall focus in
particular on an analogue of the classical coarse-graining approach. But first, we
shall address some foundational issues that were not considered in the author’s
original papers.

In what sense might one ‘explain’ the probability distribution p = [t|?, in
the context of a deterministic (and time-reversal invariant) pilot-wave theory?

Say the Moon is now at position P (in phase space) at time ¢. This might be
‘explained’ — using Newton’s laws — by the fact that the Moon was (earlier) at
position () at time tg; and if ¢g is in the remote past, one would in practice deduce
that the Moon must have been at () at time tg, from the observed position P
today. That one has had to deduce the past (@) from the present (P) would not
change our physical intuition that the Moon may reasonably be said to be at P
now ‘because’ it was at @ at tg.

This example may seem remote from statistical mechanics. However, many
workers would object — in the author’s opinion wrongly — that @ at t( is a mere
deduction, and cannot be regarded as a satisfactory explanation for P today.
The argument would be that one would have a satisfactory explanation only if
it could be shown that all — or at least ‘most’ — possible positions of the Moon
at ty evolve into the Moon being at P today. Only then would one have an
‘explanation’ for the present, as opposed to a mere deduction about the past.

If this seems an unfair portrayal of what many workers in the foundations of
statistical mechanics would claim, then consider what is attempted in that field.
The ‘Holy Grail’ has always been to explain relaxation to thermal equilibrium by
showing that all or ‘most’ initial states do so. And the great stumbling block has

4 Note, however, that the approximately classical functioning of the experimenter also
plays a role here. A subquantum demon — an automaton that functions at the hidden-
variable level — would see subquantum trajectories even for an equilibrium ensem-
ble [16].
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always been that, by time-reversal invariance, for every initial state that evolves
towards equilibrium there is another that evolves away from it. One must then
place restrictions on initial states, such as an absence of correlations, or a lack
of fine-grained microstructure, and so on, restrictions that are violated by the
unwanted ‘time-reversed’, entropy-decreasing states. One then tries to argue that
the restricted set of initial states is ‘natural’, or that ‘most’ initial states — with
respect to some suitable measure — satisfy the required conditions. As is well
known, this program is as controversial today as it was a century ago.

To avoid such controversy one might adopt a more modest — and more real-
istic — ‘empirical’ approach [14,16]. Going back to the example of the Moon, one
would try to deduce — or perhaps guess — where the Moon must have been before
to explain its position today. In the same sense, for a box of gas evolving to ther-
mal equilibrium, one should try to deduce or guess what the initial (micro-)state
must have been like to yield the observed behaviour — without trying (in vain)
to show that all or ‘most’ initial states would do so. Of course, in the case of a
gas there will be a whole class of microstates yielding the required behaviour;
one will not attempt to deduce the exact initial state uniquely (unlike in the
case of the Moon). Further, because there are so many variables one resorts to
statistical methods. Thus, one tries to construct a class of initial conditions that
yields the observed behaviour, and one tries to understand the evolution of that
class towards a unique equilibrium state on the basis of a general mechanism
(without having to solve the exact equations of motion).

In the case at hand, what is to be explained is the observation of equilibrium
today to within a certain experimental accuracy, p = |¢|? +¢. For example, for a
large number of independent Hydrogen atoms each with ground-state wavefunc-
tion 9100, one might measure the distribution of electron positions (with respect
to the nuclei, in a nonrelativistic model) as accurately as current technology
allows, and obtain a result p = |1100|? & €. The initial or earlier conditions of
the universe must have been such as to reproduce this result today.

One possible initial condition is just equilibrium itself (which is preserved
by the equations of motion). That is, the universe could have started in equi-
librium, leading to p = [¢|? exactly today. But initial equilibrium is only one
possibility among (uncountably) many: even without any proofs or assumptions
about relaxation p — |¢|?, it is clear on grounds of continuity alone that if initial
equilibrium evolves to equilibrium today then an infinite class of initial states
sufficiently close to equilibrium must evolve to p = [¥|? £ ¢ today; and given
the violence of the early universe, one expects there to be a large class of initial
states far from equilibrium that evolve to p = |¢|? £ ¢ today as well.

What sort of past conditions could have evolved to p = [1)|? £¢ today? Below,
we shall hypothesise a class of possible initial (nonequilibrium) states and give
a general mechanism explaining their approach to equilibrium, as is done in
classical statistical mechanics.

It is not true, of course, that all initial states evolve towards equilibrium; time-
reversal invariance forbids. Nor does it need to be true: ‘bad’ initial conditions
are ruled out on empirical, observational grounds.
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3 Subquantum H-Theorem

There are many approaches to classical statistical mechanics. Here we focus on a
pilot-wave analogue of the classical coarse-graining H-theorem [11]. This is not
because we believe coarse-graining to be the best approach; it has advantages
and disadvantages, like the others.

For a classical isolated system, both the probability density p and the vol-
ume element df2 (on phase space) are preserved along trajectories. The classi-
cal H-function Hgjass = fd.Q plnp is constant in time. If we replace the fine-
grained p by the coarse-grained p and assume that p, = po at ¢ = 0, then
Hlass(t) < Helass(0) — the classical coarse-graining H-theorem of the Ehren-
fests. The decrease of Hjass corresponds to the formation of structure in p and
the consequent approach of p to uniformity. (See for example [10].)

Consider now an ensemble of complicated many-body systems, each with
wavefunction ¥, the configurations X distributed with a probability density P.
The gradient V.S of the phase of ¥ determines a velocity field X in configuration
space. (For a low-energy system of N particles of mass m, we have 3-vector
velocities X; = V:S/m where i = 1,2, ..., N.) The continuity equations

opP :
o TV (XP) =0 (2)

(which holds by definition of P) and

o2

S Y (X1PP) =0 3)

(which follows from the Schrodinger equation) imply that the ratio f = P/|¥|?
is preserved along trajectories: df /dt = 0, where d/dt = 8/dt + X - V. Further,
like d§? classically, the element [¥|2dX is preserved along trajectories too (where
dX is the volume element in configuration space). This suggests replacing p — f
and df2 — |¥|?dX in Hqss, yielding the subquantum H-function

H= /dX Pln(P/|¥]?) (4)

This is in fact the relative negentropy of P with respect to [¥|?.

The above continuity equations now imply that H = H(t) is constant:
dH/dt = 0, as in the classical case. But if one divides configuration space into
cells of volume JV and averages P and |¥|2 over the cells, yielding coarse-grained
values P and |¥|2, one may define a coarse-grained H-function

H= / dX Pln(P/|¥[?) (5)

If we assume the initial state has ‘no fine-grained microstructure’ at t = 0,

Po=Py, |]2 =% (6)
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then it may be shown that
o~ (0 = [ dX 0P (Finr/P + - ) 2 0 ™)

(where f = P/|¥|?), so that

H(t) < Hy (8)

for all ¢ [11]. o
It is instructive to examine the time derivatives of H(t) at ¢ = 0. Use of the
continuity equations shows that (dH /dt) o = 0 and [13]

The quantity in brackets is just the (non-negative) variance vargv(Xo V fo) of
(Xo-Vfo) over a coarse-graining cell §V. If we suppose that varsy (Xo-Vfy) # 0
then we have the strict inequality H(t) < Ho and H(t) must decrease over at
least a finite time interval (0,7") immediately after ¢ = 0 [16].

Because zIn(x/y) +y —x > 0 for all real x,y, the coarse-grained H-function
is bounded below by zero, H > 0; further, H = 0 if and only if P = |¥|2
everywhere [11]. A decrease of H towards its minimum value then corresponds
to an approach of P towards |¥|2.

The decrease of H corresponds to a ‘stirring’ of the two ‘fluids’ P and |¥|?
by the same velocity field X, making P and |¥|? less distinguishable on a coarse-
grained level. (This is similar to the classical Gibbs stirring of two liquids.) As
in the corresponding classical case, the H-theorem gives us an insight into the
mechanism whereby equilibrium is approached (for the particular class of initial
conditions specified by (6)). Whether or not equilibrium is actually reached
will depend on the system. It must be assumed that the initial steps towards
equilibrium described by the H-theorem are actually completed in Nature, for
appropriately complex systems, so that H () — 0 and P — |¥[2,

Given (coarse-grained) equilibrium P = |¥|2 for our ensemble of many-body
systems, it is straightforward to show that if a single particle is extracted from
each system and prepared with wavefunction 1, the resulting ensemble of particle
positions has a (coarse-grained) distribution p = [¢|2 [11]. It is therefore to be
envisaged that the equilibrium distribution seen today for ensembles of single
particles arose via relaxation processes in the complex systems of which the
particles were once part.5

4 An Estimate for the Relaxation Timescale

It is important first of all to have a rough, order-of-magnitude estimate for the
timescale over which relaxation to quantum equilibrium takes place. What we

® For further details see [11-13,16].
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have in mind here is not the time taken to reach equilibrium but the timescale
over which there is a significant approach to equilibrium.b

We may define a relaxation timescale 7 in terms of the rate of decrease of
H(t) near t = 0. Because (dﬁ/dt)o vanishes one has to consider (dzﬁ/dtz)o.
Thus we define 7 by 1/72 = — (dH /dt?) , /H [13], where (9) gives (dzﬁ/dtz)0
in terms of the initial state. Expanding Xo - V fo in a Taylor series within each
coarse-graining cell of volume 6V = (6x)*", it is found that (d*H/dt?), =

—I(0x)2/12 + O ((62)*) where I = [ dX (|[2/fo)|V(Xo - Vfo)|? [16]. Thus

1 [12H,
==+ 0w) (10)

For dz small compared to the lengthscale over which Xy - V fo varies, T 1 /ox.
Taking Hy ~ 1 (a mild disequilibrium) and crudely estimating I one obtains

1 mhk?

0T (APy)°

(11)

where AP, is the (quantum) momentum spread of ¥, [16]. Given 7 o< 1/dx this
formula may also be obtained on dimensional grounds. Note that this result is
merely a crude estimate.

5 Numerical Simulations

A numerical simulation of relaxation has been performed for the simplest possible
case of an ensemble of independent particles in a one-dimensional box [13]. The
results were surprisingly good, given that the particles cannot move past each
other. This simple model is of course an unrealistic setting for relaxation: one
should really consider an ensemble of complicated systems with many degrees of
freedom. Nevertheless the model is instructive.

Consider, then, a one-dimensional box with infinite barriers at + = 0, L
and energy eigenfunctions ¢, (z) = +/2/Lsin(nmz/L) (n = 1,2,3,.....) with
eigenvalues E,, = £(mn/L)? (units m = h = 1). The box contains an ensemble of
independent particles, each guided by the same wavefunction ¢ (z,t). At t =0
the wavefunction was taken to be a superposition of the first M eigenfunctions,
with amplitudes of equal modulus but randomly-chosen phases 6,,:

M 1
Yo(z) = ZWQS"(I) exp(it,)

n=1

The particles were taken to be uniformly distributed at ¢ = 0: thus, po(z) = 1/L
and of course po(z) # |[to(x)|?. These initial conditions are sketched in Fig. 1,
for the case M = 10 and L = 100.

6 Cf. the scattering time of classical kinetic theory.
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t=0
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Fig. 1. Initial conditions at ¢ = 0. We have plotted |¢|*> for a superposition of ten
modes with amplitudes of equal modulus and random phase. The initial density p is
taken to be uniform

By numerical calculation of the trajectories (given by & = (9/9z)ImIn ),
the distribution p(x,t) at later times may be determined, while the Schrodinger
evolution of ¥(x,t) is just

M
V(@ t) = Z\/iﬂ%(x) exp (6, — Ent)

n=1

For L = 100, ¥(x,t) is periodic in time with period Tp = 27/E; & 12,700 in our
units. Because the particles cannot move past each other, each trajectory must
recur with period T (to ensure that the equilibrium distribution recurs) and so
any po(z) # |1o(x)|?* recurs as well. While this simple model exhibits a strong
form of recurrence, nevertheless for times smaller than the recurrence time the
approach to equilibrium is significant.

An example is shown in Fig. 2, again for ten modes (M = 10). At t = 120,
p has developed sharp peaks which coincide with the (smooth) maxima of [|?.
An experimenter with a ‘blunt’ measuring device, say with resolution dx = 10,
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t=120

0321
0.3
0.28 1
0.26 1
0.24 1
0.221
0.2
0.18 1
0.16 1
0.14 1 :
0.121 : : !
0.11 :
0.08 1
0.06

rho,psi*2

0.02

80 100

Fig. 2. At t = 120. There is a strong coincidence between the sharp peaks of p and
the smooth peaks of |¢|?, indicating an approximate approach to equilibrium on a
coarse-grained level

would conclude that p and W are roughly equal. The approach to equilibrium
(at t < Tp) is surprisingly good for such a simple, highly constrained model.”

The evolution of H(t) has also been calculated®. An example is shown in
Fig. 3, once again for M = 10, where H is defined with a coarse-graining length
Sz = 1. The curve H = H(t) shows a strict decrease soon after ¢t = 0 (as it
must); thereafter it decreases steadily but not monotonically, for ¢ < Tp. (Of
course, as the recurrence time is approached, H necessarily increases as the initial
conditions are restored.)

It is clear from Fig. 3 that H initially decreases on a timescale of order
~ 100. This result compares well with our crude estimate (11). For here AP ~
(r/v/3)M/L and with L = 100 and éx = 1 our prediction is 7 ~ 2 x 10°/M?3.
For M = 10 we have 7 ~ 200 — in fair agreement with the numerical calculation.

The timescale over which H decreases — which may be quantified in terms

of the time t5¢ taken for H to decrease by 5% — has been calculated (with

7 For further details see [13,16]. Note that here the quantum timescale for the evolution
of [1h]? is At = B/AE ~ 70, where AE is the quantum energy spread.
8 with C. Dewdney and B. Schwentker
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Fig. 3. Plot of the coarse-grained H-function against time

C. Dewdney and B. Schwentker) for different numbers of modes, M = 10, 15,
..... , 40 (with fixed éx = 1), and for different coarse-graining lengths ranging
from dz = 0.2 up to 0z = 2 (with fixed M = 20). The results agree quite well
with our predictions that 59 oc 1/M3 and t5e o 1/6z [5,16].°

The above model serves an illustrative purpose only. The particles can-
not move past each other, and the approach to equilibrium is limited. Higher-
dimensional models should show a much better approach to equilibrium.

Calculations analogous to the above are currently being performed by Dewd-
ney, Schwentker and Valentini for a two-dimensional box. Bearing in mind the
generally chaotic nature of the trajectories for this system [8], an efficient relax-
ation to equilibrium is to be expected.

6 Comments on ‘Typicality’

A completely different approach to explaining quantum equilibrium is based on
univ

a notion of ‘typicality’ for the initial configuration X§™" of the whole universe
[6,7]. Here, if W§™Y is the initial wavefunction of the universe, [F§"V|? is taken to

9 In the first case, upon averaging over many trials with different random initial phases,
a plot of Intse versus In M was found to have a slope of —2.6, compared with the
predicted value of —3. In the second case, there are departures from linearity for
d0x 2 0.5 due to the large variation in the velocity field over some coarse-graining
cells, the result 7 < 1/dz being valid only for small dx.
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be the ‘natural measure’ on the space of initial configurations. It is shown that
quantum distributions for measurements on subsystems are obtained for ‘almost
all’ X3V with respect to the measure [FFmV|2.

While Diirr et al. give a general proof, their approach may be illustrated by
the case of a universe consisting of an ensemble of n independent subsystems
(which could be complicated many-body systems, or perhaps just single par-
ticles), each with wavefunction g(x). Writing W3 = 9o (z1)o(x2).....000 (21
and Xy = (z1, x2, 23, ....., Tp), a choice of X"V determines — for large n —
a distribution pg(x) which may or may not equal |t/ (z)|?.

Now it is true that, with respect to the measure [¥3"V|2, as n — oo almost
all configurations X" yield equilibrium pg = [1o|? for the subsystems. It might
then be argued that, as n — oo, disequilibrium configurations occupy a vanish-
ingly small volume of configuration space and are therefore intrinsically unlikely.
However, for the above case, with respect to the measure [¥§V |4 almost all con-
figurations X"V correspond to the disequilibrium distribution pg = |to|*. This
has led to charges of circularity: that an equilibrium probability density [@ymV|?
is in effect being assumed for X$™V; that the approach amounts to inserting
quantum noise into the initial conditions themselves [14].1°

However, there is a certain rationale to Diirr et al.’s approach. It has been
argued (S. Goldstein, private communication) that in statistical mechanics one
always rules out unwanted initial conditions in some way, usually by deeming
them exceptional (or ‘untypical’) with respect to a specified measure. This is
perfectly true. But in the author’s opinion, a class of initial conditions should
be selected on empirical grounds. Even today we know only that, for all sub-
systems probed so far, p = [1)|?> & ¢ where ¢ is some experimental accuracy.
There is certainly no reliable empirical evidence that p = [1|? exactly — or even
approximately — in the very early universe, near the big bang.'!

Note also that pilot-wave theory in exact equilibrium may never be suscepti-
ble to an experimental test of the basic law of motion (the de Broglie guidance
equation); details of the trajectories may well be forever hidden from us, un-
less the human brain has an unexpected sensitivity to hidden variables [16].
Restricting pilot-wave theory to quantum equilibrium is as artificial as it would
be to restrict classical mechanics to thermal equilibrium; and a huge amount of
potentially new physics is lost thereby.

%,

10 Note that if the word ‘typicality’ is replaced by ‘probability’, the result of Diirr et al.
[6,7] becomes equivalent to the ‘nesting’ property proved in [11], which states that
an equilibrium probability for a many-body system implies equilibrium probabilities
for extracted subsystems, as briefly discussed above.

In fact, the horizon problem in cosmology (the uniformity of the microwave back-
ground over regions larger than the classical causal horizons of a Friedmann universe)
suggests that nonequilibrium p # |1/)|2 may have existed at early times, the resulting
nonlocality playing a role in homogenising the early universe [12,13,16]. Inflation
attempts to remove the horizon problem by changing the early expansion; but as yet
there is no satisfactory inflationary theory. Early quantum disequilibrium offers an
alternative approach.

11



176 Antony Valentini

Finally, Diirr et al. focus on initial configurations for the whole universe while
in Sect. 2 we emphasised initial distributions for subsystems. One might think
that the former description is more correct because in the early universe there are
no independent subsystems (that is, subsystems with their own wavefunction).
But even leaving aside the point that the asymptotic freedom of interactions
at high energies allows one to treat particles at very early times as essentially
free, the two modes of description are really interchangeable: even if there are no
independent subsystems, one can imagine (theoretically) what would happen if
(say) single particles were extracted from a gas of interacting particles, prepared
with a certain wavefunction 1, and had their positions measured. Whether the
measured distribution p is equal to ||? or not will depend on the configuration
of the whole system prior to the extraction. By this (purely theoretical) device,
one could characterise the total configuration as ‘equilibrium’ or ‘nonequilibrium’
[16]. Our Sect. 2 could then be rephrased in terms of configurations rather than
distributions: our ‘empirical’ approach would amount to trying to find out what
sort of initial configuration could explain the statistics observed today — and
again, while an initial ‘equilibrium’ configuration is a possibility, there are clearly
many ‘nonequilibrium’ configurations at ¢ = 0 that explain the observations just
as well.

7 The Early Universe. Suppression of Relaxation
at Early Times

At first sight one might think that, even if the universe did begin in quantum
nonequilibrium, relaxation p — |1|? would take place so quickly (in the extreme
violence of early times) as to erase all record of nonequilibrium ever having
existed. However, closer analysis reveals a plausible scenario whereby quantum
nonequilibrium could survive to the present day, for some types of particle left
over from the big bang, leading to observable violations of quantum theory.

The scenario has three stages: (i) depending on how the relaxation timescale T
scales with temperature T, it is possible that relaxation will be suppressed at very
early times by the very rapid expansion of space, in which case (ii) those particles
that decouple at very early times will still be out of quantum equilibrium at the
time of decoupling, after which (iii) the free spreading of particle wavefunctions
stretches any residual nonequilibrium up to larger lengthscales that are within
reach of experimental test. This scenario will now be briefly sketched, in this
section and the next.!?

In the standard hot big bang model, the early universe contains what is essen-
tially an ideal gas of effectively massless (relativistic) particles. It is instructive to
recall the standard reasoning about how thermal equilibrium between distinct
particle species is achieved: the interaction timescale ti,; — that is, the mean
free time between collisions — must be smaller than the expansion timescale
texp = a/a ~ (1 sec)(1 MeV/kT)?, where a(t)  t'/? is the scale factor and ¢ is

12 For further details see [16,18].
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the time since the beginning.!® As is well known, this condition need not always
be satisfied: for instance, if the cross section o(7T) falls off faster than 1/T at
high temperatures then t;,; ~ 1/nco — with a number density n ~ T (in natural
units where h = ¢ = 1) — will fall off slower than 1/72 so that, at sufficiently
high temperatures, tiny 2 texp and the particles do not thermalise. The functions
o = o(T) are determined by particle physics; once they are known, it is possible
to determine the thermal history of the universe, and in particular to deduce
when particle species fall out of thermal contact with each other.

Similar reasoning applies to the relaxation p — [t/|?. There will be a tempera-
ture-dependent timescale 7 = 7(7T") over which relaxation takes place. There will
also be a competing effect due to the expansion of space: as space expands
wavefunctions are stretched, and it is easy to see in pilot-wave theory that this
results in a proportionate expansion of the disequilibrium lengthscale.

To see this, consider an initial distribution pg(z) with disequilibrium on a
small lengthscale dp. We may write po(x) = |¢o(z)|? fo(x), where 1o (x) has some
width Ag and fo(x) # 1 varies over distances dp < A¢ (so that coarse-graining
over distances much larger than dy yields an equilibrium distribution). If the
wavefunction expands up to a width A(t), then because f is conserved along
trajectories, and because particles initially separated by a distance dx( are later
separated roughly by dz(t) ~ (A(t)/Ap) dzg, it follows that deviations f # 1
occur on an expanded lengthscale d(t) ~ (A(t)/Ap) dp. This is true irrespective
of whether the wavefunction expands because of the expansion of space or simply
because of its own natural free spreading over time.!*

Thus relaxation p — [1)|? occurs if 7 < texp, While it is suppressed if T 2 texp.
The issue now depends on how 7 scales with 7. Unfortunately, there are as yet
no reliable calculations that can tell us this. But we can make a crude estimate.

Given 7 o 1/6x, for massless particles 7 may be estimated on purely di-
mensional grounds to be 7 ~ (1/6x)h?/c(Ap)? where Ap is the particle mo-
mentum spread. Taking Ap ~ kT/c we have 7 ~ (1/dz)h%*c/(kT)? which is
larger than te, ~ (1 sec)(l1 MeV/kT)? for all T if éz < 10lp (where Ip is
the Planck length). However, it would be more realistic to apply our estimate
for 7 to a coarse-graining length §x that is relevant to the energetic processes
at temperature 7', the natural choice being the thermal de Broglie wavelength
dx ~ he/KT (the typical width of particle wavepackets). We then have 7 ~ i/kT
— a plausible result, according to which relaxation is suppressed (7 2 fexp) if
kT > 10'® GeVa 0.1kTp or t < 10tp (where Tp and tp are the Planck tem-
perature and time). Our simple estimate suggests that relaxation to quantum
equilibrium began one order of magnitude below the Planck temperature.

Note that in the standard Friedman expansion considered here, the rate
1/texp at which space is expanding becomes infinite as ¢ — 0. Of course, our
relaxation rate 1/7 o< T also tends to infinity as ¢t — 0 (and 7" — o), but this

13 See any standard cosmology text.

4 This is consistent with the H-theorem, for H measures negentropy relative to |1|?:
if \1/)\2 itself expands, the absolute disequilibrium lengthscale can increase without
increasing H.
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is offset by the expansion rate 1/tey, o< T2 which tends to infinity even faster.
Note also that while our estimate is very crude and should not be taken too
seriously, it does illustrate the key point that, if 7 decreases with temperature
more slowly than 1/72, then relaxation will be suppressed at very early times.

It is therefore plausible that any particles that decouple soon after the Planck
era will not have had time to reach quantum equilibrium, the extreme violence
of that era being offset by the even more extreme expansion of space. And at
the time of decoupling, such particles are expected to show deviations p # |1)|?
on a lengthscale 6x ~ he/kTp = Ip ~ 10733 cm.

8 Residual Disequilibrium Today. Experimental Tests

After decoupling, particle wavefunctions undergo a huge expansion — partly due
to the expansion of space itself and partly due to the free spreading of the
wavepacket through space. This results in a proportionate stretching of disequi-
librium to much larger lengthscales, as shown above.!?

For example, relic gravitons are believed to decouple at kTye. ~ 1019 GeV
or at redshift zqec ~ Tdec/Tnow ~ 1032, The subsequent expansion of space
alone, by a linear factor of ~ 1032, will stretch the disequilibrium lengthscale
up to ~ 1 mm. Of course, there seems to be little hope of detecting the ~
1° K graviton background directly in the near future — still less of testing it
for violations of quantum theory. However, it is expected that there are other,
more exotic particles that decoupled soon after Tp. (Supersymmetry and string
theory predict a plethora of new particles at high energies.) These may be no
easier to detect directly. However, some of them might decay at later times
into more easily detectable particles such as photons, perhaps by annihilation
X + X — 2y or by a supersymmetric decay X — « + 7 into a photon and a
photino. Nonequilibrium for the parent particles should yield nonequilibrium for
the decay products as well. Thus, we would suggest testing the Born rule p = [+|?
for photons produced by the decay of exotic relic particles from the Planck era.
For example, in a two-slit interference experiment, such photons might produce
an interference pattern that deviates from the quantum prediction.

Experiments are under way searching for exotic relic particles supposed to
make up the ‘dark matter’ pervading the universe. Some of these experiments
involve searching for decay photons. However, the usual dark matter candidates
(such as neutrinos, neutralinos, axions or gravitinos) are expected to decouple
much later than ¢p. Nevertheless, our knowledge of particle physics beyond the

5 Decoupling is of course never exact. Because of small residual interactions at all
times, the wavefunctions of relic particles contain tiny scattering terms that perturb
the trajectories — possibly ‘re-mixing’ the expanding disequilibrium. Calculation of
the effect of scattering by a tenuous medium shows that re-mixing does not happen:
the trajectory perturbations grow only as t'/? and cannot overcome the linear (x t)
free expansion of the disequilibrium lengthscale [16,18]. We may therefore safely
ignore such residual interactions.
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standard model is so uncertain that, for all we know, there might exist an ap-
propriate relic particle X — that decouples soon after ¢p and partially accounts
for dark matter. If such particles were detected, they or their decay products
would be our prime candidates for particles violating the Born rule.

In the meantime one might also consider the relic photons that make up the
microwave background. But why consider particles that decoupled at t ~ 10° yr
— much later than tp — when our estimates suggest that any disequilibrium
will have been erased? One answer is that the hugely expanded wavepackets of
relic particles provide an interesting test of the Born rule in extreme conditions.
On general grounds (irrespective of the suggestions made here about hidden
variables and early nonequilibrium), it would be worth testing quantum theory
in such unusual circumstances, where quantum probabilities have spread over
intergalactic distances. Relic photons decouple at kTyec ~ 1 €V (zgec ~ 10%) and
at decoupling their wavepackets have widths of order ~ fic/(1 eV)~ 107° cm. If
the packets have (as is widely assumed) spread essentially freely at the speed of
light for ~ 10'° years then today they will have a width ~ 10?® cm and so the
packets will have expanded by ~ 1033 (ignoring the relatively small effect of the
expansion of space by a factor ~ 10%). It can be argued — on general grounds,
independent of pilot-wave theory — that for cosmological microwave photons
the quantum probability today on lengthscales ~ 1 ¢cm could contain traces of
corrections to the Born rule which may have existed (for whatever reason) on
the Planck scale at the time of decoupling [16,18].16

As suggested elsewhere [14], it would then be worthwhile to test quantum
theory for photons from the microwave background. In a two-slit interference
experiment with single relic photons, the usual quantum interference pattern —
given by p = |¢|> — might show an anomalous blurring.*”

Generally, corrections to the Born rule for any photons from deep space would
produce a number of observable anomalies. In particular, the functioning of some
astronomical instruments might be affected: diffraction-grating spectrometers
could produce unreliable readings, and the diffraction-limited performance of
some telescopes might be impaired.'®

9 Outlook

It is clear that much remains to be done to develop the above ideas fully. Other
approaches to subquantum statistical mechanics (based for example on external
perturbations) remain to be developed. Properties of the trajectories such as
ergodicity and mixing (in a rigorous sense) should be investigated.

16 Our point here is that the line of argument given in this paper has led us to propose
experimental tests that are actually worthwhile in their own right, because they
would probe quantum theory in new and extreme conditions.

17 Incoming photons will have very nearly plane wavepackets, so there is no ambiguity
as to what quantum theory would predict in such an experiment. Note also that it
has recently become possible to detect single photons in the far-infrared region [9].

18 For details see [16].
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The process of relaxation to quantum equilibrium should also be studied
further, in particular in the early universe. It remains to be seen if the relaxation
timescale 7 really does decrease with temperature more slowly than 1/72, so that
relaxation is suppressed at very early times. An experimental test of the Born
rule p = [)|? for relic cosmological particles seems feasible, in particular for
photons from the microwave background [16,18].

As for the issue of chance in physics, the central conclusion of this work is
that, like the cosmic microwave background, quantum noise is a remnant of the
big bang. And just as the microwave background has been found to have small
nonuniformities in temperature, so the ‘quantum background’ — the quantum
noise that pervades our universe — may have small deviations from the Born rule
p = |[#]?, and should be probed experimentally.
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Perspectives
of the Dynamical Reduction Program
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Abstract. I will concentrate my attention on the so called Dynamical Reduction Pro-
gram (DRP) some aspects of which deserve to be stressed. In particular I will mention
some relatively recent results on the subject which are probably not familiar to the au-
dience and I will focus on some crucial points which remain open and have to be faced
before the program itself can be considered as a satisfactory and ezact (in J.S. Bell’s
sense [1]) alternative to the so-called orthodox interpretation.

1 Introduction

It is a great pleasure for me to take part to this round table on the foundations of
quantum mechanics which, I hope, will allow the audience to get a more general
picture of the foundational problems of our best theory. I will deal with four
major points:

Relativistic aspects of the DRP,

Experimental tests of its predictions,

Issues of interpretation (what is the theory about?),
Relations with other approaches.

2 Relativistic Aspects and Related Difficulties

It seems appropriate to start the discussion of this point by recalling that
J.S. Bell has concluded one of his last papers [2] with the following sentence
concerning Bohmiam mechanics and the Dynamical Reduction Program:

The big question, in my opinion, is which, if either, of these two
precise pictures can be redeveloped in a Lorentz invariant way.

Let me state that I fully agree with this sentence and let me stress from the
very beginning that, in spite of the many efforts which have been devoted to
this matter, no fully satisfactory solution has yet been found. For clarity sake,
however, I consider it essential to call attention on the fact that the attempts
to elaborate relativistic generalizations of the DRP meet two quite different
kinds of difficulties which I will denote as formal and conceptual, respectively.
The formal ones have a precise mathematical nature and they are related to the
appearence of untractable divergences in the formalism. The conceptual ones are

J. Bricmont et al. (Eds.): LNP 574, pp. 183-193, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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strictly related to the problem of attributing objectively possessed properties to
individual physical systems. In particular various authors [3-5]) have stated that
the very approach at the basis of the DRP implies that such properties depend
in a fundamental way on the reference frame one is taking into account. Here,
I will briefly recall some aspects of the relativistic DRP to stress that while the
first type of problems (the occurrence of untractable divergences) characterize all
attempts which have been presented so far!, the second kind of difficulties do not
affect at all the formalism [7-13]. The statements of the above mentioned authors
concerning the problem under discussion derive simply from having failed to
grasp some essential points of the relativistic DRP.

2.1 An Example of a Relativistic Dynamical Reduction Model

After the DRP in its nonrelativistic version had been explicitly implemented
[14] by the identification of the nonlinear and stochastic modifications to be
added to the standard evolution equation to overcome the difficulties of quantum
mechanics, a refinement of it, the Continuous Spontaneous Localization (CSL)
model has been worked out [15,16]. Its main advantage derives from the fact that,
contrary to the GRW-theory, it allows to deal with systems of identical particles.
Moreover it replaces the discontinuous jumps characterizing the original theory
by the unfolding of a continuous stochastic process (a sort of Brownian motion
in Hilbert space), yielding a theory which, even though physically equivalent [16]
to appropriate discontinuos generalizations of the GRW-theory, is more elegant.

Soon after, relativistic generalizations of CSL have been considered. Here we
will briefly sketch one such model, originally introduced by P. Pearle [7] and
subsequently analyzed in [9,10], in which the dynamical reduction mechanism
is governed by a skew-hermitian coupling between appropriate field operators
and c-number white noise processes. One works in the Interaction Picture and
assumes that the fields are solutions of the Heisenberg equations of motion ob-
tained from a Lagrangian density Lo(z). We remark that Lo(z) is not assumed
to describe only free fields. The statevector evolves according to the Tomonaga-
Schwinger equation:

S| ()

So(n) — L@V (@) = A @)] 19y (), (1)

where o(z) is a space-like surface, Ly(z) is the Interaction Lagrangian density in
the Interaction Picture and V(x) are c-number stochastic “potentials” satisfying:

(V@) =0,  (V(@)V(")) =t —t)i(x — ). (2)

The evolution equation does not preserve the norm of the statevector but it
preserves the average square norm. It has to be supplemented by the following
prescriptions:

! For a general review of the matter see [6].
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Given the initial statevector on the space-like surface og, the statevector on
the arbitrary space-like surface o lying entirely in the future of og is obtained,
for a particular occurrence of the stochastic potential V, by solving the above
equation (1) with the considered initial conditions and normalizing the resulting
statevector. The actual probability Po[V] of occurrence of the stochastic po-
tential V' is determined by resorting to a “cooking procedure” of the “natural”
probability P[V] (i.e. the one associated to the white noise processes defined by
(2)). The “cooking” involves the norm of the solution of (1) according to:

Pe[V] = P[V] &y (o). (3)

It is important to stress that (1) is integrable [9]. The most simple case which
has been discussed is that of a fermion field coupled to a real scalar meson field
by a standard trilinear coupling, so that the Lagrangian density Lo(z) contains,
besides the terms describing the free fields, an additional term

g¥ (2)¥ (2)2(x), (4)
g being a coupling constant. Moreover the choice
Li(z) = &(x) (5)

is made for the interaction term appearing in (1).

As discussed in full detail in [9,10], this model assigns to each space-like
hypersurface a unique, well defined state vector and reduction occurs as soon
as the hypersurface crosses, towards the future, the space-time region where a
macroscopic measurement process takes place.

2.2 The Formal Difficulties

With the above premises we can identify the origin of the mathematical difficul-
ties of the formalism. To guarantee stochastic relativistic invariance, the variance
of the stochastic potential (i.e., the second term in (2)) must be a Lorentz in-
variant function of its arguments. The choice (2) of making it white in time,
introduces, due to the appearence of all frequencies, divergences which turn out
to be unrenormalizable. On the other hand, if the variance would have a more
general form, it would not exhibit a delta-like behaviour in space, giving rise to
a nonlocal quantum field theory with the well known difficulties accompanying
such a situation.

This fact remains the crucial point for the attempts of relativistic generaliza-
tions of the CSL theory. In spite of the remarkable efforts devoted to overcome
this problem, in particular by P. Pearle, no breakthrough has been found.

2.3 The Alleged Conceptual Difficulties

We come now to discuss the conceptual problems of the theory. At a naive
analysis, they seem to arise from the fact, due to the skew-hermitian nature of
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the coupling in the Tomonaga-Schwinger equation, that the expectation value
of a local observable with compact support may depend (at the individual level
— unlike at the ensemble level), on which space-like hypersurface, among all
those containing its support, is considered. In particular, denoting as A; such
an observable and as o7 and oy two space like surfaces containing its support,

one can have:
(W(o1)|Ar[¥(01)) , (¥(o2)[Ar[¥(02)) (©)
(W(o1)|¥(01)) (#(02)|(02))

in spite of the fact that, since the support of A; is space-like with respect to
the space-time region (lying between o7 and o3) where the measurement takes
place, Aj itself commutes with the operator describing the evolution from o to
g9.

With reference to this situation, B. d’Espagnat [3] has pointed out that

the “stochastic relativistic invariance” of the (GRW) theory does not
immunize it from an inconsistency connected with relativity. This incon-
sistency consists in the fact that, in a theory bearing (as it is claimed this
one does) on “reality” as opposed to “intersubjective appearances” no
statement concerning a “physical event” — in the relativistic, i.e., local
sense of the word “event” — can be both true in one reference frame and
false in another one, so that the ambiguity described is unacceptable.

Maudlin [4] takes a quite similar attitude by stressing the necessity of choos-
ing the “reference frame” in which the collapse occurs:

The collapse can be instantaneous in at most one reference frame
leading to two possibilities: either some feature of the situation picks
out a preferred reference frame, with respect to which the collapse is
instaneous, or the collapse is not instantaneous at all. The analogy with
gravitational theory might suggest the latter course as the most obvious:
why not build a delay into the account of wave collapse? Why not, as
in general relativity, have collapse propagate along the future light cone
of the measurement event, thereby allowing a Lorentz invariant descrip-
tion? The obvious answer is that such a delayed collapse would come too
late. Since polarization measurements can be made at space-like separa-
tion, and since the results on one side must be influenced by the collapse
initiated at the other, delayed collapses won’t work.

Finally Dickson [5] raises similar objections also with reference to different
macroscopic objects, to conclude (by repeated considerations of the light cones
originating from any space-time point in which an ambiguity is present) that the
theory implies ambiguities concerning the “status” of practically all objects of
the universe.

As we have discussed in great detail in various papers [9-13], the first two
authors miss completely the fact that the relativistic dynamical reduction models
are formulated in a completely reference free language, so that any remark about
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objective differences related to different reference frames is simply mistaken.
Moreover, all the above criticisms ignore the fact that the “alleged” ambiguities
(which are the relativistic analogue of the possibility, characterizing quantum
theory, that a microsystem may very well have only “potentialities” and no
“actuality” concerning a property) affect exclusively microscopic systems: all
macroscopic objects are in definite macroscopic situations at all times along
their world lines. Finally, all these authors do not pay sufficient attention to the
fundamentally nonlocal character of the theory: when this is taken into account
the ensuing picture is perfectly consistent [13].

It is rather instructive to remark that B. d’Espagnat himself, who had vaguely
anticipated in [17] criticisms to relativistic CSL quite similar to those referred to
above, has stressed with particular emphasis that any attempt to a relativistic
dynamical reducution theory must take into account the fundamental analysis
of Y. Aharonov and D. Albert [18], something that we had not done. Curiously
enough, in [13] we have been able to prove that the relativistic reduction models
proposed so far represent the first precise and explicit examples of theories having
all features that the analysis of [18] has identified.

Concluding: lot of work is still necessary to get rid of the formal difficulties
affecting the relativistic dynamical reduction program, but its very structure
seem to appropriately embody all natural features of a relativistic theory de-
scribing processes of this type. We believe that a careful reading of [13] might
be extremely useful to grasp the subtle points which such a program involves.

3 Experimental Tests

Even though the dynamical reduction models (GRW and CSL) represent [19]
rival theories of Standard Quantum Mechanics and not simply a reinterpreta-
tion of it, it seems extremely difficult, if not practically impossible, to devise
experimenta crucis allowing to discriminate between them. This, in a sense, is
rather natural: to test the predictions of the theory is more or less so difficult as
to put into evidence macroscopic quantum coherence effects.

3.1 The Investigations

It is useful to remind that there has been a lot of theoretical work aimed to
identify physical systems and/or situations for which the modified dynamics
makes predictions which are testably different from those of the standard theory.
We refer the reader to the interesting investigations by A. Rae [20], A. Rimini
[21], M. Tegmark [22] and by the review paper [23]. The conclusion of these
investigations can be summarized by saying that the genuine decoherence of
the theory is masqued by the apparent decoherence due to the coupling with
the environment. Probably Prof. Grigolini will have something to say about
particular processes which seem to suggest mechanisms quite similar to those
characterizing the GRW theory.
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Some authors have considered this practical impossibility of testing the the-
ory against the standard one has a drawback. I must say that I do not think
this is the case. After all, almost all proposals which have been put forward to
overcome the macro-objectification problem and the conceptual difficulties of the
standard theory are built in such a way to guarantee a perfect agreement with
standard quantum predictions. The interest of the dynamical reduction program
resides in its allowing to take a macrorealistic position about natural processes.

It is also useful to remark that the basic feature of the dynamical reduction
theories involving an irreducible irreversibility of natural processes might have
some interesting implications concerning deep problems such as the one of the
emergence of the arrow of time in nature. I think this point will be mentioned
by D. Albert in his lecture.

3.2 Some Recent Results

Before concluding this part I would like to mention that, as it has been proved
recently by resorting to explicit examples [24], dynamical reduction models can
give rise to deviations from the prediction of standard quantum mechanics when
the times which are necessary for the basic decoherence mechanisms of the the-
ory to become effective become comparable with the times which are necessary
in order that the standard quantum evolution induces appreciable changes in
the statevector. For macro-objects this is certainly not the case: the reduction
frequency is of the order of millionths of a second, a characteristic time during
which the Hamiltonian evolution cannot change in an appreciable way, e.g., the
extension of the wave packet describing the centre-of-mass motion of a macro-
scopic pointer. It is however not difficult to imagine situations in which the two
just mentioned characteristic times might become comparable. With reference
to this fact we recall that when an analysis has been made [25] of how a definite
perception can be triggered by a superposition of states leading, according to the
standard formalism, to different perceptual processes, it has been made plausible
that the number of particles which are displaced in the process of transmission
of the nervous signal from the retina to the higher visual cortex during the char-
acteristic perceptual time is just sufficient to induce the reduction to one of the
two nervous signals. The analysis has been rather qualitative, but it is sugges-
tive of possible situations in which the two above mentioned mechanisms might
become competitive. As already anticipated, in [24] it has been shown that if
one triggers a process by a superposition of states leading (each by itself) to
physically different final situations and a dynamics of the GRW or CSI type is
active but is such that the reduction takes an appreciable (on the appropriate
hamiltonian scale) time to become effective, then there exist the possibility of
putting into evidence the effect of the stochastic and nonlinear modifications of
the standard dynamics. The very recognition of this fact suggests that it might
be appropriate to reconsider, on a new basis, the search of appropriate systems
which could, in principle, lead to a confirmation or to the falsification of the
ideas underlying the dynamical reduction program.
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4 Issues of Interpretation

I would like to recall that, after its formulation, there has been a lively debate
about the real meaning of the dynamical reduction theories, i.e., about what
precisely the theory is about. Let me mention three different positions which
have been taken about such a question.

The first two are due to J.S. Bell himself, the third one has been presented
for the first time in [23]. Let us briefly comment about them. At Schrédinger’s
Centenary Conference at the Imperial College, Bell has presented [26] a very
nice sketch of the GRW theory and has also proposed an interpretation for it
which makes explicit reference to the space and time variables characterizing the
fundamental processes of the theory, i.e., the hittings suffered by all elementary
constituents of any physical system:

There is nothing in the theory but the wavefunction. It is in the
wavefunction that we must find an image of the physical world, and in
particular of the arrangement of things in ordinary three-dimensional
space. But the wavefunction as a whole lives in a much bigger space, of
3N dimensions. It makes no sense to ask for the amplitude or phase or
whatever of the wavefunction at a point in ordinary space. It has neither
amplitude nor phase nor anything else until a multitude of points in or-
dinary three-dimensional space are specified. However, the GRW jumps
(which are part of the wavefunction, not something else) are well local-
ized in ordinary space. Indeed each is centred on a particular space-time
point (x,t). So, we can propose these events as the basis of the “local
beables” of the theory. These are the mathematical counterparts in the
theory to real events at definite places and times in the real world (as
distinct from the many purely mathematical constructions that occur in
the working out of physical theories, as distinct from things which may
be real but not localized, and as distinct from “observables” of other for-
mulations of quantum mechanics, for which there is no use here). A piece
of matter then is a galaxy of such events. As a schematic psychophysical
parallelism we can suppose that our experience is more or less directly
of events in particular pieces of matter, our brains, which events are in
turn correlated with events in our bodies as a whole, and they in turn
with events in the outer world.

It is interesting to stress that at that time, Bell, even though he had clearly
in mind that the wavefunction of a N-particle system lives in a 3N-dimensional
abstract space, proposed an interpretation making explicit reference to events
in the real space-time of nonrelativistic theories. Almost one year later, during
a meeting at Erice, he changed his mind choosing to make explicit reference, in
the interpretation, to the just mentioned abstract 3N-dimensional space [2]:

The GRW-type theories have nothing in their kinematics but the
wavefunction. It gives the density (in a multidimensional configuration
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space!) of stuff. To account for the narrowness of that stuff in macro-
scopic dimensions, the linear Schrodinger equation has to be modified, in
the GRW picture by a mathematically prescribed spontaneous collapse
mechanism.

Even though it is rather intuitive what he had in mind, I had some difficul-
ties in grasping exactly what he meant with the above statements, and we had
various exchanges of ideas about its proposal. In one letter addressed to him, I
expressed my worries even though plainly declaring that I saw in it the possi-
bility of adopting a macrorealistic position, the main aim who had guided us in
elaborating the scheme. I would like to take this opportunity to quote explicitly
a sentence from the answer, dated october 3, 1989, to my letter, who proves that
he still considered this as the appropriate interpretation for the theory:

As regards |¥) and the density of stuff, I think it is important that
this density is in the 3N-dimensional configuration space. So I have not
thought of relating it to ordinary matter or charge density in 3-space.
Even for one particle I think one would have problems with the latter. So,
I am inclined to the view that you mention after “...as it is sufficient for
an objective interpretation...”. And it has to be stressed that the stuff
is in 3N-dimensional space — or whatever corresponds in field theory!

Stimulated by his remarks and by various discussions we had on the subject,
I continued worrying about the most appropriate ontology for the dynamical
reduction models. In the meantime the continuous version of them (CSL) had
been worked out and the appropriateness of relating reduction to masses had
emerged. As a consequence I have proposed [23], with my collegues R. Grassi
and F. Benatti, an interpretation which makes reference to precise elements of
the real 3-dimensional space. Since, as we have already remarked, CSL tends to
make definite the average mass density, such a quantity is identified with the
appropriate one to account for physical reality at the macroscopic level.

The idea is quite simple. Let us consider the averaged (over the characteristic
localization volume 1071° cm® of the GRW theory) mass density operator M (r) :

M(r) = kaN(k) (r) (7)
k

where the index k runs on the various kinds of particles (electrons, protons,
neutrons, etc) and the operator N*)(r) is given by

(07 % _(« —r)2
N = (55)" 3 [dae D g, anla.) (8)

with a£ (g, s) and ax(q, s) the creation and annihilation operators for a particle
of type k at point g with spin component s. Suppose now that |¥(¢)) is the
normalized statevector describing a physical system at time ¢. In terms of it we
define an average mass density c-number function M(7,t) in ordinary space as:

M(r,t) = (Z(8)[M(r)|@(1)). (9)
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Within the standard formalism, such a quantity, when the statevector |¥(t))
correspond to the superposition of two states of the considered system in far away
regions, is devoid of any physical meaning, in the sense that no physical effect,
e.g. the gravitational ones on other systems, can be considered as due to M(r, ).
Within the GRW and CSL theories, however, the situation is radically different:
in the case of a macroscopic system the reducing dynamics does not tolerate
superpositions of states corresponding to appreciably different values of M(r,t).
Such a function becomes “objective” in the sense that the ratio of the variance of
M (7) to its average value is much smaller than 1, a condition guaranteeing [23]
that everything goes as if the “actual” mass density distribution in the universe
would be the one defined by M(r,t).

The proposed interpretation can then be simply summarized by stating that
what the theory is about is precisely the (average) mass density distribution. As
discussed in great detail in [23] this move allows to take consistently a macro-
realistic position about natural processes. We stress that the quantity M(r,t)
lives in the ordinary physical space-time comtinuum of classical physics.

To conclude this part I cannot avoid mentioning that there has been a lively
debate about this interpretation. Various authors have considered it unaccept-
able due to what has been referred to as “the tail problem”. It derives from (and,
in our opinion, it reduces to) the fact that the configuration representation of,
e.g., the wavefunction of the centre of mass of a macroscopic object cannot have
compact support. Thus statements about “locations” of macro-objects are, to
some extent, vague. We have no time to discuss this matter here. We refer the
interested reader to the recent papers [27-32]. However, we consider it appro-
priate to stress that all the considered criticisms make reference, in a way or
another, to the probabilistic interpretation of quantum mechanics. For those
who are familiar with the GRW and CSL theories it should be clear that such
an interpretation has to be abandoned (as J.S. Bell has repeatedly remarked).
The appropriate attitude is to accept that “what is true of the world out there”
is precisely the mass density distribution and that one has to analyze all physical
situations by taking precisely such a perspective, period.

5 Relations with Other Approaches

The relations existing between the DPR and other attempts to overcome the
difficulties affecting the standard theory have been discussed in various papers.
Just to mention an example one could stress the privileged role that the the-
ory assigns, analogously to Bohmian Mechanics, to the position variables. Here
we want to outline how, incorporating some of the ideas of the DRP within
the context of Decoherent Histories, one could make them a more satisfactory
theoretical scheme. Recently, some specific and serious drawbacks of the deco-
herent histories approach have been discussed in great details [33-35]. In brief,
the content of the just quoted papers can be summarized as follows. If one con-
siders the following assumptions (which seems to us unavoidable in order that



192 Gian Carlo Ghirardi

the decoherent histories program could be taken seriously) one easily derives a
Kochen-and-Specker-like contradiction:

a. Every family of decoherent histories can be (naturally) endowed with a
Boolean structure allowing to recover classical reasoning.

b. Within every decoherent family it is possible to assign truth values which
preserve the Boolean structure (i.e. they form an homomorphism) to its
histories.

c. Every decoherent history has a unique truth value, independently from the
decoherent family to which it may be considered to belong.

d. Any decoherent family can be taken into account.

This implies that at least one of them must be rejected in order to avoid in-
consistencies. Griffiths [36] rejects assumption c), an unacceptable move in our
opinion. On the contrary, we believe that a reasonable, physically and concep-
tually clean way out can be found by giving up assumption d). We think that,
if one accepts only families whose histories deal exclusively with macroscopic
systems and “speak” only of, e.g., the mass density distribution (with an appro-
priate graining) of the whole universe, one can have a decoherent histories-like
approach in which (obviously) decoherence is not perfect but it holds to an ex-
tremely high degree of accuracy, no contradiction of the Kochen-and-Specker
type occurs and “objective” and “classical” statements can be made about what
the theory is about, i.e., precisely the mass distribution in the whole universe.
Useless to say that if one chooses such a line one has a scheme which resembles
closely the GRW and CSL thories.
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Abstract. It is shown that the stochastic wave function representation of continuous,
selective measurements of open quantum systems can be given a relativistically covari-
ant form. As an example, a piecewise deterministic process for the state vector of the
source of an optical cavity is constructed which is covariant under Lorentz transforma-
tions and which describes the stochastic dynamics induced by a continuous monitoring
of the radiated photons through a moving detector. The most general case of a quan-
tum dynamical semigroup generated by an arbitrary number of Lindblad operators is
also treated. The resulting equation of motion clearly demonstrates that the stochastic
formulation of open quantum systems can be generalized to meet the basic postulates
of both quantum measurement theory and special relativity.

1 Introduction

Most measurements performed in experiments on open quantum systems are,
in fact, indirect measurements. According to the general theory [1], an indirect
measurement consists of a quantum object to be measured, a quantum probe,
which is a quantum system prepared in a well-defined state and which interacts
with the quantum object, and, finally, a measuring apparatus that measures an
observable of the quantum probe. In the theoretical analysis, quantum object and
quantum probe as well as their interaction are treated quantum mechanically,
whereas the meter is treated classically. The interaction between quantum probe
and meter constitutes the true measuring process leading to the reduction of the
state vector according to the specific outcome of the measurement (selective
measurement).

A prototypical example of the foregoing is the measurement of the fluores-
cence radiation of a laser driven two—level atom by a photocounter [2]. Here, the
atom is the quantum object, the quantum probe is given by the quantized radia-
tion field interacting with the atom, and the observable that is measured by the
photodetector is the photon number operator. If we assume for simplicity second
order perturbation theory, which means that only zero- and one-photon states
of the radiation field are excited with appreciable amplitude, then each time a
photon is detected the application of the reduction postulate projects the state
of the radiation field onto the 1-photon subspace, whereas, at the same time,
the atom is put back to the ground state. Within the Markov approximation
the atom is probed by a well-defined state of the quantum probe which, for the
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(© Springer-Verlag Berlin Heidelberg 2001
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present example, is the Lorentz invariant vacuum state of the electromagnetic
field.

Conventionally, a situation of this type is described by an equation of motion,
the vacuum optical master equation, for the reduced density matrix that refers to
the atomic variables. In the case that the photodetection represents a continuous
(in time) measurement of the electromagnetic field the density matrix equation
describes the continuous, non-selective measurement of an observable (photon
number) of the environment (the electromagnetic field) of the open system (the
atom).

It has been shown by Wiseman and Milburn [3,4] that such a physical situ-
ation can be interpreted in a rather different and physically very fruitful way. If
we regard the continuous monitoring of the environment of the quantum object
as a selective one, that is, if we really take into account the information gained
during the whole measurement, the dynamics of the atomic state vector is to be
represented by a stochastic process in the atomic Hilbert space. In mathemat-
ical terms the resultant stochastic process is a piecewise deterministic process,
that is, a stochastic process whose realizations consist of smooth, deterministic
pieces, broken by sudden, instantaneous changes of the state vector. In the above
example, these so—called quantum jumps occur whenever the measurement of a
photon puts the atom into the ground state as a result of the application of the
reduction postulate to the direct photodetection.

This stochastic representation of the dynamics of open quantum systems,
the stochastic wave function method, has been designed originally in order to
analyze and to simulate open systems that arise in quantum optics [5-8]. The
stochastic method has been applied with great success to various physical phe-
nomena as, for example, to laser cooling [9], to lasing without inversion [10],
to photochemistry [11], and to the description of electron—phonon interactions
in semiconductors [12]. Employing a description of the reduced system’s state
in a doubled Hilbert space, one can also design stochastic algorithms for the
determination of arbitrary multitime correlation functions [13]. In addition, a
non-Markovian generalization of the method has been developed in [14] and
applied to the treatment of the damped Jaynes-Cummings model.

The above applications are restricted to phenomena that can be treated
within non-relativistic quantum mechanics. From a more general point of view
it is tempting to ask the question whether it is possible to give a formulation of
the stochastic wave function method which is relativistically covariant. Our aim
is thus to develop a stochastic formulation of continuous measurements which
includes a covariant prescription for the reduction of the state vector.

The starting point will be the following postulate. The state vector reduc-
tion resulting from a specific outcome of some measurement takes place across a
certain spacelike hypersurface o of the space-time continuum. This hypersurface
o is defined as an equal-time hypersurface in the rest frame of the macroscopic
measuring apparatus, that is the state vector reduction is performed instanta-
neously in the rest frame of the macroscopic measuring device. Since the hy-
persurface across which the reduction occurs is, in general, not an equal-time
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hypersurface in other Lorentz frames but rather a flat, spacelike hypersurface,
we have to deal, right from the beginning, with a formalism that treats the state
vector as a function on the set X' of such hypersurfaces. When formulating the
stochastic dynamics as a piecewise deterministic process the quantum jumps de-
scribing the state reduction will take place along these hypersurfaces o. It will
be shown in this paper that this ansatz leads to a fully consistent, relativistically
covariant stochastic state vector dynamics. In physical terms this implies that
the stochastic representation of open quantum systems along with its physical
interpretation in terms of a selective, continuous monitoring of an environmental
observable is in full agreement with the relativity principle.

2 The Quantum Mechanical State Space
as Hilbert Bundle

In this section we shall develop an appropriate mathematical framework which
allows the formulation of a covariant stochastic state vector evolution. To this
end, we introduce an appropriate parametrization for the hypersurfaces o and
attach to each hypersurface o a Hilbert space of state vectors. To be specific
we shall consider here the Dirac equation as an example for a covariant single-
particle equation. In mathematical terms our state space thus forms a so-called
fiber bundle whoose fibers are Hilbert spaces. We therefore may refer to our
state space as a bundle of Hilbert spaces or simply as Hilbert bundle.

2.1 The Set of Flat, Spacelike Hypersurfaces in Minkowski Space

In the following a point in Minkowski space R* will be denoted by
z=(a*) = (2°,2") = (2°, 2), (1)

where greek indices run from 0 to 3, and latin indices from 1 to 3. The Lorentz
scalar (inner) product is then given by

voy=aty, =2%" -z y. (2)

Throughout this paper we chose units such that ¢ = i = 1. Lorentz transforma-
tions are written as
't = AP ¥ b (3)

For the sake of clarity we shall restrict ourselves to the subgroup of inhomoge-
neous, proper, orthochronous Lorentz transformations characterized by detA =
+1 and A%, > 0. The restriction to proper Lorentz transformations is not es-
sential, whereas the restriction to orthochronous transformations is essential,
since we want to study irreverible processes which are not invariant under time
inversion transformations.
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In the following we consider the set X' of flat, spacelike hypersurfaces ¢ in
Minkowski space. Each such hypersurface ¢ can be characterized by its unit
normal vector n# satisfying

n? = nFn, =1, n® > 1, (4)

and by some fixed point y* on this surface. Having fixed such a pair (n,y) of
4-vectors the points x € o are given by the equation

n(z —y) =n*(x, —yu) =0. (5)
In the following we shall write
o=o(n,y) (6)

for the hypersurface given by the 4—vectors n and y.

Note that the above parametrization of the hypersurfaces by n and y is not
unique, since o(n,y) = o(n,y’) if n(y —y’) = 0. Note further that, since the
hypersurfaces are spacelike, each point z € o(n,y) has a unique representation
of the form

T = (xo(g’ z),x) (7)
where & € R? and the time coordinate is given by
n-x+ny

2%(0,x) = 0 (8)

2.2 The Transport Equation

With each hypersurface o(n,y) we can associate a Hilbert space H(o) of Dirac
wave functions in the following way. Given a specific hypersurface o(n, y) we can
introduce a Dirac wave function v defined on this surface by writing

P(z) = (o x). 9)

This equation means that (e, x) is the value of the Dirac wave function ¢ taken
at the point z € o(n,y) which is uniquely determined by .

In order to make the set of Dirac wave functions on a fixed hypersurface
o(n,y) a Hilbert space we need to define a positive definite Hermitian scalar
product in this space. To this end, we observe first that the Lorentz metric
induces a positive, 3—dimensional volume element do on each hypersurface given
by .

do = Edgz. (10)
Since n is the unit vector normal to o(n,y) the 4-vector n,do is the surface
element of the hypersurface. On using the Dirac current

3" =y, (11)
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where ¢ = ¥T7? and the v* denote the usual gamma matrices (we use the
notation of [15]), we can form the Lorentz invariant bilinear expression

(Yl)e = / j*n,do. (12)

Expressing the probability flow through the hypersurface o(n,y), this equation
suggests the following definition of a Hermitian scalar product:

Sx
Wlo)o = [ dodio= [ Fulo.a0 000, a), (13)

where we define 1t = n,v*. As is easily verified, the expression (13) has the
properties of a Hermitian scalar product. Most importantly, positivity of (13) is
a direct consequence of the fact that the (4 x 4)-matrix 701t is positive definite.
Note further that for the special case n = (1,0,0,0) definition (13) reduces to
the usual scalar product [15] taken at a fixed time 29 = ¢°,

wwg:/&me%mwﬂmy (14)

Having defined a Hermitian scalar product on the set of Dirac spinors on
o(n,y), we can now define an associated Hilbert space H(o) consisting of the
Dirac spinors with finite norm

[Ulle = V(W) (15)

Thus, we have associated with each hypersurface a corresponding Hilbert space
of Dirac wave functions,
o H(o). (16)

In a differential geometric language, this mapping defines a so-called fiber bundle.
Such a bundle consists of a base manifold and fibers attached to each point of
the base manifold. In our case the base manifold is the set X' of hypersurfaces
and the fibres are given by the Hilbert spaces H(o). All these Hilbert spaces
are isomorphic and the above construction yields an (infinite-dimensional) fiber
bundle which will be called Hilbert bundle.

We now turn to the formulation of the dynamics in the above Hilbert bundle.
To get a covariant dynamics we have to start, of course, from a covariant one—
particle equation. In order to be specific we take the Dirac equation for an
electron (charge e, mass m) in an external electromagnetic field described by
the vector potential A, (x),

(iv" [0, +ieA,(z)] — m) P(x) = 0. (17)

Any solution of Eq. (17) defines a Dirac wave function ¢ = &(z) on the space-
time continuum. Our aim is now to reformulate the Dirac equation as a dy-
namical equation for the Dirac spinors ¢ (o, x) which are defined on the various
hypersurfaces o(n,y). Since the resulting equation should be equivalent to the
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Dirac equation, (o, x) is obtained just by restricting the space—time function
&(z) to the hypersurface o(n,y). Therefore we set

Yo, x) = (2% (o, x), ). (18)

When differentiating this equation with respect to the space coordinates one has
to distinguish carefully between partial and total derivatives of @. We denote by
(0;9) partial space derivatives and by 9; total space derivatives. We then get
from (18)

_ 027

or

The Dirac equation can be written as

(0:8)(2°, ) = 9;P(2°, ) ?(8()(25)(;30, x) = 0;¢(o, a:)—Z—;(BO@)(xO, x). (19)

00 = —i? (—iy - V +ed(x) + m)d = —iHp®, (20)

where Hp denotes the (possibly time-dependent) Dirac Hamiltonian. Thus we
have on using (19)

Hp@(a"@) = 1" (=iv- V + el(x) + m) $(a’, )
=" (-7 V - e() + m)wlo.2) +9° (v (@), )
— Hp(o,z) + i - %(8045)(330, x)
= i(8®)(°, ). (21)

From the last equation we get
n .
(19" 55 (00®) = ~iHpe (o, @), (22)

where I denotes the unit matrix. On multiplying this equation with n°y° we
find

1(00®P) = —in°y*Hpip(o, ). (23)
Now, we multiply both sides with 7, and use the fact that 77t = n? = 1. This
yields the following equation for the time derivative of @,

(00®)(2°, ) = —in° Hip(o, x), (24)
where we have introduced the operator

H = H(0) = 1" Hp. (25)

As will be shown below, H(o) is in fact a Hermitian operator in the Hilbert
space H(o).
We now consider the total differential of ¥ under variations of n and v,
oy oy
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Employing (18) and (24) we obtain

ox0 Oz
Ay = (a Fdn - Sy )(aoqs)
OxV 3x0
= (n ﬂdn“ +n’ oy dy“) H. (27)
Since 920 520
x z
OW:y#—x#, 08 n = (28)

we finally get the following differential equation
d(o) = =1 (Wydn” + n,dy") Hy(o), (29)
where we have defined the 4—vector operator (acting on H(o))
Wy =Yu—apu. (30)

For reasons that will become clear later we call (29) transport equation [16].
This equation is a reformulation of the Dirac equation (17) which is appropriate
for our aim of formulating a covariant continuous measurement theory. Eq. (29)
describes the change of the wave function ¢ under variations of the hypersurface
o(n,y) parametrized by n and y. Note that di vanishes if we consider variations
of y that do not really change the hypersurface o(n, y), that is, we have dip = 0 if
dn = 0 and ndy = 0. We remark that our formulation of the evolution in terms
of an equation for the state vector as a function on the set of hypersurfaces is
very similar to the Schwinger-Tomonaga equation [17] of relativistic quantum
field theory. In a different physical context, a similar method has been used in
[16,18,19].

As has been mentioned already, H and W), as defined in (25) and (30) have
to be regarded as operators in H(c). We now demonstrate that these operators
are, in fact, Hermitian with respect to the scalar product (13). This is obviously
true for the vector operator W, which is diagonal in spin space. To prove the
Hermiticity of H(o) one uses the fact that the Dirac operator Hp is Hermitian
in H(c), where n = (1,0,0,0). Hence we have

/d3:z: VIHpg = /d% (Hpy)' ¢. (31)
Therefore, we find on using (25) and 7% = (woﬂ)T
wira), = [ S oo = [ oo

/d3 (Hpt)' 6 = / (H) A0
— (HY|6)o
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This proves the Hermiticity of H = H (o).

For the considerations in this paper, in particular for the formulation of the
various integrability conditions, it is very useful to employ a compact notation
in terms of differential forms. To this end, we introduce the differential 1-form

dG(o) = (W,dn* + n,dy*) H = (W, H) dn* + (n,H) dy* (32)
which enables one to cast the transport equation into the compact form
dy(0) = —idG(0) (o). (33)

More precisely, definition (32) introduces an operator-valued 1-form, that is, a
1-form in ¥ whose coefficients (namely W, H and n, H) at a certain point (n,y)
are operators in the Hilbert space H (o). Such differential forms naturally arise
in the differential geometry of vector bundles.

2.3 Properties of the Transport Equation

Normalization. First we shall demonstrate that the transport equation is
norm—conserving and thus defines a unitary evolution in the Hilbert bundle.
By making use of the definition of the scalar product and taking into account
its explicit dependence on n we obtain

A 1¥h = W1abhy + (@0l)e + (0 i = oo, w>adn“. (34)

The last term on the right—hand side stems from the c—dependence of the scalar
product. Inserting the transport equation (33) we get

A(l6)s = —i(BIdG — dGT), <‘m L b0,

¢>Udn”. (35)

Since
dG — dGT = [W,,, H]dn" (36)

and since the commutator is given by
) i
[Wuv H] = _1¢7;t + E(SO’M (37)

we immediately find

d<w|’¢)>a = —i<7//\[WmH]|¢>od”’L + <¢ ‘%’Yﬂ - %50#

¢>U dn* =0. (38)

Thus, the transport equation yields normalized solutions for any normalized
initial value (given on a specific hypersurface).
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Integrability Condition. Integrability of the transport equation (33) means
the following. Consider a curve

o(t) =on(r),y(r)), 0<7<1, (39)

in the space X of hypersurfaces. Evaluated along such a curve, the transport
equation gives rise to an ordinary differential equation,

d(r) s (W dn i nﬂdy#> Hap(r), (40)
dr T

| dr

where ¥(7) = ¢(o(7)). If we start from a normalized initial Dirac wave function
1¥(0) given on ¢(0) the corresponding solution 1 (7) of (40) yields a normalized
wave function along the curve o(7). In particular we get a normalized state (1)
in H(o(1)) at the endpoint o(1) of the curve.

Now, if we have two such curves o1(7) and o2(7) with common initial point
and common endpoint, integrability means that the two corresponding wave
functions 11 and 1 thus obtained at the common endpoint coincide, that is

¢1(T = 1) = wg(T = 1) (41)

If this condition is true for all curves o1 and o9 of the above type and for all initial
conditions, the transport equation (33) is said to be integrable. Equivalently,
integrability means that for any initial condition on a specific hypersurface, the
transport equation can be solved to give a function v = (o) of o, i. e., a
function on the set X' of hypersurfaces.

It should be obvious that the integrability condition is trivially satisfied for
our transport equation, since we know by construction that its solutions (o)
are given by (18), that is, by restricting the corresponding solutions of the Dirac
equation to the various hypersurfaces o. In mathematical terms the necessary
and sufficient condition for the integrability of the transport equation is

dAdy =0, (42)

where A denotes the wedge product of differential forms. Now, on using the
transport equation we get from this condition

dAdGY = (dANdG)Y —dG A dy
= (dANdG +idG A dG)yp = 0.

From the known integrability of the transport equation we thus conclude that
the following relation holds

F=dAdG +idG AdG = 0. (43)

By making use of the explicit formula (32) this equation may be verified explicitly
by a lengthy calculation which is omitted here since we know that it is true by
the general argument.
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We note that the above formalism has a nice interpretation in terms of differ-
ential geometric concepts. In a differential geometric language a wave function
which is a solution of equation (40) is said to be parallel transported along the
the curve o(7). This is the reason why (33) is called transport equation. The
differential 1-form dG can then be interpreted as a so—called connection form or
gauge potential in our Hilbert bundle. Integrability means that parallel transport
along a closed curve does not change the wave function. The 2—form F' defined
in (43) is nothing but the curvature or field strength of the Hilbert bundle. Thus
we may say that the integrability condition is equivalent to the vanishing of the
curvature of the Hilbert bundle.

Density Matrix and von Neumann—Type Equation. As a preparation for
the investigations in section 3 we consider the pure state density matrix defined
in the position representation by

p(0,2,7') = (o, @) (0,211 . (44)

To understand this definition we first remark that we use the following definition
for the trace of an operator A(c),

Ao, z, ), (45)

trA(o) = /d3x trgpin

where tr denotes the trace over the spinor indices. On using this definition

spin
we obtain from (44)

tep(o) = [ % trg(o.2)0f (0,0
= <¢|¢>0 =1,
and

tr{p(0)A(0)} = (Y|Al¢)o- (46)

Definition (44) ensures that the density matrix p(o) is Hermitian with respect
to the scalar product in H(c). Thus, a straightforward calculation yields the
following equation of motion for the density matrix,

dp() = ~ildG(o), p(o)] (47)

Note that, due to the integrability of the transport equation, also this von
Neumann—type equation is integrable. This means that Eq. (47) can be solved
to yield a density matrix which is a function on the set of hypersurfaces.

Lorentz Covariance. The covariance of the transport equation (33) under
Lorentz transformations (3) is immediately clear from the following argument.
The construction of the transport equation in Sect. 2.2 has been performed
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using the coordinates x of a certain inertial frame A, say. Consider now another
inertial frame B whoose coordinates x’ are connected to the coordinates of A by
the Lorentz transformation (3). As is obvious from equation (5) the parameters
of the hypersurfaces in frame B are connected to those of frame A by

n' =An, y =Ay+0b, (48)

which means that n transforms as a normal vector and y as a coordinate vector.
Since the Dirac equation (17) is covariant, the Lorentz transformed wave function

&' (') = S(A)P(x) (49)

fulfills the Dirac equation in frame B with Lorentz transformed vector potential
Al ("), where S(A) denotes the usual spinor representation of the Lorentz group
[15].

In accordance with (18) the observer in frame B now defines

V(o' @) =2 (a') = S(A)P(x) = S(A)Y(0, @), (50)

where the relation between the space coordinates 2* in frame A and 2’ in frame
B is given by

i

ot =2l (o), 2) = (A_l)i 2o’ a’) + (A7) i x'7 (51)

0

The transformation law for the wave function thus reads explicitly
(o’ x') = S(A)Y(o,xz(o’, x')). (52)

Now, if one repeats the derivation of the transport equation using the coor-
dinates 2’ and the parameters n’ and vy’ of frame B, one obtains, of course, an
equation which takes on the same form as the transport equation in frame A.
Thus, the covariance of (33) is an immediate consequence of the covariance of
the Dirac equation and of the covariant transformation properties (48) of the
the parameters n and y that define the hypersurfaces o(n,y).

3 Continuous Measurement Theory
and Stochastic Dynamics in the Hilbert Bundle

We now employ the general framework developed in the preceding section to
construct a relativistically covariant stochastic state vector dynamics for con-
tinuous measurements. Sect. 3.1 deals with a specific example from quantum
optics, namely a direct photodetection scheme, corresponding to the case of a
single Lindblad operator. Our result will be generalized in the Sect. 3.2 to include
the most general case of a Markovian quantum dynamical semigroup which is
described through an arbitrary number of Lindblad generators.
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3.1 Piecewise Deterministic Jump Processes: Direct Photodetection

As a simple example for a stochastic state vector evolution we shall investigate
in this subsection the output signal of a two-level atom in an optical cavity which
is detected by a photocounter. The photodetector moves with velocity v relative
to the cavity in the direction of the output signal, thereby following a world line
y(7) in Minkowski space R*. The parameter 7 denotes the proper time of the
detector, that is, the time of a clock attached to the detector. In the following
we allow for an accelerated motion for which the 4—velocity

n(r) = L = (v, ) (58)

is not a constant, where n*(7)n,(7) = 1, and v = (1 — v?)~1/2,

An observer O moving with the detector can then construct a co—moving
coordinate frame (Fermi-Walker frame) as follows [20]. At each fixed proper
time 7 the time axis is given by the unit vector n(7), whereas instantaneous
3-space at that time is given by the flat, spacelike hypersurface ¢ = o(n,y)
which is orthogonal to n(7) and contains the point y(7), i.e., which is defined
by (5). Thus, the hypersurface o(7) = o(n(7), y(7)) is the set of those spacetime
points  to which observer O assigns one and the same time coordinate 7. The
family of hypersurfaces o(7) determined by the detector path y(7) will be called
a foliation®.

Our aim is now to construct a relativistically covariant, stochastic represen-
tation of the source dynamics induced by the continuous, selective measurement
of the radiated photons through the moving photodetector. Each time a photon
is detected the wave function of the source undergoes an instantaneous change.
We assume, as in the non-relativistic theory [3], that this change is obtained
through the application of some Lindblad operator L to the state vector. Due
to the lack of an absolute time the term instantaneous change of the wave func-
tion is not a relativistically covariant one. However, by the very principles of
quantum mechanics, source, radiation field, and detector have to be regarded
as a whole. The important conclusion is that a Lorentz transformation affects
the quantum object and the probe as well as the detector and the hypersurfaces
o () of the foliation of observer O. Thus we do get a covariant prescription for
the state vector reduction if we postulate that the state vector reduction occurs
instantaneously in the detector’s rest frame, that is, along a certain spacelike
hypersurface o(7) of the foliation of the observer O associated to it.

! More precisely, the family of hypersurfaces o(7) represents a foliation of that space-
time region in which different hypersurfaces do not intersect. The corresponding
condition is I(z) < g~', where I(x) is the distance of a point = from the world line
y(7) and g is the acceleration of the detector measured in its own rest frame [20].
The set of points x which fulfill this condition is uniquely parameterized by the
Fermi-Walker frame given above. Beyond a distance g~* from the detector’s world
line a complete, continuous measurement and, therefore, a stochastic representation
of the source dynamics ceases to exist.
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As a consequence of these considerations the jump operator becomes a func-
tion L = L(o) of the hypersurfaces which will be determined below. In direct
analogy to the non-relativistic formulation we obtain on the basis of our state
reduction postulate the following Markovian stochastic state vector equation
describing a piecewise deterministic process:

dy (o) = —idG(a)y (o)

TLOLE) d)(ﬂ)) dN(a), (54)

where we have introduced the abbreviation

(LN (0)L(0)) = (@|LY(0) L(0) 1) (55)

The first term on the right-hand side of (54) represents the unitary dynamics as
it is described through the transport equation (29). The second and the third
term yield the irreversible part of the dynamics induced by the continuous mon-
itoring of the quantum object. The structure of these terms is similar to the one
encountered in quantum optical applications. Here, the quantity dN(a) is the
increment of a Poisson process which obeys

E[dN(a)] = (LT(0)L(0))da, [dN(a)]* = dN(a), (56)

where E denotes the expectation value, and the quantity a plays the role of an
invariant time parameter which will be determined below. The second relation
n (56) tells us that dN(a) takes on the values 0 or 1. As long as no photon
is detected we have dN(a) = 0 and, thus, the second term of (54) gives the
evolution of the state vector conditioned on the outcome that no photon is
detected. If a photon is detected we have dN(a) = 1, such that the third term
of (54) yields the corresponding jump of the state vector given by

L(o)¢(o)

YO = ety

(57)

Thus, the Poisson process N(a) simply counts the number of photon detection
events.

According to (57) the stochastic jumps of the state vector occur along the
hypersurfaces o(7) of the foliation given by the detector path. If a photon has
been detected at a certain proper time 7 the state vector reduction has to be
performed at the corresponding retarded proper time 7. taking into account the
time required by the light signal to propagate from the source to the detector.
This follows directly from the fact that the detected signal yields information
on the state of the source at the retarded time and is made explicit in the
input/output—formalism of quantum optics [21]. Thus, the precise prescription
for the state vector reduction takes the following form: The reduction of the state
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vector occurs along the spacelike hypersurface o(7.t) at the retarded proper
time 7yt which corresponds to the proper time 7 of the actual measuring event.
Thus, (54) leads to a stochastic equation of motion for the source wave function
Y(Tret) = P(0(Tret))-

In order to determine the invariant time parameter a we first observe that,
according to Eq. (56), the photocurrent as measured in the rest frame of the

detector is given by
da

dr’
J is the average number of photon counts per unit of the proper time interval
d7. Due to the Lorentz invariant nature of the scalar product we may simply
set (LT(0)L(c)) = I, where Iy is an invariant emission rate characteristic of
the source. Thus we have J = I'nda/dr. If the detector is at rest with respect to
the source (v = 0), the detected photocurrent must be Jy = I'y. Thus, a must
be equal to the proper time of the source, i.e., a is the time of a clock fixed at
a position in the vicinity of the source. To see that this conclusion is correct we
consider the case of a moving detector (v # 0). It is easy to show with the help
of the transformation laws for the electromagnetic field strength tensor that the
photocurrrent J as measured in the rest frame of the detector is given by

J = (LY(0)L(0)) (58)

1—w

J:
14w

Jo, (59)

where v = ve and e denotes the unit vector in the direction of the radiation (we
do not assume that v is constant). Now, with the above choice for the quantity a
the square root expression is identically equal to da/d7 which proves our claim?.

The covariance of our stochastic state vector equation (54) under Lorentz
transformations is obvious. Since da is an invariant, da’ = da, the quantity
dN(a) is an invariant stochastic process. Furthermore, since the scalar product

transforms as a Lorentz scalar,

W/W')w = <¢|¢>a, (60)

both the dissipative and the stochastic term of (54) transform covariantly. It is
important to emphasize that the transformation laws also involve a transforma-
tion of the jump operator, namely

L'(c") =UL(o)UT, (61)

where U denotes the unitary representation of the Lorentz transformation de-
rived in the preceding section. Physically, this means that the quantum object

2 As mentioned earlier the source must lie within a distance I < g~ ' from the world
line of the detector. This condition implies that da/d7me; > 0 and that, therefore,
(54) represents a sensible stochastic state vector equation with a positive increment
da. If this condition is violated, obviously no complete continuous monitoring by
the detector is possible. As an example one might think of a detector in hyperbolic
motion, in which case the observer can outrun the photons radiated by the source.
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as well as the environment and the measuring apparatus have to be Lorentz
transformed in order to obtain covariance of the stochastic process. In view of
the physical meaning of the process as a continuous measurement, this is a plau-
sible prescription which is in full agreement with both quantum mechanics and
special relativity.

It remains to derive an expression for the Lindblad operator L = L(o). To
this end we consider the density matrix which is given by the covariance of the
stochastic process [16],

ploe.y) = B (o200t (0.0 (62)

and which describes the continuous measurement on the non-selective level. Its
equation of motion is obtained from (54) as a closed equation in Lindblad form

dp(0) = —i[dG(a), p(0)] (63)

+(0l0)L1(0) - JL1 @) L00) - 3olo) L (0)L(0) ) e

Given a certain detector wordline y(7) the solution of the stochastic evolution
equation (54) yields a stochastic process which corresponds to a specific foliation
through the hypersurfaces (7). In this sense, each detector path constitutes a
specific measurement scheme, that is, a certain method to gain complete infor-
mation on the source. Turning from a description in terms of a stochastic process
(o) to a description in terms of a density matrix p(c) corresponds to a tran-
sition from a selective to a non—selective measurement. Therefore, the resultant
density matrix equation only depends upon the structure of the quantum ob-
ject (source) and of the quantum probe (electromagnetic field) and not on the
detector path y(7): Once the field variables have been eliminated the dynamics
of the source on the non-selective level does not depend on the way one detects
its radiated field.

The conclusion from the foregoing is that the density matrix p(o) as deter-
mined by (63) must be path-independent, that is it must be integrable in the
same sense as described in the preceding section. A straightforward calculation
shows that integrability holds if the condition

dL(0) +i[dG(0), L(c)] = R(o)da (64)

is fulfilled, where R(c) may be any operator. It can be shown that (64) has a
unique solution L = L(c) once the Lindblad operator has been specified in the
rest frame of the source. This is an important conclusion to be drawn from our
theory: The path—independence of the density matrix follows from the path—
independence of the measurement on the non-selective level and leads to the
integrability condition (64) which, in turn, allows the determination of the Lind-
blad operator L(o).

For the present example of a two-level atom we know from the non—relativistic
theory that in the rest frame of the source the Lindblad operator takes on the
form Ly = \/ZT)QEQQPL where I is the spontaneous emission rate (measured in the
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rest frame of the source) and ¢, . are ground and excited state, respectively
(stationary states of the atomic Dirac equation). The corresponding solution of
the integrability condition then reads

— \Toty(0)1 (01— = (65)

where ¢4(0) and ¢, (o) are obtained by restricting the spacetime functions @,(x),
@.(x) to the hypersurface o. This completes the construction of a relativistic
stochastic state vector dynamics for the continuous measurement through direct
photodetection.

3.2 Generalization to the Case of Several Lindblad Operators

The above stochastic evolution equation can easily be generalized to the case of
an arbitrary number of Lindblad operators. The corresponding density matrix
equation then takes on the general form for a Markovian quantum dynamical
semigroup.

If we have any number of Lindblad generators Ly (o), labeled by some index
A, we consider the corresponding piecewise deterministic process given by,

() = ~idG(o (o)
3 2 (HO)a0) = (EA(0)a(o)) vloyin

+ Mﬂ/}(cr) dNx(ax). (66)

A (LY (0)LA(0))

The quantities dNy(ay) are independent Poisson increments which satisfy the
relations,

E [dN)\(a)\)] = <L;(0’)L>\(U)>da)\, dN)\(a)\)dNA/(a)\/) = dNA(a)\)(;)\)\/. (67)

It is then easy to verify that the associated density matrix is governed by an
equation in Lindblad form,

dp(0) = —i[dG(0), p(0)] (68)

+ 3 (Bs@) 4 (0) - SEAOLAI0) ~ J0l0)LL0)Enlo) ) don
A

The physical interpretation of this equation of motion is similar to the one given
in the preceding subsection. In particular, the requirement of integrability of the
density matrix equation leads to the following sufficient conditions,

dLy(o) +i[dG(0), Lx(c)] = Rx(o)day (69)

and
[La(), La ()] = 0. (70)



Relativistic Theory of Continuous Measurements 211

The first integrability condition (69) is the analogue of condition (64) and must
be satisfied for all A\. The second integrability condition (70) is required to hold
for all pairs A # X of indices for which day A day: # 0. This condition expresses
the requirement of causality [22]. For example, we could have two different Lind-
blad operators Ly (o) and Ly (o) which describe local measurements at two dif-
ferent space-time points. If these points are located on the same hypersurface o
they are separated by a spacelike distance and, consequently, the corresponding
operators must commute in order to guarantee causality.

Throughout this paper we have assumed that the reduced system dynamics
is Markovian, giving rise to an equation of motion for the density matrix in
Lindblad form. We remark that this is, of course, an approximation the validity
of which depends on the nature of the interaction and/or the measuring device. A
non-Markovian dynamics emerges, for example, if the measuring device involves
a quantum probe which is in an entangled quantum state [22].

4 Conclusions

It is sometimes claimed that the state reduction postulate of quantum mechanics
is incompatible in some sense with the principles of special relativity. However,
as has been shown in this paper, quite the contrary is true if the state reduc-
tion postulate formulated in section 3 is used. Regardless of any philosophical
interpretation, the state reduction postulate gives a prescription for the change
of probability amplitudes for future measurements conditioned on the outcome
of presently known measurements. Relativistic quantum theory then leads to the
conclusion that the wave function is not a function on the space-time contin-
uum but must be regarded as a functional on the set of spacelike hypersurfaces.
Consequently, the key point of our construction is that the Lorentz group acts
on the Hilbert bundle when measurement interactions are taken into account
and a reduced description in terms of the quantum object’s wave function is
adopted. Thus, if we agree to consider the state vector as a functional on the
set of spacelike hypersurfaces no conflict with special relativity arises and a fully
consistent description of continuous measurements in terms of a relativistically
covariant piecewise deterministic process for the state vector can be developed.
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Abstract. In this paper we show that the GHZ theorem can be reformulated as a
probablistic theorem allowing for inefficiencies in the detectors. We show quantitatively
that taking into account these inefficiencies, the published results of the Innsbruck
experiment support the nonexistence of a joint probability distribution for the six
correlated spin variables, and hence the nonexistence of hidden variables that explain
the experimental results.

1 Introduction

One of the most influential papers on the foundations of quantum mechanics is
undoubtedly that of Einstein, Podolski and Rosen (EPR), where they analyzed
the correlations between observables of entangled two-particle states [1]. In their
paper, EPR conclude that, because entangled systems can be perfectly corre-
lated, Bohr’s interpretation of quantum mechanics was incomplete, and a new
theory using hidden variables was necessary. However, in 1963 John Bell showed
that if we wanted a hidden-variable theory for quantum mechanics, as EPR. did,
this theory would be falsifiable, as it would yield correlations incompatible with
the ones predicted by quantum mechanics [2]. In 1982, in a famous experiment,
Aspect, Dalibard and Roger showed that quantum mechanical correlations were
satisfied, in contradiction to the local hidden-variable predictions [3].

Recently, Greenberger, Horne and Zeilinger (GHZ) proposed another test for
quantum mechanics against hidden-variable theories [4]. What makes the GHZ
proposal distinct from Bell’s inequalities is the fact that, by using the quantum
mechanical predicted correlations for entangled states of more than two particles,
they could obtain a mathematical contradiction if a local hidden-variable theory
were assumed. The contradiction obtained for the case of three particles, as
derived by Mermin in [5], goes as follows. Let |1)) be a three-particle entangled
spin state defined by

1
= —=(+++)+|-—-)), 1
%) \/5(\ )+ | ) (1)
where we use the notation |+ ++) = [+)1 ® |[4+)2 ® |+)3, and 61.|+)1 = |[+)1,
G12]—)1 = —|—)1, 61, being the spin observable in the z direction acting on
particle 1, and so on. The wavefunction (1) is an eigenstate of the following

J. Bricmont et al. (Eds.): LNP 574, pp. 213-223, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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operators:

Al = 61469yF3,5|0) = [00),  BJ) = 61,0283, [) = |0, (2)
Clp) = 160y F32|00) = [00),  D[) = 61262063, ]0) = —[1). (3)

From equations (2)—(3) we have at once that

E(A)=EB)=EC)=1 (4)

and
E(D) = —1. (5)

To show the contradiction, we assume there is a hidden variable A, that is a
function of the source that generated the entangled state and that determines
the value of each ot the components of spin for the particles. Let us denote by
M (A) the value £1 of the spin 6;, in the x direction for particle i, i = 1,2,3,
and by m;, (A) the value of the spin &;, in the y direction. Since the expectations
are 1, we can write, from (2)—(3), that

1 (i, (\may (V) = 1, (6)
My (A)mag (A)may(A) = 1, (7)
My (A)may (A)mse(A) = 1 (8)
But
[M1amaymay] [Mm1ymazmay] [m1y,mayms.] = [M1zmazms,] [m%ymgxmgy}
= [mlazm2xm3$] 5 (9)

where we dropped the A to simplify the notation. Equations (6)—(9) imply that

E(D) = M1xM2, M3y = ]-7

in clear contradiction with the quantum mechanical prediction given by (5), thus
showing that noncontextual hidden-variables are incompatible with the quantum
mechanical predictions. Hence, quantum mechanics is not compatible with the
completeness requirements of EPR. We must stress at this point that the proof
of the GHZ theorem relies on the fact that, in (9), all three terms on the left-
hand side of the equation have the same hidden variable. However, if we allow the
hidden variable to be contextual, i.e., for its value to depend on the experimental
setup given by the observable operators, then no contradiction can be derived,
as can be shown by proving that a nonmonotonic upper probability distribution
exists that is compatible with the quantum mechanical expectations [6].

The main characteristic of GHZ’s proof, however, has a major problem. How
can we verify experimentally predictions based on correlation-one statements,
since experimentally one cannot obtain events perfectly correlated? This problem
was also present in Bell’s original paper, where he considered cases where the
correlations were one. To “avoid Bell’s experimentally unrealistic restrictions”,
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Clauser, Horne, Shimony and Holt [7] derived a new set of inequalities that
would take into account imperfections in the measurement process. However,
Bell’s inequalities are quite different from the GHZ case, where in the latter it
is mecessary to have experimentally unrealistic perfect correlations to justify the
proof leading to a contradiction. This can be seen from the following theorem
(a simplified version of the theorem found in [8]), where the previous proof is
reduced to pure probabilistic arguments.

Theorem 1 Let X, X3, X3, Y1, Yy and Y3 be six +1 random variables,
representing the outcome of spin measurements in the x and y directions for
particles 1,2, and 3, and let
(i) B(X1Y2Y3) = E(Y1X2Y3) = E(Y1Y:2X3) =1,

(i) B(X1XX3) = —1.
Then (i)—(ii) imply a contradiction.

In a previous paper [9] we analyzed the Innsbruck three-particle GHZ exper-
iment [10], where a GHZ state was generated, and showed that their experiment
was not compatible with a noncontextual hidden-variable theory. To do this, we
showed that a set of inequalities for three-particle correlations were necessary
and sufficient for the existence of a noncontextual hidden-variable. However, our
proof did not use the full set of six detection random variables X1, X, X3, Y71,
Y. and Y3, but instead used random variables defined as products of the X;’s
and Y,’s, in a way similar to that used in the proof of Theorem 1. As a conse-
quence, the set of inequalities presented in [9] is not symmetric in all random
variables, as are Bell’s inequalities. The present paper can be considered as a
continuation of our early work [9], as we obtain conditions that, if verified exper-
imentally, guarantee the nonexistence of a joint probability distribution for the
particle observables X1, X5, X3, Y1, Y5 and Y3, and hence the nonexistence of
a hidden-variable [11]. The main difference from the inequalities obtained here
and the ones from [9] is that, in the form presented below in Theorem 2, the
inequalities assume a completely symmetric form. Also, since the publication of
[9] new data appeared from the group in Innsbruck [12], and in Section 3 we re-
fine the analysis made previously in the light of these new data, concluding once
again that no noncontextual hidden variables are compatible with the outcomes
of the experiment.

2 Bell-Like Inequalities for the GHZ State

In this Section we want to derive inequalities that guarantee the nonexistence
of hidden-variables for the observables used in GHZ’s proof. Before we derive
those inequalities, it is important to note that if we could measure all the ran-
dom variables X1, Xs, X3, Y1, Y and Y3 of Theorem 1 simultaneously, we
would have a joint probability distribution. The existence of a joint probability
distribution is a necessary and sufficient condition for the existence of a noncon-
textual hidden variable [11]. Hence, if the quantum mechanical GHZ correlations
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are obtained, then no such hidden variable exists. However, Theorem 1 still in-
volves probability-one statements. On the other hand, the quantum mechanical
correlations present in the GHZ state are so strong that even if we allow for
experimental errors, the nonexistence of a joint distribution can still be verified,
as we show in the following theorem, which, as we said above, extends the results
in [9].

Theorem 2 Let X; and Y,;, 1 <7 < 3, be six =1 random variables. Then, there
exists a joint probability distribution for all six random variables if and only
if the following inequalities are satisfied:

—2<E(X1Y:2Ys3)+ E(Y1XoY3) + E(Y1YX3) — E(X1X5X3) <2

—2< —E(X1Y2Y3)+ E(Y1XoYs3) + E(Y1Y2X3) + E(X1XX3) <2

—2< E(X1Y2Y35) — E(Y1X2Y3) + E(Y1Y2X3) + B(X:1XoX3) < 2,

—2< E(X1Y:Y3)+ E(Y1XoYs3) — E(Y1Y2X3) + E(X1XX3) < 2.
Proof: The argument is similar to the one found in [9]. To simplify, we use a
notation where x1yoy3 means X1Y2Y3 = 1, T192y3 means X;Y,Y3 = —1. We
prove first that the existence of a joint probability distribution implies the four
inequalities. Then, we have by an elementary probability computation that

P(x1y2y3) = P(xlygyg,y1x2y3,y1y2x3) + P($1y2y3,y1$2y37yly2953)
+P(m1yzy3,y1x2y37y1yzx3) + P(:myzys, y1$2y37y1y2963)

and

P(T12y3) = P(T19273, Y1723, Y1y223) + P(T19273, Y1203, Y1Y223)
+P(Z1Y2Y3, Y172Y3, Y1Y273) + P(T1Y2Y3, 17273, Y1Y273),

with similar equations for Y1 X5Y3 and Y;Y3X3. But
X1XoX3 = (X1Y2Y3) (Y1 X2Y3)(Y1Y2Xs3),

and so we have that

P(zyx213) = P(21y2y3, Y122Y3, V1Y223) + P(T192Y3, Y122Y3, Y1Y223)
+P(21Y2y3, Y172Y3, Y1Y273) + P(T1Y2Y3, Y172Y3, Y1J273)

and

P(T17373) = P(T19293, 112203, Y19223) + P(T10293, Y122Y3, Y1Y223)
+P(21Y2Y3, Y1723, Yy1Y223) + P(T1Y2Y3, y1702Y3, Y17273)-

A straightforward computation shows that

F = 2[P(x1y2y3, Y1723, Y1Y223) + P(T10203, Y172Y3, Y1Y213)
+P(21Y2y3, Y17273, Y1y273) + P(T1y2y3, Y172Y3, Y17273)]
—2[P(T19273, Y1 7293, 119223) + P(T19273, Y1203, Y1Y223)
+P(T1%2Y3, Y172Y3, Y19273) + P(T1Y2y3, Y1729, Y1Y273)],
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where F' is defined by
F=EX1Y:2Y3)+ E(Y1X2Y3) + E(Y1Y2X3) — E(X1X2X3).

Since all probabilities are non-negative and sum to < 1, we infer the first in-
equality at once. The derivation of the other inequalities is similar.
Now for the sufficiency part. First, we assume the symmetric case where

E(X1Y2Y3) = E(Y1X2Y3) = E(Y1Y2X3) = 2p - ]., (10)
and
E(X1XX3) = —(2p—1). (11)
Then, the first inequality yields
1 3
- <p< - 12
1SP< D (12)
while the other ones yield
0<p<l. (13)

Since X; and Y; are =1 random variables, p has to belong to the interval [0, 1],
and inequality (13) doesn’t add anything new. We will prove the existence of a
joint probability distribution for this symmetric case by showing that, given any
D, i <p< %, we can assign values to the atoms that have the proper marginal
distributions.

The probability space for X; and Y; has 64 atoms. It is difficult to handle a
problem of this size, so we will assume some further symmetries to reduce the
number of atoms. We will first introduce the following notation: if a group of
symbols is between square brackets, all the possible permutations of the barred
symbol will considered. For example, we assume a5 = P([Z12223)y1y2Yy3), mean-
ing that P(flIgl‘gylygyg) = as, P(I‘l.fQIgylygyg) = as, and P(.Ill‘gﬂ'_;gylygyg) =
as. Then, the number of atoms in the problem is reduced to the following

16: a1 = P(x1203y1Y2y3), a2 = P(r12023719243), a3 = P(z12203[Y1y2y3]),
ay = P(r120w3[01%2y3]), a5 = P([Tixex3]y1y2ys), as = P([Z12223]717273),
a7 = P([Z12223][J1y2y3]), as = P([Z1z223][0172y3]), a9 = P([212223][11y2y5)),
a0 = P([Z1Z223][1172y3]), a1 = P([T1Z223]y192Y3), a1z = P([Z17223]717273),
a1z = P(Z1Z2%3[71y2y3]), a1a = P(T1Z2Z3[1152y3])), a15 = P(T1Z2Z3y192¥3),

These new added symmetries reduce the problem from 64 to 16 variables.
The atoms have to satisfy various sets of equations. The first set comes just
from the requirement that E(X;) = E(Y;) =0, for i = 1,2, 3, but two of the six
equations are redundant, and so we are left with the following four.

a1 + as + 3asz + 3aq + as + ag + 3a7 + 3asg — 3ag
—3a10 — a1 — a12 — 3a13 — 3414 — A15 — Q16 =0, (14)

a1 — as + az — aq + 3as — 3ag + 3a7 — 3ag + 3ag

—3a10 + 3a11 — 3a12 + a1z — ais + a5 — ae =0, (15)
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a1 — as + a3 — aq + 3as — 3ag + 3ar — 3ag + 3ag

—3a10 + 3a11 — 3a12 — a13 + as + a5 — age =0, (16)

a1 + ag + 3as + 3a4 — a5 — ag — 3a7 — 3as + 3ag
+3a10 + a1 + a12 — 3a13 — 3a14 — a15 — a1 =0, (17)
where (14) comes from E(X;) = 0, (15) from E(X3) =0, (16) from E(Y;) =0,
and (17) from E(Y3) = 0. The triple expectations also imply
a1 + az + 3az + 3as — 3as — 3as — 9ar — Jag + Yag
+9a10 + 3a11 + 3a12 — 3a13 — 3a14 — a15 — ase =—2p+1, (18)

ay+ a2 —aqg —aq+as+ag —ay —ag + ag
+aig — a1 — a2 + a3z +a —as —ag =2p—1, (19)

and

a1 — agz — 3az + 3a4 + 3as — 3ag — 9ar + 9ag — 9ag
+9a19 + 3a11 — 3a12 — 3a13 + 3a14 + a15 — a6 =2p—1. (20)

Finally, the probabilities of all atoms have to sum to one, yielding the last
equation

ay + az + 3(13 + 3&4 + 3&5 + 3&6 + 9@7 + 9@8 + 9(19
+9a19 + 3a11 + 3a12 + 3a13 + 3a14 + a15 + ais = 1. (21)

Even with the symmetries reducing the problem to 16 variables, we still have
an infinite number of solutions that satisfy Eqns. (14)—(21). Since it is very hard
to exhibit a general solution for (14)—(21) with the constraints 0 < a; < 1,
i =1...16, we will just show that particular solutions exist for an arbitrary
p satisfying the inequality (12). To do so, we will divide the problem into two

parts: one where we will exhibit an explicit solution for the atoms aq,...,ag
that form a proper probability distribution for p € [§, 3], and another explicit
solution for p € [3, 3].

It is easy to verify that, given an arbitrary p in [%, %]7 the following set of
values constitute a solution of Eqns. (14)—(21): a; = 0, az = —3+2p, az = i—%n
a4:0, a5:O, (IG:O, CL7:O7 GSZO, agzO, a10=O, a1 :O, algzi—§p,
a3 =0, aig = 0, a15 = p, a;g = 0. For p in [%, %] the following set of values
constitute a solution of Eqns. (14)—(21): a1 = 7% + %p, az =0, ag = % — %p,
as =0, a5 = =2 + 3p, ag = —5; + &P, ar = 0, ag = 0, ag = 0, ayp = 0,

a1 =0, a12 =0, a13 =0, a4 = %, ais = 3 — %p, a1 = 0. So, for p satisfying
the inequality % <p< % we can always construct a probability distribution for
the atoms consistent with the marginals, and this concludes the proof. $

We note that the form of the inequalities of Theorem 2 is actually that of the
Clauser et al. inequalities [7] for the Bell case, when the Bell binary correlations
are replaced by the GHZ triple correlations. The inequalities from Theorem 2
immediately yield the following.
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Corollary Let X; and Y;, 1 <1i < 3, be six £+1 random variables, and let
(i) E(X1Y2Y3) = E(Y1X2Y3) = E(Y1Y2X3) =1- g,
(i) B(X1X3X3) = —1+¢, with € € [0,1].
Then there cannot exist a joint probability distribution of X; and Y,;, 1 <
i < 3, satisfying (i) and (ii) if £ < 1.

Proof. If a joint probability exists, then

—2 < B(X1Y2Y3) + E(Y1X2Y3) + B(Y1Y2X3) — B(X1X,X3) < 2.
But

E(X1Y2Y3) + E(Y1XoY3) + E(Y1Y2X3) — E(X1XX3) =4 — 4e,

and the inequality is satisfied only if £ > % Hence, if € < % no joint probability
exists. &

In the Corollary, € may represent, for example, a deviation, due to experi-
mental errors, from the predicted quantum mechanical correlations. So, we see
that to prove the nonexistence of a joint probability distribution for the GHZ ex-
periment, we do not need to have perfect measurements and 1 or —1 correlations.
In fact, from the inequality obtained above, it is clear that any experiment that
satisfies the strong symmetry of the Corollary and obtains a correlation for the
triples stronger than 0.5 (and —0.5 for one of them) cannot have a joint probabil-
ity distribution. It is worth mentioning at this point that the inequalities derived
in Theorem 2 have a completely different origin than do Bell’s inequalities. The
inequalities of Theorem 2 are not satisfied by a particular model, but they just
accommodate the theoretical conditions in GHZ to possible experimental de-
viations. Also, Theorem 2 does not rely on any “enhancement” hypothesis to
reach its conclusion. Thus, with this reformulation of the GHZ theorem it is
possible to use strong, yet imperfect, experimental correlations to prove that a
hidden-variable theory is incompatible with the experimental results.

To complete this Section, we will now present a result that is similar to
one obtained by Garg and Mermin for the case of Bell’s inequalities [13]. Garg
and Mermin constructed a set of eight +1 random variables that satisfy Bell’s
inequalities, but do not have a joint probability distribution. For our example,
it is sufficient to increase the number of random variables from six to seven.

Theorem 3 Let X;, Y;, and Yll, 1 < i < 3, be seven 1 random variables
with expectations equal to zero. The satisfaction of the inequalities of The-
orem 2 by the subsets of random variables {X;,X2,X3,Y1,Y2, Y3} and
{X1,X2, X5, Y/17 Y2, Y5} does not guarantee the existence of a joint proba-
bility distribution for the full set of random variables.

Proof. We prove Theorem 3 by constructing an example of seven variables not
having a joint probability distribution. Say we have the following expectations,
all satisfying the inequalities of Theorem 2:

B(Y1X0X3) = B(X,Y2X3) = B(X,XoY3) = B(Y Yo Y3) = -1, (22)
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B(Y,X5X3) = B(Y,Y2Y3) =0, BE(X;Y,X3) = B(X;X,Y3) = 1. (23)

Since E(Y;X2X3) = E(Y;Y2Y3) = 0, a joint probability for the six variables
of (23) exists with the correlations

E(Y,Y2)=1, E(Y;Xs)=1, E(Y,Y3)=1, E(Y;X3) =—1.
From the correlations fixed above, we can obtain immediately that
E(X.Ys) =1, E(X3Y3)=-1.
But, we have also that
E(Y1Y2Y3) = E((Y1X2X3)(X2Y2)(X3Y3)) = —E(Y1X2X3),

thus showing that the assumption of a joint probability distribution leads to a
contradiction with (22).

The counterexample to the existence of a joint probability distribution just
constructed, and also the one constructed by Garg and Mermin for Bell’s inequal-
ities, simply illustrate a well-known feature of probability theory that has nothing
to do with quantum mechanics. The feature is this. Given marginal probability
distributions for pairs, triples, or, in general, n-tuples, n = 1,2, ..., of random
variables, there will not exist a joint probability distribution for m-tuples of ran-
dom variables, m > n, without making special assumptions. Of course, distribu-
tions satisfying special assumptions are of great importance, e.g., the Gaussian
or normal distribution of n random variables for which only means, variances
and covariances are needed to fix the distribution uniquely. Consequently, for a
Gaussian, all higher moments are already fixed by the first and second moments.

It is also to be emphasized that giving inequalities for larger numbers of
random variables, either in the Bell or GHZ case, necessary and sufficient for the
existence of a joint probability distribution is difficult, and very likely intractable
for arbitrary n. For a sense of the difficulties in the Bell case, see Suppes and
Zanotti [11].

3 Analysis of the Innsbruck Experiment

In this Section, our results from [9] are applied to the most recent experimental
results of the Innsbruck group [10,12]. Before we proceed, we need to lay down the
experimental setup that we consider. A schematic of the Innsbruck experiment is
shown in Figure 1. In this experiment an UV laser pulse is sent into a nonlinear
crystal, generating correlated pairs of photons, that can be detected in four
detectors T, D1, Do, and Dj3. In the Figure, “Pol.” are polarizers, “BS” is a
50-50 beam splitter, and A/2 is a half-wave plate. There is a small, yet nonzero,
probability that two pairs of photons are generated simultaneously, where by
simultaneous we mean within a window of observation At. It can be shown
theoretically that, for the case of two-pair production, when one of the photons
is detected in the trigger detector T', the other three photons detected in D1,
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Fig. 1. Schematics of the GHZ experiment of Bouwmeester et al.

Ds, and D3 are in a GHZ entangled state. In other words, if we conditionalize
the experimental data to a detection at T, then Dy, D5y, and D3 should show
a GHZ correlation. There are several different sources of inefficiencies that we
have taken into account in [9]: the detection efficiency, the dark-count rate, and
the misfiring probability, just to name a few, but important, examples. We use
the analysis from [9] of what happens to the GHZ correlations in a setup like
Figure 1 when the detectors have efficiency d € [0,1] and a dark-count rate of
probability . We assumed that the misfiring probabilities are negligible, as the
polarizers used in the wavelengths in question are very efficient. The analysis
also assumed that whenever a double pair is produced, this double pair has the
expected GHZ correlation for Dy, Dy, and Ds if T' correctly detects a photon.
The probability of no photon being generated and having a fourfold coincidence
registered was considered negligible, as this would require a dark-count rate
much bigger than found in modern photon detectors. Also, triple-pair creations
were neglected because they are of extremely low probability compared to the
other events. In [9] we obtained as the expression for the spin correlations the
following.

E (S1558s | tdidods & GHZ)

P(pip2) 72
[1+ 62 22

E (15585 | tdydads) =

(24)

This value is the corrected expression for the correlations if we have detector
efficiency taken into account.

We estimate the values of v and d to see how much E (S1S2S;3 | tdidads)
would change due to experimental errors. For that purpose, we will use typical
rates of detectors [14] for the frequency used at the Innsbruck experiment, as
well as their reported data [10]. First, modern detectors usually have d ~ 0.5 for
the wavelengths used at Innsbruck. We assume a dark-count rate of about 3 x 102
counts/s. With a time window of coincidence measurement of 2 x 1079 s, we then
have that the probability of a dark count in this window is v = 6 x 10~7. From
[10] we use that the ratio P(p1p2)/P(p1...p2) is on the order of 10!°. Substituting
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these numerical values in (24) we have F (S1S2S3 | td1dads) = 0.9. From this
expression it is clear that the change in correlation imposed by the dark-count
rates is significant for the given parameters. However, it is also clear that the
value of the correlation is quite sensitive to changes in the values of both v and
d.

We can now compare the values we obtained with the ones observed by
Bouwmeester et al. for GHZ and GHZ states [12]. Using the notation from
previous sections, they report that for the settings Y;X3X3, X;Y2X3, and
X1X35Y3 a fraction of 0.85+ 0.04 had the predicted quantum mechanical corre-
lation, i.e.,

E(Y1X5X3) + E(X1Y2X3) + E(X1X5Y3) = 2.55.
However, for the experimental setting Y;Y5Y3 they report a correlation
E(Y,1Y:2Y3) = —0.74.

If we use the inequalities from Theorem 2, we see that the first inequality is
clearly violated, as

E(Y1XX3)+ E(X1Y2X3) + B(X1X2Y3) — E(Y1Y2Y3) =3.29 > 2.
Using Theorem 2, this result strongly supports the nonexistence of a joint prob-

ability distribution.
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Abstract. Some features that accompany the branching between classical and quan-
tum probabilities are reviewed. We first review some aspects of the so called logical
approach in which the states are viewed as probability measures on ordered structures,
the latter being Boolean algebras in the classical case and nondistributive orthomodu-
lar lattices in the quantum case. The problem of providing intrinsic characterizations
of classical and of quantum probabilities is also summarized. Generalizations of the
usual classical probability framework that are able to host typical features of quan-
tum probabilities are discussed: we consider in particular an approach which rests on
a generalization of the usual notion of random variables.

1 Introduction

It is generally agreed that the probabilistic structure underlying quantum the-
ories has non classical aspects. Quantum phenomena often do not fit with the
standard, or Kolmogorovian, probability theory: we might think, for instance,
of interferometry phenomena, of empirical violations of Bell inequalities, and so
on.

In Sect. 2 we briefly recall the standard mathematical frames accompanying
the statistical aspects of classical and quantum mechanics. In both cases the
states of the physical system under discussion appear as probability measures
on the events and the branching between the two theories can be read out of the
different ordered structure associated to the classical and the quantum events.
This is an old chapter in the studies in the mathematical foundations of quantum
theory, which is briefly summarized in Sect. 3.

The problem of having criteria to decide whether some given set of empiri-
cally observed probabilities fits with the classical or the quantum formalism is
a nonsimple one: the Bell inequalities provide the most celebrated example of
such a criterion. Some remarks on this problem are collected in Sect. 4.

There have been various proposal for “non Kolmogorovian” probability the-
ories. A relevant attempt is provided by the so-called algebraic noncommutative
approach [1]. In Sect. 5 we examine an alternative approach which is based on
commutative algebras (thus retaining a classical aspects) but admits a class of
observables wider than the usual family of random variables. The emerging new
probability theory, to be called operational probability theory, embodies indeter-
ministic features and hosts interesting extensions of the quantum description.

J. Bricmont et al. (Eds.): LNP 574, pp. 225-232, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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2 Standard Frames for Classical
and Quantum Probabilities

Let us first focus attention on the general mathematical frames hosting the
(kinematical) description of classical and quantum mechanics.

In the classical case a measurable space {2 is attached to the physical system
under discussion and the states of this system are identified with the probability
measures on the o-Boolean algebra B(f2) of the measurable subsets of 2: we
write M;"(£2) for the set of these probability measures. The Dirac measures,
namely the probability measures concentrated at a point of {2, are the extreme
elements of the convex set M, (£2) and represent the pure states. Hence {2 it-
self can be viewed as the set of the pure states. Notice that, by definition, the
convex set Mfr (£2) has the structure of a simplex: any nonpure state determines
uniquely the pure states of which it is a convex combination. The real-valued ob-
servables are then defined as those affine maps of M;"(£2) into M;" (R) that map
Dirac measures on {2 into Dirac measures on R. Thus a real-valued observable
A corresponds to a function f4 : 2 — R, generally called a random variable.
The probability of getting an outcome of the observable A in the set X € B(R),
given that the state is u € M;"(£2), is then provided by u(f;'(X)).

In the quantum case a separable, complex Hilbert space H is attached to
the physical system under discussion and the states of this system are identified
with the probability measures on the set P(#) of the projectors (on the closed
subspaces) of H: the Gleason theorem ensures that they correspond to the den-
sity operators of H if the dimension of #H is not smaller than 3. The probability
measures concentrated at a one-dimensional projector of H are the extreme ele-
ments of the convex set of states and represent the pure states. The “rays” of ‘H
can thus be viewed as the pure states. Notice that the set of states is no longer a
simplex: a nonpure state does not determine uniquely the pure states of which it
is a convex combination. The real-valued observables are defined as those affine
maps of the set of states into M;" (R) which come from the self-adjoint operators
of H: if A is an observable (we will denote by the same tetter also the corre-
sponding self-adjoint operator), then the probability of getting an outcome of
A in X € B(R), given that the state is the density operator D, is provided by
tr(DP4), where P is the projector specified by the pair (4, X) according to
the spectral theorem for self-adjoint operators.

Notice that the pair formed by a real-valued observable A and a measurable
subset X € B(R) carries a notion of dichotomy since we can associate to such a
pair the two-valued question “does the outcome of A fall in X7”. As seen before,
in the classical case the pair (A, X) determines the subset f;'(X) € B(£2) while
in the quantum case it determines the projector P)’? € P(H). The pairs of the
form (A, X) will be called the events pertaining to the physical system, and the
probability of getting an outcome of A in X will be called the probability of
occurrence of the event (A4, X).

According to the above terminology, we can say that, both in the classical and
in the quantum case, the states of the system are the probability measures on
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the events. Similarly, the real-valued observables are easily seen to be the event-
valued measures on B(R). This points at the fact that the family of events is a
plausible building block for the mathematical frames of classical and quantum
theories and it should embody the information about the branching between the
two theories.

3 Classical Versus Quantum Events

We write a, b, ¢, ... for the events, and L for the set they form, no matter whether
the classical or the quantum description applies. The set of states provides an
order relation on the events: a < b if each state gives to a a probability of
occurrence not bigger than the one given to b. In the classical case, where the
events are subsets of B((2), and similarly in the quantum case where the events
can be seen as closed subspaces of H, this amounts to set-theoretic containment
[2]. With respect to this order relation, and for any two events a, b, there exist in
L, their join aVb (i.e., their minimal majorization) and their meet aAb (i.e., their
maximal minorization): in other words L is a lattice. We write 0 for the minimal
element of £ and 1 for the maximal element. The minimal majorizations of 0
will be called atoms: every element a of £ turns out to be the join of the atoms
it contains, while the join of @ and an atom not contained in a is a minimal
majorization of a. This property is summarized by saying that £ is an atomic
lattice with the covering property.

L is also equipped with a unary relation a — a' satisfying a V a* = 1 and
aAat = 0: at is said to be the orthocomplement of @ and £ is said to be
orthocomplemented. In the classical case a is a subset of 2 and a' is its set
complement; in the quantum case a is a projector of H and a* is the identity
minus that projector [2].

As already outlined in the seminal paper of Birkhoff and von Neumann [3]
the key difference between the classical and the quantum case comes out when
we look at the distributivity conditions

aV{brce)=(aVbA(aVe), an(dVe)=(aAb)V(aAc).

In the classical case these conditions hold true for any triple a,b,c and £
is accordingly called distributive: it is indeed the Boolean algebra B(f2). In the
quantum case the above conditions are ensured only for triples in which a < b
and ¢ = a': this weaker property qualifies £, that is P(#), as an orthomodular
(nondistributive) lattice [2].

Classical states are thus probability measures on Boolean algebras while
quantum states are probability measures on nondistributive orthomodular lat-
tices.

Orthomodular lattices provide a basic weakening of the Boolean algebras:
not only the projectors of a Hilbert space form an orthomodular lattice but
the same do the projectors of any von Neumann algebra. Also the idempotents
elements of any involutive ring form an orthomodular lattice and a significant
correlation emerges: if this orthomodular lattice is nondistributive then the ring
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is noncommutative [2]. Thus we see that the nondistributivity of P(#) reflects
the noncommutativity of the involutive ring of all bounded operators of . The
occurrence of probability measures on orthomodular nondistributive lattices is
typical of noncommutative algebraic frameworks.

While quantum mechanics naturally brings to orthomodularity, we can ask
to what extent the orthomodularity of the set of events brings to Hilbert-space
quantum mechanics. Let us recall that a number of mathematical result, relevant
to this issue, came in the sixties and seventies: think, for instance, of the works of
G.W. Mackey [4], V.S. Varadarajan [5], F. Maeda and S. Maeda [6], C. Piron [7].
In particular it emerged (see, e.g., [2]) that if the events (assumed as primitive
elements) form an atomic orthomodular lattice £ with the covering property,
then there exist a vector space V over an involutive field K and an Hermitean
form h such that £ is isomorphic to the lattice of the closed subspaces of the
Hermitean space {V, K, h}. For a while it was conjectured that orthomodularity
might be enough to force K into the Archimedean completions R, C,Q of the
rationals and {V, K, h} into a Hilbert space, until H. Keller [8] put an end to
this conjecture by exhibiting Hermitean spaces over nonclassical fields whose
closed subspaces form orthomodular lattices. In 1995 M.P. Soler [9] found a
bridge on this gap showing that if the Hermitean space {V, K, h} has an infinite
orthonormal sequence then K = R, C,Q and {V, K, h} becomes a Hilbert space.

4 Intrinsic Characterization of Classical
and Quantum Probabilities

A state is a probability measure on the events, both in the classical and in the
quantum case. The following question naturally arises: given the observed prob-
abilities of occurrence of a number of events are there rules to decide whether
these empirical probabilities fit with the classical or the quantum context? As
we shall briefly summarize, various results emerged which provide criteria to
separate the classical from the nonclassical situation, but more complicated ap-
pears the purpose of giving tests to single out the quantum case in a general
nonclassical situation.

A general method to determine necessary and sufficient conditions for the
classical representability of a family of observed probabilities was already worked
out by G. Boole in 1862 [10]: he spoke of conditions of possible experience,
the quantum experience being not yet in view. Great attention to the ques-
tion of classical vs quantum representability of empirical probabilities came after
Bell’s work on the hidden-variable interpretation of the Einstein-Podolsky-Rosen
(EPR) correlation, Bell’s inequalities being a particular case of Boole’s condi-
tions of possible experience. It should also be outlined Accardi’s proposal [11] of
statistical invariants to characterize and separate the classical and the quantum
representability of probabilities in some simple situation. Let us further quote
Gudder and Zanghi [12] for additional results. In 1989 Pitowski [13] formulated
his remarkable polytope approach in which, for instance, the conditions for clas-
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sical representability take the form of inequalities like 0 < [ < 1 where [ is a real
linear combination of the observed probabilities.

Both Boole’s and Pitowski’s approaches have exponential complexity since
the number of necessary and sufficient conditions increases exponentially with
the number of involved events [14]. For instance, in the usual EPR example
involving a physical system decaying into two spin-% particles, with the proba-
bilities p1, p2 of one particle passing a polarization filter along the directions 1, 2,
the probabilities p3, ps of the other particle passing a polarization filter along
the directions 3, 4, and the joint probabilities pq 3,p1,4,P2,3, P2,4 of both particles
passing the filters, the number of necessary and sufficient conditions for classical
representability is 88 (including some trivial conditions). But if we move to the
example of a physical system decaying into three spin—% particles, and consider
the analogous family of probabilities of passing polarization filters, the number of
necessary and sufficient conditions for classical representability becomes 51,676.

The exponential complexity of the problem of giving a complete set of neces-
sary and sufficient conditions for classical representability makes interesting the
search of simple rules to generate some necessary condition. Here we summarize
one such rule. Consider n events and let py, po, ..., p, be the probabilities of their
occurrence. Suppose that also the probabilities of some joint events are observed,
so that the family of the observed probabilities will take the form {py | T € F'}
where F' is some collection of subsets of {1,2,...,n}. As an example we can think
of the usual EPR pattern recalled above, in which n is 4 and F is the family
{1}, {2}, {3}, {4}, {1,3},{1,4},{2,3},{2,4}. More generally we could think of
a compound physical system in a given state and suppose that we detect the
probabilities of occurrence of some events on each subsystem as well as the prob-
abilities of joint occurrence of numbers of the events so generated. Then we have
the following result [14,15]: the inequality

0< > erpr <1,
TeF

where the cp’s are real coeflicients, is a necessary condition for the classical
representability of the observed probabilities whenever,

0< Z cr <1 forevery S C{1,2,....,n}.
TCS

As an example, we come again to the quoted EPR correlation and observe
that the inequality

0<p1+p3—p1,3—pr4a—p23+p24a<1

involves coefficients that satisfy the above requirement so that it is a necessary
condition for classical representability: it is indeed a Bell inequality. The result
above provides a generalization of the Bell inequality issue.
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5 Operational Probability Theory

The question we consider in this section is whether there are natural generaliza-
tions of the classical probability theory able to encompass the typical features
of quantum probabilities.

The standard classical frame, recalled in Sec. 2, is characterized by choos-
ing for the set of states the simplex M, (£2) and for the set of (real-valued)
observables the affine functions M, (£2) — M;"(R) that map Dirac measures
on {2 into Dirac measures on R. The last requirement represents the determin-
istic nature of the standard classical frame. The generalization here proposed
[16,17] preserves the simplex structure M;"(§2) of the states (thus ensuring the
unique decomposition of mixed states into pure states) but drops out the deter-
ministic requirement that observables have to send Dirac measures into Dirac
measures. In other words, we take for the set of the (real-valued) observables all
the affine functions M;" (£2) — M;"(R), thus accepting also the “indetermistic”,
or “fuzzy”, ones that map a measure ¢, concentrated at a point w of {2 into
a diffused measure on R. Therefore, if A is an observable and X € B(R), we
have (Ad,)(X) € [0,1], rather than (A4d,)(X) € {0,1} as it holds true in the
standard classical case. The statistical framework so emerging will be called op-
erational probability theory, according to a terminology proposed by Davies [18]:
the expression it fuzzy probability theory has also been used in the literature
[19,20]. Thus we see that in this new framework the pair (A, X) defines a func-
tion 2 — [0, 1], hence a fuzzy subset of 2. This generalizes the pattern of the
standard classical case, where the pair (A, X) defines a function 2 — {0,1},
hence a crisp subset of 2. For the pairs (A4, X) the word effects will be preferred,
in place of events.

The effects form an algebraic structure more general than a Boolean algebra,
actually even more general that an orthomodular lattice: it is usual to call effect
algebra the structure they form, and we outline that such structures have been
the object of many studies in the recent years: we refer to [21] also for further
bibliography.

The operational probability theory (OPT for short) preserves relevant classi-
cal features, like the simplex structure of the convex set of states or the fact that
any two observables admit a joint observable. Nevertheless OPT can host typical
quantum features. A first instance [16] is the fact that uncertainty relations can
occur in OPT; indeed there are pairs of observables, say A, B, such that the
product of their variances Var(A, u), Var(B, 1) in a same state u of the physical
system has a positive lower bound h:

Var(A,p) - Var(B,u) > h  for every u € M ().
As another instance [22] we can think of possible violations of Bell inequalities
inside OPT.
Actually, quantum mechanics admits a “canonical extension” into the OPT
frame which goes along the following steps [16]:

e take the measurable space {2 formed by the set of all quantum pure states
(the one-dimensional projectors of H);



Classical Versus Quantum Probabilities 231

e notice that there is an affine surjection R which maps M;"(£2) into the set
of density operators of H, namely, into the set of quantum states: if D
is a density operator, then all the convex combinations of one-dimensional
projectors into which D can be decomposed are mapped by R into D itself;

e build up the OPT framework on the measurable space {2 said above;

e notice that if A is a real-valued quantum observable, that is a map of the set
of density operators into M;" (R), then the map composition A := Ao R is an
observable of the OPT framework, since it is an affine mapping of Mf' (2)
into M, (R): we say that A is the OPT-representative of A;

e notice that all the statistical properties of the quantum observable are shared
by its OPT-representative: the quantum features of the observables are thus
hosted in the OPT extension.

The family of the observables of the OPT framework described above contains
the representatives of the usual quantum observables but it is not exhausted by
them. Actually, this OPT frame can host even embeddings of generalzations of
standard quantum mechanics.

One such generalization is the so-called “unsharp quantum mechanics” which
differs from the standard framework summarized in Sec. 2 in the sense that a
more general family of observables is adopted. Still considering the real-valued
observables, as we did in the previous sections, all the affine maps M;"(H) —
M (R) are now accepted, dropping out the requirement of correspondence to
the self-adjoint operators. It is known that the probability of getting the outcome
of one such observable in X € B(R), given that the state is the density operator
D will take the form tr(DP) where P is some positive operator. In other words,
the pair formed by an observable A and the subset X € B(R) no longer defines a
projector but it defines a positive operator. This more general set of observables
can thus be identified with the so-called positive operator measures on R (in
short POV-measures).

Motivations for the above generalization can be found in the fact that the
standard formulation, based on observables that are projection-valued measures,
is unable to qualify as “observables” a number of experimental devices. As an
elementary example we can think of a beam splitter and notice that there is
no projector able to describe the “event” which asserts that the particle is de-
tected in one of the splitted beams. For a discussion of other physically relevant
examples we refer to [23].

In unsharp quantum mechanics the pair (A, X) formed by a real-valued ob-
servable A and X € B(R) corresponds to an affine function from the set of
states (density operators) into the segment [0, 1]. There is an embedding of the
observables of unsharp quantum mechanics into the observables of the so called
canonical classical extension of quantum mechanics, and this embedding pre-
serves all the statistical properties of the quantum observables [16]. Thus we see
that the OPT framework not only hosts an extension of the standard quantum
mechanics but also an analogous extension of the unsharp quantum mechanics.

There are even strong arguments to argue that OPT is the natural framework
hosting nonlinear generalizations of quantum mechanics. It is known that the
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inclusion of nonlinear terms in the dynamics of a quantum system can lead to the
separation of the convex combinations of pure states that correspond to a same
density operator [24]: this is indeed exactly what occurs in the canonical classical
extension of quantum mechanics. The possibility of describing the observables
associated with nonlinear operators as observables of the OPT framework has
been explicitly discussed in [25].
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Does Quantum Chaos Exist?

Andreas Knauf

Mathematisches Institut der Universitat Erlangen-Niirnberg, Bismarckstr. 1 1/2,
91054 Erlangen.

Abstract. The usual operational definition of the term ‘Quantum Chaos’, meaning
a quantum system whose classical counterpart is non-integrable, is not self-contained.
However it is argued that there cannot be any intrinsic definition of chaoticity of a
finite quantum system which is not based on some kind of semiclassical limit.

Unlike for finite systems, the quantum dynamical entropy of infinite systems may
be strictly positive. However, an example shows that this quantity may be lowered by
interactions which lead to an increase of classical dynamical entropy.

1 Introduction

The popularity as well as the weakness of the vogue word ‘chaos’ is based on the
richness of its connotations.

In this talk I shall exclusively use it as a name of an intrinsic property shared
by many dynamical systems, namely that one cannot predict their long term time
evolution by a measurement of the initial state.

There are several operational definitions which allow us to decide whether a
given system is chaotic or not, such as

e its Lyapunov exponents
e dynamical entropy (measure theoretical resp. topological)
e ergodic properties (ergodicity, mixing etc.)

All of them involve a limit of infinite time, and in a sense such a limit is
unavoidable if one intends to catch a qualitative phenomenon such as chaos.

Even integrable classical systems of infinitely many degrees of freedom like an
ideal gas are chaotic in the above sense, because previously unobserved particles
may move into the region under observation and thus introduce an element of
unpredictability. Thus in order to compare classical and quantum dynamics, I
shall first concentrate on systems with finitely many degrees of freedom.

The general result of this comparison is that quantum dynamics is much less
chaotic than its classical counterparts. Even more, contrary to the classical case,
there does not seem to exist a qualitative distinction between chaotic and regular
motion in Quantum Mechanics.

Such a distinction would be possible with the help of an order parameter,
a real-valued quantity, depending on the dynamical system (and possibly its
state), which is zero for the regular systems and strictly positive for the chaotic
systems.

J. Bricmont et al. (Eds.): LNP 574, pp. 235-241, 2001.
(© Springer-Verlag Berlin Heidelberg 2001



236 Andreas Knauf

The Lyapunov exponents and the dynamical entropies mentioned above are
examples of order parameters for classical dynamical systems. Their quantum
generalizations, however, are typically zero in the case of finitely many particles.

There are other quantities based on the spectral representation (diagonaliza-
tion) of the Schrédinger operator Hy, of the quantum system:

e One studies the statistics of the eigenvalues of Hj

e One studies the probability distribution of its eigenfunctions in configuration
space, or the corresponding probability distribution in phase space (the so-
called Husimi function).

If one only considers the eigenvalues and corresponding eigenfunctions in a
bounded energy interval, then one does not find a qualitative distinction between
regular and chaotic motion.

If, however, an unbounded interval is considered (as has been done, e.g. for
Laplace operators with Dirichlet boundary conditions — the so-called Quantum
Billiards), or the semi-classical limit 7\, 0 for Planck’s Constant # is performed
for the Hamiltonian Hp, such qualitative distinctions are found (see [6] for a
general introduction)

o If the principal symbol H of the operator Hy, (the associated Hamiltonian
function) leads to an integrable classical flow, then the eigenvalue statistics
tends to resemble the Poisson distribution. If, instead, the classical dynamics
is fully chaotic (say, mixing), then eigenvalues tend to repel each other in a
pattern predicted by Random Matrix Theory.

Somewhat ironically, these numerical observations do not extend to the sim-
plest systems, which can be analyzed by arithmetic techniques, like the multi-
dimensional harmonic oscillator or motion in the modular domain [13]. There
the eigenvalue statistics are quite different from the ones mentioned above.

e In the classically ergodic case the Husimi functions are proven to converge
weakly to Liouville measure of the energy shell, up to a set of density zero
as /i N\, 0 (Schnirelman Theorem, [14], see also [10]).

In any case, quantum chaos is seen as a phenomenon emergent only in the
semi-classical limit.

But even in the limit A ™\, 0 one does not simply recover classical dynamics,
since it is known not to commute with the limit of infinite time.

2 An Example

I shall exemplify that state of affairs by the example of a Schrédinger operator

2
Hy, = —%A—l—V(q) on L?(R%),

where the potential V : R? — R is invariant under translations in the regular
lattice £ C R
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This operator, which arises in solid state physics, is unitarily equivalent to
the Bloch direct integral

Hp(k)dk of operators Hy(k) = 3(—ihV 4+ k)* 4+ V(q) on L*(T)
"JI‘*
with configuration space torus T := R?/L£ and dual torus T* (Brillouin zone).
Denoting the n-th eigenvalue of Hy(k) by E”(k), the group velocity is given by

T Nx T =R | 5'(n, k) .= B VR EMNE).

The corresponding classical quantity is the mean velocity v, which depends on
the initial point in the phase space T*T over the configuration torus T:

1 T
T:T*T — R? o(z) ;== lim —/ p(t, z)dt.
T—oo 1 0
Birkhoff’s Theorem implies that this time average w.r.t. the flow generated by
the Hamiltonian function

H(p,q) = %pz +V(g) on T*T

exists almost everywhere. Now we fix some small energy interval and compare the
distribution vy of group velocities with the distribution v of classical asymptotic
velocities. vy, is the image measure on R? of

(27h)? x counting measure on N x Haar measure on T*

w.r.t. 7", whereas v is the image measure on R? of Liouville measure w.r.t. 7.

Conjecture w — limp\ o v =,

This conjecture looks quite natural and innocent. But the hard problem is to
exclude that quantum tunneling in phase space reduces the speed in the semi-
classical limit. Tunneling occurs on the time scale e/" which is much longer than
the time scale In(1/h) for which the quantal dynamics resembles the classical one
(Egorov’s Theorem, see e.g. [7]).

The conjecture has been proven in [1] for classically integrable and for classi-
cally ergodic flows. Recently it has been shown for the phase space region filled
by K AM tori [2]. In the last case one uses quasimode techniques due to Lazutkin
[11].

In general, however, the conjecture has not been proven or falsified.

Consider now the special case of a classically ergodic motion, where v is
localized at asymptotic velocity zero. To be concrete, I shall concentrate on a
periodic potential V' on R? which is the sum of attracting coulombic potentials,
representing the nuclei of our planar crystal. Then for energies above a threshold
the following holds true [8,9]:

o C(lassically the motion is a deterministic diffusion process, that is the squared
position diverges linearly in time

(@) ~ct  (t—00),
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the brackets denoting averaging w.r.t. an arbitrary a.c. probability measure
on the space of initial conditions.
e Quantum mechanically the motion is ballistic, that is

() ~cp-t2 (t — 00).
e The speed however goes to zero in the semi-classical limit

lim ¢; = 0.
o "

Thus the velocity autocorrection function of the quantum particle does not con-

verge to zero like the corresponding classical quantity and it never loses memory

of its direction through the crystal.

3 Dynamical Entropy

There are several possibilities to generalize the Kolmogorov-Sinai dynamical en-
tropy to non-abelian situations, one of them being the CNT entropy introduced
in 1987 by Connes, Narnhofer and Thirring [5] (see also [3,12]). I shall shortly
indicate its definition.

In order to compare classical and quantum dynamics, it is useful to choose
an algebraic formulation. Thus classically one considers

e the algebra L (X) of essentially bounded functions on the phase space X,

o the state w : L®(X) = C , w(f):= [, f du,

e the subalgebra B C L*°(X) generated by the characteristic functions 14, of
a partition Aq,...,A; C X of X.

Definition The entropy of the subalgebra B is given by

d
H,(B) := Z”("J(HA@)) , with n(z) = —zlnz.

i=1

Now the idea is to generalize H,,(B) to nonabelian algebras B. However, the
choice S(wlp) for H,(B), S(p) := Tr(n(p)) being von Neumann entropy, turns
out to be bad. One problem with S is that it lacks monotonicity, that is

By C By #= S(wlpg,) < S(wlg,)

for two subalgebras B;. Thinking of a subalgebra as a set of measurements,
von Neumann entropy does not measure the information gain coming with these
experiments, but the uncertainty about their outcome. Whereas classically these
two notions coincide, quantum mechanically the latter is the larger quantity.

Therefore one has to substract the loss of information caused by the measure-
ment itself. This is done by decomposing the state w into a convex combination
3w, of states w;:
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Definition The entropy of a subalgebra B is given by
Hy(B) == S(wlp) — inf p;S(wilp).

w=X; piw;
If one wants to define the entropy H, (B, ..., By) of n subalgebras By, ..., By,
corresponding to n measurements, one has to guarantee that H,(B,...,B) =
H,,(B), since repeated measurements of the same quantity do not lead to addi-
tional information. This problem was solved in [5].
Armed with these definitions, the introduction of the quantum dynamical
entropy proceeds along the lines known from the classical dynamical entropy:

Definition The CNT entropy of an automorphism ¢! : 4 — A(t € R) of
the algebra A is given by

hy (o) := sup h, (o, B),
BCA
with 1
ho(o,B) = lim —H, (B,o(B),...,c" '(B)).

n—oo N

Now consider the standard situation encountered in the quantum theory of
finitely many particles, that is

e the algebra A := B(H) of bounded operators on a Hilbert space H,

e the time evolution of(z) := U} zU, (x € B(H)) induced by a one param-
eter family of unitary operators Uy,

e the state w(z) := Tr(pz) given by a density matrix p.

Under these circumstances one can easily show [4] that the quantum dynamical
entropy vanishes:
hy (o) = 0.

So C'NT entropy cannot serve as an order parameter for quantum chaos (and
no such order is expected to exist).

4 Infinite Particle Systems

As mentioned in the introductory section, infinite particle systems tend to look
more chaotic than their finite counterparts, and indeed many infinite quantum
systems have positive CNT entropy.

As for classical infinite particle systems, this kind of randomness is not nec-
essarily caused by a complicated single-particle dynamics.

What may be astonishing, however, is the fact that an increase of the classical
single particle entropy may lead to a decrease in entropy of the corresponding
quantum gas.

In [4] we consider such a gas of non-interacting particles in a crystal, described
by a periodic potential V : R — R.

We assume observations to be performed in a bounded configuration space
region B C R?. This situation is modelled by
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e The CAR (canonical anticommutation relations) algebra A(B) over the
Hilbert space L?(B)

e The quasifree state w for a density p: N x T* — RS’ on the Brillouin zones

e The Bogoliubov automorphism ayg : A — A on the CAR algebra A :=
A(R?) induced by the one particle Hamiltonian Hp.

Defining the dynamical entropy w.r.t. observations in B by

hw,B(OZH) = sup Hw(OéH,A),
ACA(B)
one first notices that this quantity is not extensive, that is, does not increase
proportionally to the volume of the observation region B C RZ.
Instead it is a surface effect. Namely if we rescale the region by a factor A > 0,
we obtain (modulo a convergence argument, see [4]) the formula

lim PeaBlon) Z/ / \ViE}, - dn|ne(p(m, k)) dk.

A—o00 )\d 1

Here n(z) for € 9B is the unit normal vector to the boundary 9B of B.
So the integrand h~1|V,E" - dn| measures the incoming flux of particles with
band index m and quasimomentum k. Finally, ng(x) := n(z) + n(1 — z) is the
fermionic entropy function.

Now we have seen above that a more complicated classical dynamics arising
from a more complicated periodic potential V tends to decrease the absolute
value of the group velocity A~V E" (k) and thus to lead to a smaller quantum
dynamical entropy! The reason for this seemingly paradoxical statement is the
fact that less previously unobserved particles enter the region of observation.

5 Open Questions

As we have seen, dynamical entropy behaves discontinuously in the semiclassical
limit. From a conceptional point of view this discontinuity is quite irritating.

After all, the world we live in is quantal, and one could be led to the conclusion
that classical dynamical entropy is a totally unphysical concept.

Still that conclusion need not be inevitable, for the following reason. We never
observe totally isolated physical systems, but there is always an interaction with
the environment. Now denote the coupling constant for this interaction by €, and
first perform the semiclassical limit for the dynamical entropy of the coupled
quantum system, followed by the decoupling limit € — 0. It could well be that
for physically realistic situations one thereby recovers the classical dynamical
entropy of the uncoupled system.

If this is the case, then the environment only plays the role of an obstetrician.

In order to answer this and related questions, one needs phase space microlo-
calization techniques for CNT entropy, as opposed to the configuration space
localization techniques used in [4].

Another question related to quantum entropy is the one of quantum infor-
mation processing. Unfortunately, I can only mention in passing this fascinating
new subject.
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Stefano Ruffo
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Abstract. The approach to equilibrium of an isolated system constitutes the basic
principle of thermodynamics. Fermi, Pasta and Ulam (FPU) studied numerically this
process for a chain of coupled oscillators. The FPU “experiment” has been an amazingly
rich source of problems in modern dynamical system theory and has played in this
context a role analogue to the Ising model for statistical mechanics. Recent results
have shown the presence of increasingly long time-scales of the relaxation process as
the energy is lowered. States which were previously classified as “frozen” have been
instead discovered to “diffuse” very slowly to the equipartition state. The dependence
of the diffusive time-scale 7p on energy E and number of degrees of freedom N has
been found both analytically and numerically for some classes of initial conditions.
For “thermodynamical” initial states 7p is found to scale at small € with an inverse
power-law of e = E/N.

1 Introduction

The numerical “experiment” by Fermi, Pasta, Ulam (FPU) and Tsingou® [1]
was the first historical attempt to check the predictions of classical statistical
mechanics concerning the long-time behavior of a nonlinear Hamiltonian system
with a large number N of degrees of freedom.

This experiment plays also a relevant role for the basic understanding of the
so-called Zeroth law of thermodynamics, which states that

An isolated system will, in the course of time, approach a state of “ther-
mal” equilibrium in which all macroscopic variables have reached steady
values.

Thermal equilibrium was detected in the FPU experiment by looking at en-
ergy equipartition among the quadratic modes (phonons) of the oscillator chain
(the equipartition “principle” of Boltzmann); indeed a rather refined macro-
scopic variable. Other observables could have been chosen, like temperature,
or specific heat (this has been done in [2]). However, one should first remark
that the number of “physically interesting” thermodynamical observables (the
parameters defining a thermal state, or macroscopic variables) is much smaller
than the number of degrees of freedom, making the task of detecting thermal
equilibrium less arduous.

L M. Tsingou contributed to the numerical work and then did not participate in the
writing of the report.

J. Bricmont et al. (Eds.): LNP 574, pp. 243-251, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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The result of this experiment was a big surprise for the authors: the expected
relaxation to energy equipartition was not revealed, during the time of obser-
vation and with low energy initial excitations. This also implies that ergodicity
or mixing are not an obvious consequence of the non-existence of analytic first
integrals of the motion besides the total energy. After an initial growth of the
energy in the neighbouring modes, the authors observed that the energy sharing
was restricted only to the first few modes, which showed a quite regular dynam-
ics. They did not detect, as expected, a gradual and continuous energy flow from
the first excited mode to the higher ones. Even more surprisingly, at later times,
almost all the energy was flowing back into the initially excited mode, so that
the system displayed a sort of quasiperiodic behavior.

Chirikov et al. [3] showed later that, at sufficiently high energy, the FPU
model did relax to the equipartition state. It then became clear that the sys-
tem had qualitatively different behaviors as the energy FE, fixed by the initial
condition, was varied.

These results stimulated numerical studies aiming at the determination of
the dependence of the different observed behaviors of the FPU system on the
number N of degrees of freedom (see [4] and references cited therein).

The qualitative picture emerging from all these studies is the following. The
transition between a quasi-integrable behavior to a mizing one, is controlled
by the energy E. At small energies the motion is weakly chaotic with posi-
tive but small Lyapunov exponents, revealing the presence of thin “stochastic”
layers in the phase-space, which appears to be mostly filled with Kolmogorov-
Arnold-Moser (KAM) tori. On the contrary, at higher energies the maximum
Lyapunov exponent and the Kolmogorov-Sinai entropy rise considerably, reveal-
ing the growth of “stochastic” regions. This happens in an energy region which
is extensive with N, i.e. one can define a “critical” energy density ¢, = E/N
above which chaos is well developed in phase space [5] (this is also known under
the name “strong stochasticity threshold” [6]). Well above the transition region
€ > ¢, all the signatures of large-scale chaos are present: the number of positive
Lyapunov exponent increases with NV, the orbit shows a fast diffusion on the
constant energy hypersurface, spatio-temporal correlations rapidly decay.

In this paper we briefly review the most recent results concerning the scaling,
with energy F and number of degrees of freedom N, of the “diffusive” (in a loose
sense) time-scale 7p for the relaxation to thermodynamical equilibrium (detected
by energy equipartition among linear normal modes) in the S-FPU model for
small energy densities €.

2 Transition to Equipartition

The FPU system is an approximate model for analyzing the behavior of a classi-
cal solid at low temperatures. The reduction of complexity in comparison to the
real physical situation is considerable. Only one spatial dimension is considered
and the interaction (typically of the Lennard-Jones type) is expanded for small
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displacements around the equilibrium positions of the molecules, i.e. the weakly
anharmonic case is considered (in practice the case of rather low temperatures).

Fermi, Pasta and Ulam then considered a one-dimensional chain of oscillators
with unit mass and weakly nonlinear nearest-neighbour interaction (the lattice
spacing is also taken of unitary length). Calling ¢; and p; the coordinates and,
respectively, the momenta of the oscillators, the model is defined by the following
Hamiltonian:

9 N
H = Z s > B(%H — )"+ g(Qi+1 —a)"| (1)
where r = 3 for the so-called FPU-a model, while » = 4 for the FPU-3 model.
Periodic or fixed boundary conditions have been considered. At fixed energy,
the coupling constant § determines the amount of nonlinearity in the model.
Conversely, for a fixed 8 the increasing departure from the harmonic behavior
is controlled by increasing the energy. It can be easily shown that the dynamics
depends only on the parameter E(/2-1),

The Hamiltonian (1), written in linear normal coordinates (Q, Px) (phonons)

becomes 1

H=3)> (P} +wiQ}) +8V(Q) . (2)
k
with frequencies wy, = 2sin(rk/N) in the case of periodic boundary conditions,
wy = 2sin(rk/2(N + 1)) for fixed boundary conditions. The harmonic energy of
mode k is defined by Ej, = (P? + wiQ3?)/2.

The FPU experiment aimed at showing the progressive decorrelation of the
system during its temporal evolution. To this end the authors chose a far from
equilibrium initial condition, giving all the energy to the lowest (k = 1) normal
mode only, and then calculating the instantaneous energies Ej(t) of all modes.
They expected to see a progressively uniform redistribution of energy between all
modes, caused by the small anharmonic coupling among them. On the contrary
they observed the well known FPU recurrent behavior: energy was flowing back
regularly to mode k = 1 after an initial share. Return to the initial condition was
not exact, but the possibility that relaxation was present on longer times was
ruled out by a following numerical experiment, which revealed the “superperiod”
phenomenon [7].

At higher energies, the equipartition state is instead reached in a relatively
short time. A transition is present from a low energy region where the system
appears not to be approaching equipartition, showing recurrent behavior in time,
to a higher energy region where, on the contrary, equipartition is quickly reached.

A useful tool to characterize the approach to equilibrium is the so-called
“spectral entropy” [5]. Let us define a weight as the ratio py = Ei(t)/ >, Ex(t)
between the energy of phonon k and the total harmonic energy (as it should be,
this is non-negative and ), pr = 1). Define then a Shannon entropy using this
weight S = — >, pi Inpy. This is a function of time which measures the effective
number of excited normal modes neg(t) = exp(S(t)).
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The first clear numerical evidence of the existence of a transition region
(later called “strong stochasticity threshold”) and of its stability with N was
obtained in Ref. [5] using “spectral entropy”. Above e, the “spectral entropy”
was shown to increase in time, reaching asymptotically its maximal value. Below
€. the spectral entropy remained instead close to the value of the initial state.
After a convenient normalization, the points showed a tendency to accumulate
on a N independent curve. While the behavior above €. is confirmed also by
the most recent numerical simulations, below €. a slower relaxation processes
to equipartition is still present, which is ruled by much longer time-scales. Its
origin will be briefly described in the next Section.

The transition to equipartition had been indeed suggested by Chirikov and
Izrailev [3] using the “resonance overlap” criterion. Let us give a brief sketch of
the application of this powerful criterion. The Hamiltonian of the 8-FPU model
can be rewritten in action-angle variable, considering as an approximation just
one Fourier mode (this is justified when most of the energy is still residing in
this mode, e.g. at the beginning of the time evolution)

H = Hy+ H, NWICJ]@—F%(Wka)z ) (3)
where J; = wQ? is the action variable (in practice only the nonlinear self-energy
of a mode is considered in this approximation) and Hy, H; are the unperturbed
(integrable) Hamiltonian and the perturbation, respectively. wyJi = Hy ~ FE if
the energy is placed initially in mode k. It is then easy to compute the nonlinear
correction to the linear frequency wy, giving the renormalized frequency wj,

r_ OH B
Wi = TJk :warﬁwﬁJk = wi + 2. (4)
When N > k BHok
Qe ~ Ng . (5)

If the frequency shift is of the order of the distance between two resonances
Awp =wiy1 —wp & N7H, (6)
(the last approximation being again valid when N > k), i.e.
2, = Awy, (7)

(the last equation is the synthetic expression of the resonance overlap criterion),
one obtains an estimate of the critical energy density multiplied by (3, which is
the control parameter for the development of sizeable chaotic regions,

Bee ~ k1, (8)

with ¥ = O(1) < N. In other words, a critical energy density exists below which
primary resonances are weakly coupled inducing an extremely slow relaxation
process to equipartition (in the beginning the belief was that no relaxation was
present and that the states were “frozen” out of equilibrium); above €., on the
contrary, a fast relaxation to equipartition is observed.
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3 Time-Scales

A rapid increase of the relaxation time to equipartition at €. was first revealed in
[8]. Later, a rapid decrease of the maximal Lyapunov exponent Ap.x was found
at €. [6], in correspondence of the transition region. No strong dependence on
N of the Apax vs. € curve was detected, at sufficiently large N. At low energies
Amax ~ €2, implying that the “Lyapunov time” 7, = Al ., which measures
the rate at which microscopic chaotic instabilities develop in time, increases as
Tx ~ €2 as € is decreased. This was the first signature of the presence of a
power-law for a “typical” time.

Concerning perturbation theory results, the findings obtained using Nekhoro-
shev estimates have been summarized in [9]. Nekhoroshev theory allows to eval-
uate lower bounds for the time variation of the unperturbed actions on times
that, though being finite, increase exponentially as the perturbation parameter
is decreased. It is possible, using this approach, to find results valid for initial
conditions on open sets in the phase space, as opposed to methods based on
the Kolmogorov-Arnold-Moser theorem (on the other hand the latter has the
advantage to give statements valid for all times). The stability time 7g of the
single unperturbed actions (or action “freezing” time) is found to scale as

rs = 7. exp( 22 (9)

B

where, in general, both 7., 0, and d depend on N. The most important de-
pendence on N is that of d: the best estimated so far obtained for FPU gives
d ~ N~1, a result confirmed also by numerical simulations (the estimate seems
to be optimal). This result suggests that in the thermodynamic limit the freez-
ing times might become short, or even vanishing, and the region of violation of
energy equipartition could disappear. We must, however, remember that such
estimates are valid in an energy region shrinking to zero as NV is increased.

Normal form theory has been used in [10] to find an effective Hamiltonian de-
scribing the interaction among a reduced number of long wavelength modes. The
main result of their theory is that above a critical energy E. the system reaches
equipartition on a time proportional to N?; below this critical energy the time
needed increases even faster with N (perhaps exponentially). This holds when
the initial excitation is given to a subset of low modes whose center k£ and packet
size Ak do not increase with N; this type of initial conditions has been recently
defined to be in the “mechanical” class [11] (the meaning of this definition will
become clear in the following). If instead k o« N (so-called “thermodynamical”
class), the typical time-scale to equipartition increases like N. These predictions
were also supported by numerical simulations. The idea to construct the effective
Hamiltonian is to perform a large NV expansion of the dispersion relation

we are treating now the system with fixed ends and neglecting all factors O(1) or
O(7) in the approximation. A four-wave resonance relations (k;+ko+ks+ks = 0)
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is then considered producing in the resonant normal form those angles which are
slowly (adiabatically) varying; these latter are found to be 6, = 6, + 65 — 26
and Oy, = 03 + 04 — 203. This corresponds to the presence of a modified linear

frequency
k

wi:wl +(.«J3*2(4)2%ﬁ. (11)
Then the frequency shift (5) can be written as
2, =~ Rwt (12)

with R = BN H the new resonance overlap parameter, R ~ 1 corresponding to
the resonance overlap condition. (This parameter controls the deformation of the
actions, monotonic in the energy). The angles 6, and 65, are slowly evolving with
the frequency 2, ~ BkHy/N?; the latter determines the characteristic evolution
time for the actions 7 ~ N?2/Hy for k ~ const., while 7 ~ N/Hy if k o N
(these results are consistent with numerical results [12] obtained by looking at
the time evolution of the “spectral entropy”). Moreover, since the resonance
overlap parameter is proportional to HyN, chaos is present at very small energy
if N is big enough [13]. This last result is consistent with the behavior of the
maximal Lyapunov exponent [6].

Energy transfer to higher modes is present, but takes place on much longer
times. Actually, it is also known that the energy fraction transferred to the
highest modes is exponentially small in mode number [14]. A nonlinear frequency
shift can be also estimated for high modes 27 ~ k/N? [10], and when it becomes
of the order of 2, a Melnikov-Arnold type of argument gives an estimate for
the critical energy E. ~ 1/ below which no transfer to high modes should be
present. This critical energy is however irrelevant in the thermodynamic limit, in
this limit the transfer to high modes should be always present. Moreover, since
the truncated Hamiltonian, studied in [13], does not evolve to equipartition,
maintaining an exponential Fourier spectrum for all times, the coupling to high
modes is really the crucial effect for the slow evolution towards equipartition
below .. This is also confirmed by a different approach based on the derivation
of the breakdown (shock) time 7gpocx for the non-dispersive limit of the mKdV
equation (to which the FPU-S model reduces in the continuum limit) [15],
which turns out to be Tghoak = 2 L The development of the shock on the
lattice produces the formation of fast spatial oscillations at the shock border,
which corresponds to a growth of the short-wavelength Fourier components,
a phenomenon which is well known to happen in the integration schemes of
the Burgers equation in the zero dissipation limit [16]. It is also reasonable to
conjecture that this is the reason why models of the electromagnetic field in
a cavity or string models do not show evolution to equipartition, because the
linear dispersion relation prevents from coupling high frequency modes [17].

This new approach to the study of the time-scale to equipartition below the
“strong stochasticity threshold”, where primary resonances do not overlap and
hence chaos is “weak” can be summarized as follows for the 5-FPU model. One
can define a “diffusive” time scale to equipartition 7p looking at the “typical”
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evolution time of the “spectral entropy”, or better n.g/N. For “mechanical”

initial conditions, k and Ak fixed, that is not increasing with N, one finds that
VN

™D ~ —. (13)

€

This is why these initial conditions are called “mechanical”, they are initial
conditions of the “mechanical” finite-N system, which do not scale properly to
the thermodynamic limit. As N — oo they tend to live forever, never reaching
the thermal state of equipartition (to this class did belong the initial condition
used in the original FPU experiment). These initial condition do not respect
the Zeroth law of thermodynamics and they must be excluded by hand in the
construction of thermodynamics from mechanics. These are “special” (how much
special is hard to say) initial states that, in the Boltzmann approach to the
foundations of thermodynamics, live in the “less probable” part of the phase-
space and never (as N — oo) flow to the “most probable” larger part. On
the contrary for “thermodynamical” initial conditions, k o« N and Ak fixed or
growing with N )
™D ~ ;3, (14)

i.e. the diffusive time scale is intensive, it is finite in the thermodynamic limit.
It increases quite sharply as the energy density is decreases, this is why previous
numerical studies led to the belief that such initial states where “frozen”.

This result is based on a model [11] where two crucial assumptions are made:
i) that a low-mode set creates where the random phase approximation is valid
allowing for the calculation of §2, ~ BEk/N? as for the single mode initial
condition; 4i) that selective transfer to high-modes (denoted by k) happens only
if 2 is bigger than kAh/N? (Melnikov-Arnold argument). After a short but
tricky calculation one gets an effective equation for modal energies

dE} 26, pE
a = —(W)wkgEkEh > (15)
which gives the diffusive time-scale
27 T

™D = 7754 (16)

ey g
Numerically, the logarithmic correction is not detected and the result is consis-
tent with a 1/€3 divergence of the time-scale. This time-scale was first suggested
in [18] and is in sharp contrast with the Lyapunov time-scale, which diverges
at small energy as 1/€2. Hence, we can conclude that the process of relaxation
to equipartition in the FPU model is not regulated by the microscopic chaotic
instability, but by the typical time in which an orbit diffuses in phase-space,
which is determined by the interaction among the phonons.

4 Concluding Remarks

All the above concerns the relaxation to equilibrium in anharmonic oscillator
chains starting from long wavelength far from equilibrium initial states.
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Very recently, the case of short wavelength initial conditions has been consid-
ered [19], revealing an unexpected process which leads to equipartition through
the intermediate formation of a spatially localized chaotic state, which finally
dies out into the thermal condition. The divergence at small € of the time-scale
of such initial states has been found to be €2, in agreement with the Lyapunov
time-scale. This new phenomenon is currently under study by many groups [20—
22].

Approach to equilibrium starting from states close to equilibrium has been
also considered [23], finding a e¢~2 scaling. This process has closer relations with
fluctuation-dissipation time-scales near equilibrium.

One should remark that the study of the approach to equilibrium has been
mostly performed for coupled oscillator systems, i.e. for models of solids. More-
over, just a few studies exist of the relaxation of general thermodynamic functions
(like pressure or specific heat), which would certainly be important and useful.

Approach to equilibrium in liquids should be better studied, it could reveal
interesting FPU-like processes.

Time-scales of the so-called “aging” phenomenon in glasses have been re-
cently thoroughly studied [24] and the connection of such phenomena with the
FPU relaxation process has been hypothesized [25].

Isolated NV body systems with long range forces show the presence of meta-
stable states whose lifetime grows with N [26]. Indeed, equilibration in gravita-
tional systems and in plasmas is also an active field of research [27].

Time-scales for establishing thermal equilibrium in finite systems is also a
subject of current interest, since it appears that “small” systems like nuclei and
atomic clusters of a few atoms already display at short time-scales thermody-
namic behavior like phase-transitions [28,29].

The dynamical behavior of granular media reveals the presence of metastable
states, that are not predicted by the hydrodynamical treatment [30], their life-
time might be interesting to study.
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of the Photon and the Modern Theory
of Dynamical Systems

Andrea Carati and Luigi Galgani

Universita di Milano,Dipartimento di Matematica, Via Saldini 50, 20133 Milano, Italy

Abstract. Everyone knows how Einstein introduced in the year 1905 the concept of
the photon, by giving some conctreteness to the discretization of energy previously
introduced by Planck at a formal level. Here we point out how, till the end of his life,
Einstein considered such a conception just a “provisional way out”, to be substituted
by a conception involving continuous variations of energy. We explain how such a con-
ception is understood by taking into account Einstein’s contribution to the first Solvay
conference. Finally we show how such a conception can be at least partially imple-
mented in classical mechanics, through results from the modern theory of dynamical
systems.

1 Introduction

The critical position of Einstein towards the standard interpretation of quantum
mechanics is very well known, and is vividly witnessed by the famous paper he
wrote with Podolsky and Rosen, which stimulated in more recent times so many
discussions and controversies. There is however another specific point where Ein-
stein manifested his uneasyness with respect to the standard interpretation of
quantum mechanics; we refer to the starting point itself of quantum mechan-
ics, namely the dilemma continuity—discontinuity (i.e. the problem of the very
existence of energy levels), which came about in connection with Planck’s law.

Apparently this fact remained unnoticed, or at least we were unable to find
any reference to it in the literature (see [1]); and this might be a sufficient reason
for discussing it in the present paper. Another element of interest is the fact that
the nonconventional Einstein’s conception of the photon we are referring to turns
out to be strictly related to some of the most recent advances in the theory of
dynamical systems. This was for the first time pointed out in [2], where it was
shown how a relevant fluctuation formula of Einstein is a statistical counterpart
of a purely dynamical formula that we like to call the Benettin—Jeans formula. So
let us pass to illustrate what we mean by Einstein’s nonconventional conception
of the photon, and how we came to interpret it in terms of concepts from the
theory of dynamical systems.

2 Einstein’s Nonconventional Conception of the Photon

First of all, a nonconventional Einstein’s conception of the photon indeed exists,
at least potentially, in our opinion. A hint for this can be found in a famous page

J. Bricmont et al. (Eds.): LNP 574, pp. 253-261, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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of Einstein’s scientific autobiography, which was written a few years before his
death. Indeed, he first recalls how, by inventing the photon, he had given some
concreteness to the discretization of energy, previously introduced by Planck at
a purely formal level. In his very words (see [3]): “This way of considering the
problem showed in a definitive and direct way that it is necessary to attribute a
certain immediate concreteness to Planck’s quanta and that, under the energetic
aspect, radiation possesses a sort of molecular structure”’. But after a few lines
he adds: “This interpretation, that almost all contemporary physicists consider
as essentially definitive, to me appears instead as a simple provisional way out”.
These words are actually so sharp that no doubts should be left; and this is
indeed the first fact we are referring to. But the problem of understanding what
Einstein actually had in mind, as a positive concrete proposal, when referring
to a provisional way out, is a quite a different one. We try now to disclose this
point.

In our opinion the clue is given by what Einstein wrote in two papers, in
1909 and 1911 (see [4] and [5]); the second of such papers constitutes in fact his
contribution to the first Solvay conference, and is the one to which we will mostly
make reference. It such a paper Einstein points out the relevance of fluctuations,
and shows that formally Planck’s formula is equivalent to assuming that there
exists a certain functional relation between energy fluctuations and mean energy
of a system of identical oscillators, namely

op =eU+U?/N (1)

where U and 02 denote the mean energy and the fluctuation (precisely, the
mean square deviation, or variance) respectively of the energy E of a system
of N harmonic oscillators of the same frequency w, while € is the quantum of
energy expressed by € = hw in terms of the reduced Planck’s constant A. The
sense in which such a fluctuation formula is equivalent to Planck’s formula will
be illustrated in the next section; in the subsequent one we will instead show
how an analytical formula of Einstein’s type arises in classical mechanics.

For the moment however we just recall how Einstein interpreted his fluctu-
ation formula in connection with the dilemma continuity—discontinuity. Indeed
he makes reference to the corresponding formula for the relative fluctuations,
namely

op_€c, 1

U2 U N
Then, by considering the limit of a large number N of oscillators or small ener-
gies, in which the formula takes the simpler form

2
9 . €
Uz U’

he remarks (see [5]): “If U becomes of the order of hiw (namely of €), the relative
fluctuation becomes of the order of unity; in other terms, the fluctuation of enerqgy
is of the order of magnitude of energy itself, i.e. the total energy is alternatively
present or absent, and consequently behaves as if it were not indefinitely divisible.
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It is not mecessary to make the hypothesis that distinct energy elements of a
definite magnitude exist’.

This is actually what we mean by Einstein’s nonconventional conception of
the photon: one can conceive of the harmonic oscillator in a classical sense, as
possessing at each time a well defined energy, ranging in the familiar domain
E > 0, and if one finds a mechanics that produces Einstein’s fluctuation formula
for the energy, then the “level” e turns out to be just that particular value of
energy having the property that, correspondingly, “the fluctuation of energy is
of the order of magnitude of the energy itself’, i.e. that “energy is alternatively
present or absent”. In another passage of [5] Einstein even reinforces such an
argument by saying that, in virtue of such a formula, “the statistical properties
of the phenomenon are the same as if energy were transferred through integer
numbers of quanta hw”. With this we presume we have given sufficient support
to our claim that a nonconventional Einstein’s conception of the photon indeed
exists: it describes the energy of the oscillator in classical continuous terms, and
the apparent quantum discontinuity just corresponds to a concise description of
classical processes obeying a certain fluctuation law for energy, namely (1), giving
a suitable functional relation between variance and mean. In our opinion, this is
exactly what Einstein had in mind when he wrote the passage from his scientific
autobiography quoted in the introduction. So apparently we are concerned here
with a conception that he nurtured from at least the year 1909 till his death.

3 Einstein’s Interpretation of Planck’s Formula
in Terms of Fluctuations

We now illustrate how Einstein came to conceive of his fluctuation formula (1).
What he did was to provide a physical substantiation for the original deduction
Planck had given of his law on October 19, 1900 (see [6]). To this end, let
us recall preliminarly that it was only in later communications (starting from
that of december 1900) that Planck gave his familiar deduction involving the
standard statistical arguments with a discretization of energy, while in his first
communication he was instead proceeding at a phenomenological level, without
invoking any discretization at all.

Planck was concerned with the problem of finding a formula for the mean
energy U of a system of N oscillators of the same frequency w in equilibrium with
a heat reservoir at absolute temperature 7', or inverse temperature 5 = 1/kT,
where k is Boltzmann’s constant, and made the following remark (we are using
here a contamination of the notations of Planck and of Einstein). He knew that
Wien’s law

U = Cexp(—pe) ,
with e proportional to w and a suitable constant C, fits well the experimental
data for large frequencies, while the most recent experimental data available
to him, which were referring to lower frequencies, turned out to rather fit the

equipartition law
U=N/8=NkT .
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On the other hand, Wien’s law is obviously obtained as a solution of the differ-
ential equation

dU
— = U
ag -
while the equipartition law obvioulsy satisfies the differential equation
w__ v
8 N’

with a suitable choice of the integration constant. Just by virtue of imagination,
through an interpolation he was then led to conceive of the differential equation

dU U2
=+, @

N
which by integration, and a suitable choice of the integration constant, indeed
gives Planck’s formula, namely

U@,T):N(Fil). (3)

Planck’s constant A was then introduced by fit with the experimental data
through the relation € = hw, because it was already known, by a general ar-
gument of Wien, that € had to be taken proportional to frequency.

So much for what concerns Planck’s first communication. The contribution
of Einstein was the following one. Already in the year 1903 (see [7]) he had
remarked that in the canonical ensemble the fluctuations of energy, described
by the corresponding variance o, is expressed in terms of the mean energy U
through a relation having a kind of universal thermodynamic character, namely
% = —0%. Thus Einstein was led to split Planck’s differential equation (2) into

two relations, namely

dU )
_— = — 4
dﬁ OF ( )
and
0% =eU+U?/N; (5)

the former was conceived to be just a kind of general thermodynamic relation,
while the latter should rather have a dynamical character, and might in principle
be deducible from a microscopic dynamics. In his very words (see [5]): these
two relations “exhaust the thermodynamic content of Planck’s” formula; and:
“a mechanics compatible with the energy fluctuation 0% = eU + U?/N must
then necessasily lead to Planck’s” formula. It was pointed out in [2] that the
second of the above equations has indeed a mechanical character, coinciding
essentially with what we call the Benettin-Jeans formula with a suitable e (this
is a delicate point in our result). So we might say that the “mechanics” conceived
by Einstein as leading to Planck’s formula perhaps is nothing but the dear old
classical mechanics of Newton.



Finstein’s Conception of the Photon 257

In this connection, however, we address preliminarly an important question
of a general character, namely how can one obtain in classical mechanics some-
thing quantitatively comparable with quantum mechanics, as the latter involves
a quantity, i.e. Planck’s constant A, which is completely extraneous to classical
mechanics. A first answer, to which we limit oureselves in the present paper, is
that Planck’s constant can be introduced in classical mechanics simply through
the molecular parameters. Indeed, consider for example a system of equal parti-
cles of the same mass m interacting through a typical interatomic potential, such
as the familiar one of Lennard-Jones. Now, this potential contains two parame-
ters, say Vo and o, with the dimensions of an energy and a length respectively,
and from them and the mass m one constructs an action, namely ocv/mVj, which
a priori can take any value. But if one takes for the parameters m, Vj, o enter-
ing the model just the ones corresponding to actual atoms, as reported in the
standard textbooks, one finds that the relation o/mVy ~ 2Zh holds, where Z is
the atomic number of the considered atoms. This is one way in which Planck’s
constant can be made to enter classical physics at the level of pure mechanics
(see [8]). A more fundamental way would require considering the role of the elec-
tromagnetic field, but this interesting point will not be discussed here (see for
example [9]).

4 A Dynamical Implementation
of Einstein’s Fluctuation Formula

The road that led us to provide a partial implementation of Einstein’s fluctuation
formula (1) in classical terms is a long one. It started from a serious attention
given, since the early years 70’s, to the paradoxical result obtained in the year
1954 by Fermi, Pasta and Ulam (FPU; see [10]). Such authors had shown, by
numerical computations of the equations of motion of a one-dimensional model
of a crystal, that at low energies classical dynamics seems to give results in
contradiction with the law of equipartition, predicted by the Maxwell-Boltzmann
distribution of classical equilibrium statistical mechanics. The first scientists that
took up the problem, namely Izrailev and Chirikov (see [11]), put forward the
very natural conjecture that the FPU paradox should disappear in the limit
in which the number N of oscillators tends to infinity. Instead, in the paper
[12] it was suggested that the lack of equipartition could persist in the limit
of infinitely many oscillators, and in the paper [8] it was even found (still by
numerical integration of the FPU model) that in classical mechanics Planck-like
distributions seemed to occur. In fact, in the latter paper it was also realized,
for the first time in a foundational context, that Planck’s constant does in fact
show up in classical mechanics through the molecular parameters in the way
mentioned above.

There was then an intricate road passing through an appreciation of the
many new possibilities offered by the modern results in the theory of dynamical
systems (especially the stability results provided by KAM theorem and Nekhoro-
shev’s theorem, see [13]). But it was finally realized (see [14]) that the simplest
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model describing the essence of the problem is that of a system of equal diatomic
molecules on a line, where there are “internal” degrees of freedom (the oscilla-
tions of each of the molecules about its center of mass) and “external” ones (the
center of mass of each molecule). The two subsystems (internal and external
degrees of freedom, respectively) were found to go very rapidly to separate equi-
libria, and the problem remained of how would they go to a mutual equilibrium.
It was then found numerically that the relaxation time to mutual equilibrium
between the two subsystems increases as a stretched exponential with the fre-
quency, and an analytical proof was provided in [15]. Eventually, the problem
was then reduced to its very core, namely: the exchange of energy between a
single spring (of frequency w) and a colliding particle, the system moving on
a line and the interaction being given by a potential between the particle and
one extreme of the spring. This, by the way, is essentially equivalent to a model
first discussed by Kelvin and Poincaré (see [16]) just in connection with the
dynamical foundations of classical statistical mechanics.

So let us consider the problem of the exchange of energy de of a spring on
a single collision of one of its extremes with a point particle. An elementary
calculation of a few lines made on a simplified version of the model gives the
result (see [2])

de=n%+ 2n+/eg cos g , (6)

where eg is the initial energy of the spring, ¢ its initial phase, while n is a
quantity which tends to zero as a stretched exponential when the frequency w
of the spring increases and the velocity v of the particles decreases. We like to
call formula (6) the Benettin—Jeans formula (see [17]). Now, one expects that
the formula (6) should be correct if the frequency of the spring is sufficiently
large and its energy sufficiently small, and this was proven in [18] by a quite
delicate mathematical analysis, similar to the ones used in order to prove the
exponentially small splitting of the separatrices in Melnikov’s theorem.

Let us look now at the Benettin—Jeans formula (6), thinking of the imping-
ing particle as mimicking a heat reservoir at a given temperature 7', and of the
spring as mimicking a crystal at a much lower temperature. Due to the expo-
nential smallness of 7, the formula implies that the echange of energy which
should lead to equipartition with the reservoir is exponentially small with the
characteristic internal frequency w, so that the number of collisions required to
go to equilibrium (i.e. the time required for it) is highly nonuniform in the fre-
quency, being exponentially large with w. Examples can be given in which there
exists a frequency w that relaxes in 1 second, while the frequency w/2 relaxes
in 10~® seconds and the frequency 2w in 10° years. This fact is very important,
because it explains the most relevant feature of Planck’s formula, namely the
circumstance that the high frequencies have a very small energy with respect to
that of the reservoir: in dynamical terms, this is due to the fact that the high
frequencies require an exponentially long time in order to go to equilibrium if
they start from a negligible initial energy.

But the fact remains that the coefficients entering the exponentially small
quantity 7 of the Benettin—Jeans formula (6) turn out to depend on the molecular
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parameters characterizing the particular interatomic potential considered. So one
is lackng a formula possessing a sort of thermodynamic character. This fact was,
for the whole group of people involved in the research described here, a great
conceptual difficulty.

The clue was found by taking into consideration the second term appear-
ing in the Benettin—Jeans formula (6), which produces a fluctuation of energy
(depending on the phase o) much larger than the drift term n?. The relation
between the Benettin—Jeans formula (6) and Einstein’s fluctuation formula (1)
was found in the following way (see [2]). Consider a sequence of k collisions
and take the average over the phases (which as usual are assumed to be uni-
formly distributed). Denoting by wj and U,% the mean energy and variance of
energy respectively after k collisions, a completely elementary calculation gives
the formulee

up = e +kn?,  or = 2eokn?® + (kn?)? ,

which depend on time (i.e. on the number k of collisions). But one immediately
sees that the “time” k can be eliminated, so that a functiomal relation exists
between variance and mean, namely

0% = 2eq(up — eo) + (ug —eg)? .

A similar relation also holds if one considers a system of N identical inde-
pendent oscillators of frequency w. Indeed, the quantities of interest are now the
total energy By = S0, e,(;) (where e,(;) denotes the energy of the i—th oscillator
after k collisions) and the corresponding exchanged energy E), = Ej, — Ey, where
FE) is the initial energy. By the central limit theorem, Ej is normally distributed
with a mean Uy, and a variance which are obtained by adding up the corre-
sponding quantities for each oscillator, So, denoting by U and O'ZE expectation

and variance of the exchanged energy at any “time” k, one gets between J% and

U a functional relation which is independent of “time” k, namely
0%:2a0wﬁ+02/]\7, (7)

where ag denotes the initial action per oscillator, ag := Ey/(wN). Notice that
the quantity n, which contains the molecular parameters characterizing the par-
ticular system considered, has now completely disappeared, and formula (7) has
some kind of thermodynamic universality.

In order to have something comparable to Einstein’s fluctuation formula (1),
we have however to get rid of the parameter still appearing in formula (7),
namely the the quantity 2ag, twice the initial action per oscillator, which takes
the place of Planck’s constant /. This is a delicate point that should deserve a
deep investigation At the moment we are unable to say anything rigorous, and
only present here some heuristic considerations. The point is that, as was recalled
above, the Benettin—Jeans dynamical formula was established for small initial
energies of the oscillators. So formula (7) should hold only for low enough energy
or action per oscillator, say for ag < a., with a certain critical or threshold
action a,. This naturally leads to think of a situation with the NV oscillators
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having random initial actions all smaller than a,, so that, on averaging over
the initial actions, uniformly distributed over the interval (0,a.), one would
get a formula as (7) with 2a,/2, namely a,. in place of Planck’s constant. The
actual mean energy would correspondingly be given by Planck’s formula with the
addition of an analog of the zero—point energy, namely a,w/2, playing here the
role of the initial energy. Notice that in such a fluctuation formula the molecular
parameters enter only through the critical action a, and so Planck’s constant &
finally appears in the way described above (see [8] and [19] [20]).

5 Conclusions

So we hope we were able to show that a nonconventional Einstein’s conception
of the photon, involving continuous variations of energy, indeed exists, and how
it might be implemented in classical mechanics. We are well aware of the fact
that we are still faced with many deep problems, but we like nevertheless to
sketch here, in a few words, a perspective that seems now to be opened, in
which Planck’s law appears just as a first order approximation.

Namely, the law of equipartition can be considered just as a zeroth order
approximation, in which the high nonuniformity of the relaxation times with
respect to frequency is altogether neglected. Planck’s law instead appears as a
first order approximation, describing a kind of metaequilibrium state, similar to
those occuring in glasses (an analogy first pointed out in [21]). Quantum me-
chanics would, in this sense, just be a first order approximation within classical
mechanics. If our point of view is correct, deviations from Planck’s law should
show up, especially in the region of low frequencies, where equipartition would
actually be present, with an “equipartition front” advancing with time, at an
extremely slow pace. Such an effect was indeed predicted already by Jeans (a
quotation can be found in [22]). For a review of the experimental data on lab-
oratory black body up to some years ago, see the second part of the work [23],
and also [24].

Finally, one also has a critical historical problem. Indeed, the point of view
of metastability described above was advocated by Jeans at the beginning of the
last century, but such an author then made a retractation (vividly documented
in [25] and [26]), after Poincaré had proven (see [27]) that Planck’s law seems
to imply quantization, namely the existence of energy levels. So the problem is
whether Poincaré’s argument is really compulsory, but up to now we were unable
to settle the question.
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What Interpretation for Probability in Physics?
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Probability enters into modern science in three ways. (1) Measurement errors.
This regards all of science; in physics, probability associated with errors of mea-
surement enters — implicitly or explicitly — into all of its branches. In this sense,
one can say that a probabilistic aspect is already present in classical mechan-
ics. Indeed, the theory of errors came to completion around the end of the 18th
Century, when Newtonian mechanics was at its peak. (2) The analysis of mass
phenomena, like gas particles. In physics, this use of probability is linked to sta-
tistical mechanics. Here probability makes it possible to describe through mean
values the behaviour of phenomena that are too complex to allow finer descrip-
tions. In principle, these probabilities are not essential to the theory, they are
needed because of the complexity of the phenomena under study, which makes
a fully detailed analysis impossible. (3) Quantum mechanics. Here probability
acquires a peculiar character in view of the fact of being ‘primary’ (to use an
expression of Hermann Weyl), or ‘intrinsic’ to the theory (as Harold Jeffreys
used to say). This is because the measurements realized on physical systems in
quantum mechanics are genuinely random. On the assumption that the theory
is complete, there is no way, not even in principle, of getting rid of probability.

The first sense in which probability is connected to physics, namely that re-
lating to measurement errors, is linked with the classical interpretation of proba-
bility developed by Pierre Simon de Laplace. This is an epistemic interpretation,
according to which probability expresses our ignorance about the true course of
events. It says that probability can be determined as the ratio of favourable to all
the equally possible alternatives, on the basis of the so called ‘principle of insuf-
ficient reason’; also called ‘principle of indifference’ (see [1,2]). Within Laplace’s
perspective, this notion of probability goes hand in hand with a deterministic
world view, reflecting the mechanistic character of classical mechanics. Laplace’s
idea of an ‘omniscient being’ who would be able to predict all future events with
certainty has been considered by Richard von Mises ‘the most extreme formula-
tion of Newton’s determinism’ ([3], p. 176).

The Laplacean, or ‘classical’ interpretation of probability has been no less
influential than classical mechanics. In the second half on 19th Century, however,
it was shown to be unsatisfactory in many ways. First of all, when applied to
continuous properties it leads to paradoxical conclusions, as shown by the French
probabilist Joseph Bertrand [4]. In addition, its applicability to a vast range of
situations looks problematic; as observed by von Mises, ‘equally likely cases. .. do

J. Bricmont et al. (Eds.): LNP 574, pp. 265-269, 2001.
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not always exist’ ([3], pp. 68-69). For instance, how do we compute the equally
likely and the favourable cases relative to the probability of death of a person?

By 1900 the classical notion of probability had gradually become outdated,
and a statistical view, according to which probability is to be defined in terms
of frequencies, became prominent. The rise of the frequentist interpretation is
strictly linked to the new trend taken by physics with the advent of statistical
mechanics. The study of microphenomena gave rise to a number of theories of
which probability is an indispensable ingredient, like the kinetic theory of gases,
Brownian motion and the theory of radioactivity. According to von Mises, who
can be considered the most outstanding representative of this interpretation of
probability, the turning point was reached when Boltzmann ‘conceived the re-
markable idea of giving a statistical interpretation to one of the most important
propositions of theoretical physics, the Second law of Thermodynamics’ (]3],
p. 176). In the hands of Richard von Mises frequentism became the ‘official’
interpretation of probability, to be applied to phenomena described by physical
theories. The frequentist notion of probability, or statistical probability, corre-
sponded to a widespread scientific practice, and became for this reason most
popular with scientists, who accepted it quite unproblematically. In the period
1900-1930 the frequentist notion of probability also pervaded the mathematical
theory of probability and theoretical statistics: several limiting theorems on the
behaviour of frequencies were proved and various methods for testing statisti-
cal models and estimating statistical parameters were developed. With very few
exceptions — notably that of Harold Jeffreys — frequentism was widely accepted
and became the ‘received view’ of probability.

It is therefore not surprising that when quantum mechanics took shape,
namely around 1925-27 with the work of Werner Heisenberg, Niels Bohr and
Max Born, it did not destroy the frequentist interpretation, despite the fact that
it contained elements that appear to be in contrast with frequentism. Von Mises
claims that the frequentist interpretation can be readily extended to quantum
mechanics and physicists like Heisenberg and Born refer to von Mises in their
works. One might speculate that the empirical character of von Mises’ concep-
tion and its operational attitude made it quite palatable to people like Born and
Heisenberg.

Yet the extension of frequentism from the analysis of mass phenomena to
quantum mechanics raises serious problems, like that of the single case. Quantum
mechanics requires that probability be referred to the single case. Among others,
Born claims that the statistical interpretation of quantum mechanics is meant
to apply ‘in any individual case’ ([5], p. 27), and Heisenberg wants to talk of
‘the observation of ‘the electrons in a single atom” ([6], p. 64; see also [7]). On
the contrary, within von Mises’ approach it does not make sense to talk of the
probability of a single event: one can speak of probability only with reference to
infinite sequences of repeatable events. Therefore frequentism does not seem to
allow for a straightforward application to quantum mechanics. The problem of
interpreting quantum mechanical probabilities is left open.
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In an attempt to answer this problem, around the end of the Fifties Karl
R. Popper proposed the ‘propensity’ interpretation of probability [8-11]. This
has undergone various changes in Popper’s writings. To put things very simply,
the underlying idea is that probability can be interpreted as a theoretical (un-
observable) property of an experimental set-up — the propensity — expressing its
tendency to exhibit certain frequencies that can be observed. The propensity
interpretation is meant as ‘purely objective’, inasmuch as propensities are taken
to be ‘physically real’. For Popper propensity ‘is a new physical (or perhaps
metaphysical) hypothesis’ analogous to Newtonian forces ([10], p. 360). Pop-
per’s move amounts to postulating the existence of propensities underpinning
frequencies and to referring probabilities to the single experiments produced
by the experimental set-up. Plainly, the term ‘postulate’ is mine, not Popper’s.
Popper uses the term ‘conjecture’ and claims that a propensity statement is a
conjecture that has to be tested against observed frequencies. In order to gain
applicability, Popper’s propensity theory has to depend on frequencies. In view
of this, the problems raised by frequentism are not removed, but only displaced.

If the empirical interpretations of probability — frequentism and propension-
ism — do not offer a satisfactory account of quantum mechanical probabilities,
why not embrace an epistemic interpretation? The viability of this alternative
has been maintained by Harold Jeffreys, an upholder of the logical interpre-
tation of probability'. According to logicism, probability is a logical relation
between a proposition describing certain experimental evidence and a propo-
sition describing a hypothesis. Such a logical relation is objective in the sense
that there is only one way of assigning it correctly. Given two people facing the
same experimental evidence, if they disagree as to an assignment of probabil-
ity to a certain hypothesis, they cannot both be right. Logicism is an objective
interpretation of probability, even though it is epistemic. The opposition which
is often made between ‘epistemic’ and ‘objective’ interpretations of probability
does not capture the real features of the debate on the nature of probability,
which is more faithfully reflected by the opposition between ‘epistemic’ and ‘em-
pirical’, or ‘physical’. This leaves room for a conception of probability that is
both epistemic and objective, like logicism.

The most popular trend within the epistemic approach seems to be sub-
jectivism. On the subjectivist side, we encounter different opinions. Bruno de
Finetti, who, together with Frank Ramsey, can be rightly considered the father
of modern subjectivism, took an intransigent attitude towards the notion of ‘ob-
jective probability’. For him probability is utterly subjective and expresses the
degree of belief of a person in the happening of an event?. If two people, on the
basis of the same evidence, assign different probabilities to a hypothesis, this
does not mean that one of them is wrong. It only means that they evaluate

1 Jeffreys does not give details on how this idea can be worked out, but his work
contains hints in this sense. See especially [12]. See also [13-15] for Jeffrey’s theory
of probability, which is framed in a very original epistemology.

2 See [16-18]. On de Finetti’s philosophy of probability see [19]. The application of de
Finetti’s subjectivism to quantum mechanics is discussed in [20].
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probabilities in different ways. A probability judgment is a complex procedure,
involving a number of factors in addition to the experimental evidence. In his
extreme subjectivism, de Finetti refused to make a distinction between the as-
signments of probability made in everyday life and those suggested by physical
theories. Only in the volume Filosofia della probabilita, containing the text of a
series of lectures given by de Finetti in 1979, does he seem inclined to concede
that scientific laws can give a ‘more solid foundation’ to personal opinions. But
he adds that opinions are subjective, and that the only meaning that can be
ascribed to laws is instrumental ([21], p. 117).

A different attitude is taken by Ramsey, who admits of an objective notion
of ‘probability in physics’ within the framework of subjective probability®. The
peculiarity of this notion, which marks its difference with subjective probabilities
encountered in everyday life, is the fact that it makes reference to systems of
beliefs rather than to the beliefs of certain people in particular situations. A
distinctive feature of such systems is that they contain law statements. In case
such laws are commonly accepted physical theories, the system is such that
everybody agrees on it. Probability assignments made with reference to such
systems are suggested directly by theories, and this confers on them a character
of objectivity that is lacking from common assignments. Ramsey does not refer
to quantum mechanics, having rather in mind statistical mechanics, but there
is no reason why what he says could not be referred to quantum mechanics.
In point of fact, he might have thought of quantum mechanics, since he was
acquainted with the work of Jeffreys and Weyl, and might have gotten from
them the idea that objective probability can be accommodated in an epistemic
framework*. Ramsey’s hint needs to be developed in more detail, but it points to
the only meaningful way of talking about such things as ‘physical probability’,
or ‘chance’, within subjectivism.
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1 The Over-Determination Problem

One of the most fascinating problems for the philosopher posed by the corpus
of statistical physics is the issue of the consistency problem which arises in both
the classical and the quantum contexts. It arises starkly in classical statistical
physics, there it is the issue of precisely how it is possible to add probabilis-
tic assumptions to treat of an aggregate motion, the component submotions of
which, being governed by the laws of mechanics, are entirely deterministic. Es-
sentially the problem occurs because one of the two theories we want to employ
viz. mechanics is a completely general theory, that is it ought to give a complete
description of any physical situation to which it applies, hence if we put them
together the suspicion must be that they will overdetermine the history of the
physical system under consideration and inconsistency will result.!

To explain the macroscopic phenomena associated with thermodynamics we
need to introduce stochastic postulates ‘on top of’ Hamiltonian mechanics, but
the latter mechanics gives a complete state description of the physical situa-
tion and all the values of the observables are thereby determined as functions
of the variables describing the instantaneous state.? The situation is of course
compounded in the case of non-equilibrium statistical mechanics. The reason is
that in theories of this kind we want to use deterministic and time-symmetric

* The author gratefully acknowledges the support provided by a Leverhulme Research
Fellowship, during which this article was produced.

The history of the kinetic theory of gases provides examples where the suspicion
was more than well-founded, two of the most notorious examples are Maxwell’s
original assumption in his 1860 paper that the components of velocity of a single
moving molecule are statistically independent thereby contradicting the law of the
conservation of energy and Boltzmann’s original claim that what is now called the
hypothesis of molecular chaos holds all of the time in his first derivation of the
H-theorem, contradicting the time-symmetry of classical mechanics. [1,2]

However one views the problem of consistency, it is perfectly clear that statistical
mechanics cannot be reduced to pure mechanics. Equally it is also perfectly clear that
the theory cannot be reduced to probability theory alone, the equations of motion,
Liouville’s theorem and the existence of integrals of the equations of motion cannot
be derived from probability theory for example. It is interesting however just how
far probability can be taken and how little mechanics is actually required in some
developments of the theory. See for example [28].

1

J. Bricmont et al. (Eds.): LNP 574, pp. 271-281, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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theories (once again classical dynamics) to obtain an explanation of the well-
known phenomenon that the behaviour of physical systems that are far from
equilibrium is not symmetric under time reversal. That is we want to obtain ex-
planations of facts of the type subsumed by the second law of thermodynamics.
Since there is no possibility whatever of combining time-symmetric determin-
istic dynamics to obtain, even in the limit, non-time-symmetric theories; some
postulate of a stochastic kind (e.g. that the hypothesis of molecular chaos must
hold for some part of the time in the approach to equilibrium) must replace the
time-symmetrical dynamics.

The transition from classical mechanics to quantum mechanics will not re-
solve this issue despite the lack of a functional connection between state and
observable in QM, for the problem immediately reappears in its standard form
for the temporal evolution of density operators representing the instantaneous
state of an isolated non-interacting quantum mechanical system evolves in a way
described by the Schrédinger equation deterministically with the time (the evo-
lution being given by a one parameter semi-group of unitary operators defined
on the appropriate Hilbert Space). So in this form of evolution the situation is
structurally directly analogous to the classical case. It is of course with the sec-
ond form of evolution found in QM that real disanalogies with the classical case
occur, for there we have discontinuous and indeterministic evolution. But the
appearance of indeterminism here should not be taken as making the interpre-
tation of probability ascriptions in QM easier than in the classical case, because
of the way it appears in the theory it notoriously makes the matter very much
harder.

As is very well known despite the enormous empirical success of statistical
mechanics the conceptual problems surrounding it have persisted.?> They are
particularly acute if one further wishes to claim that the stochastic assumptions
deployed in statistical mechanics describe physical facts, just as much as does
the underlying dynamics. That is to say the stochastic postulates of the theory
describe objective physical properties of the systems under consideration just as
much as the underlying dynamics does, no more and no less. One very influential
general account of objective physical probability, itself made up of a number of
rather diffuse proposals is the ‘propensity’ interpretation of probability. Since
the proposals falling under this heading are varied I will concentrate on one
undoubtedly seminal approach developed over the last fifty years by Karl Popper
and more recently by David Miller.*

3 For a superb overview of the central conceptual problems of statistical mechanics see
[3].

4 Extensive treatments of the propensity theory of probability by Popper can be found
in [4-9] and by Miller in [10,11,23]. An excellent treatment of the various versions of
the propensity theory can be found in [14] and in [25-27].
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2 Physical Probability and Propensity

In 1934, as a result of his work on the foundations of quantum mechanics, Popper
became convinced of the need to be able to introduce well-defined probabilities
for singular events.® He considered a very simple, natural extension of Von Mises’
frequency theory. Von Mises had suggested that the probability of an event was
to be identified with its limiting relative frequency in a collective, that is an
infinite sequence of trials the outcomes of which satisfy the two postulates (i)
of the existence of the limiting frequency and (ii) of the exclusion of a gambling
system (see [13]). Popper added as an extension to this theory a claim explicitly
denied by Von Mises that, if a single event is a member of a collective then its
singular probability might be taken as equal to its probability in the collective
as a whole. But as Popper realised any such suggestion would run up against the
reference class problem. That is that the probability assigned to the single event
would depend upon to which collective the single event had been assigned. But
then the probability of the event would depend upon how we chose to describe
it, and would no longer be an ‘objective property’ of the event. His solution to
this difficulty was to try to locate the physically appropriate collective to which
to assign the event. Popper’s idea was to look at the physical set up which
‘brings about’ the event as a member of a set of outcomes of trials. It was in
effect to appeal to the generating conditions of the collective. This apparently
small change in the definition of a collective produced a very radical shift in the
interpretation of the probability relation. Popper wrote ([6], p. 34):

All this means that the frequency theorist is forced to introduce a
modification of his theory — apparently a very slight one. He will now
say that an admissible sequence of events (a reference sequence, a “col-
lective”) must always be a sequence of repeated experiments. Or more
generally he will say that admissible sequences must be either virtual or
actual sequences which are characterised by a set of generating condi-
tions — by a set of conditions whose repeated realisations produces the
elements of the sequences.

Thus in the revised theory it is the generating conditions which characterise
the collective objectively, and Popper wrote of them as the origin of the propen-
sity to produce the observed frequencies. Thus he argued ([6], p. 35):

we have to visualise the conditions as endowed with a tendency or
disposition, or propensity, to produce sequences whose frequencies are
equal to the probabilities; which is precisely what the propensity inter-
pretation asserts.

So we now have a theory which asserts (i) all probabilities are conditional
probabilities (the conditioning event being the realisation of the generating con-
ditions), (ii) probability is to be understood as the propensity of the experimental

5 A full treatment of Popper’s views on the foundations of Quantum mechanics can
be found in [7,12].
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set up — the generating conditions of the sequence of trials — to produce a relative
frequency on repetition of the trial (iii) probability is well-defined for the single
case (it is the disposition of the generating conditions to yield just that outcome
in that particular trial), (iv) this account of objective physical probability as
a disposition of generating conditions can only hold in an indeterministic uni-
verse, otherwise the generating conditions will fix the outcomes trivially and all
probabilities will be zero or one. Condition (ii) gives the relation between the
probability and the relative frequency over a long run, condition (iii) is precisely
the constraint that the theory is designed to meet, while Popper regarded con-
dition (i) as a particular benefit of the theory since by stressing the fundamental
nature of conditional probability, he thought that his own theory ‘corresponds
to the transition from the frequency theory to the measure theoretical approach
of Kolmogorov’.6

Condition (iv), which is really a consequence of condition (ii), however ren-
ders the application of the theory to statistical physics, its intended interpre-
tation, impossible. Popper insists that ‘propensities only obtain where exactly
the same situation or ‘state’ may yield, different subsequent states; but that is
incompatible with determinism’ ([7], p. 105) and again David Miller repeats the
claim ‘for there to exist probabilities other than zero and one it is therefore es-
sential that the class of future possibilities contains more than a single element’
([10], p. 186). However the immediate consequence is that propensities can’t be
present in statistical mechanics, because the underlying mechanics is determin-
istic. Popper was certainly aware of this point, but he simply chose to deny it.
He wrote ([7], p. 105):

Today I can see why so many determinists, and even ex-determinists
who believe in the deterministic character of classical physics, seriously
believe in a subjectivist interpretation of probability: it is in a way, the
only reasonable possibility which they can accept; for objective physical
probabilities are incompatible with determinism; and if classical physics
is deterministic, it must be incompatible with an objective interpretation
of classical statistical mechanics.

Clearly the reader is being invited to contrapose. The objective interpretation
of statistical mechanics is the right one (with this I agree) so classical physics
must be indeterministic. The argument then is as follows: since the statistical
assertions of statistical mechanics are just as objective as the ‘mechanical’ asser-
tions of that theory and since Popper argues those assertions cannot be treated
as such if the underlying dynamical theory is deterministic, then the underly-
ing dynamical theory must after all be indeterministic despite its prima facie
deterministic character. Popper uses an example from non-equilibrium statisti-
cal mechanics thus: in order to explain irreversible approach to equilibrium, we

6 [6], p. 40. Gillies points out that Kolomogorov had already made the suggestion in
1933 [15] that probabilities should be related to the outcomes of sets of repeatable
conditions and not collectives. [14], p. 5
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have to assume that the measure of the set of possible initial states which pro-
duce ‘pathological’ (i.e. non-approach to equilibrium) behaviour is zero and the
measure of the set of possible initial dynamical states which do eventually yield
equilibrium is one. Now this probabilistic hypothesis, that the set of ‘patholog-
ical’ states has measure zero, has to be physically interpreted as a claim about
propensities, but propensities only obtain where exactly the same situation or
‘state’ may yield, in the time evolution of a system, different subsequent states;
but that is incompatible with determinism. That is, Popper says: ‘propensities
can be accepted as physical realities (analogous to forces) only when determin-
ism has been given up’ (Ibid. and cf. [16], pp. 93-104). But the indeterminism
of observational states is trivial here. Whatever propensities are present must
be grounded in the dynamics (that which in complete exactness controls the
behaviour of the system). So, to have dynamical propensities of a non-trivial
kind (not always zero or one), we must have dynamical indeterminism.

However, in the context of classical statistical mechanics there is no other
place to appeal to but classical mechanics, so giving up determinism must be
the same as saying, classical mechanics is after all indeterministic. But in the
context discussed this claim is manifestly false. Paradigmatically, as employed
in standard formulations of statistical mechanics, the underlying mechanics is
deterministic. This is because the equations of motion for the dynamical system
(the canonical Hamiltonian equations, where the Hamiltonian is independent of
the time) are such that we have a system of first order differential equations
whose solutions always exist and are unique, given an arbitrary initial point in
phase space at some instant ¢. Since both existence and uniqueness of solution of
the differential equations of motion obtain, the dynamical states of the system
are determined. It is thus extraordinary to see Popper claim: ‘the propensity in-
terpretation is I believe, that of classical statistical mechanics. Boltzmann spoke
of a tendency. But I think that it describes best what classical authors really had
in mind when speaking of the quotient of the equally likely to the possible cases;
they had in mind that this quotient was a measure ...of the propensity, char-
acteristic of certain specified conditions, to produce a given event’ ([8], p. 398).
Since one wants to agree with Popper that the physical probabilities occurring
in classical statistical mechanics are as objective as the dynamical constraints,
but disagree completely with him that the underlying mechanics in this context
is indeterministic, one must, accepting the validity of his argument, deny that
‘objective physical probabilities are incompatible with determinism’. And indeed
So one must.

It seems to me that the issue of determinism versus indeterminism really
ought to be (is) irrelevant to an interpretation of probability theory. As Kol-
mogorov put it in 1931: ‘the applicability of probabilistic schemes stands in
no relation to questions of chance in Nature’ [17]. It just seems hopeless to
do as Miller suggests and address the question “Whether the requisite indeter-
ministic loop-holes really exist in games of chance, mortality tables, and other
macroscopic phenomena to which probabilistic ideas are customarily applied’
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([10], p. 186): the epistemology and metaphysics of probability theory simply
does not wait on the resolution of such questions.

As to the issue actually raised by Popper concerning why subjective theories
of probability seemed the only reasonable alternative in respect of statistical
mechanics it does seem that real issue concerns axiom two of the frequency
interpretation, that is the notorious randomness postulate. Frequentists insist
that probability exists only in sets of outcomes called collectives. A collective is
an infinite set of outcomes which satisfies two axioms: first the axiom of con-
vergence to the effect that limiting relative frequencies exist and second the
axiom of randomness to the effect that the relative frequency remains unaltered
in any subsequence selected by an “appropriately disinterested” rule. Clearly
the thought must be that in classical mechanics the dynamics of evolution, the
phase flow, itself allows for the specification of selection rules which will defeat
the invariance of relative frequency whether that is given in terms of occupancy
numbers or times of sojourn or of distributions over hypersurfaces in phase space.
The real problem is thus posed by tying probability to the axiom of randomness
and one of the great achievements of the Kolmogorov interpretation is to rid
probability of its dependency upon this notion.

3 Statistical Stability

We are used now to the idea that it is very difficult indeed to give a probabilis-
tic theory of causation. There are just too many counterexamples of the form
in which causal factors lower rather than raise the probability of their effects
([18], p. 208-247). What about the other way round? What about generalised
causation explaining probability? The idea is apparently clear enough. We are
to see the probability of an outcome not as a measure of any kind of ratio or
frequency, but as a measure of the inclination of the current state of affairs to
realise that outcome. Popper sees propensities as a disposition of the current
sate of affairs to produce outcomes of a certain sort. Writing of propensities he
says: ‘speaking of a propensity I wish to suggest an intuitive idea akin to that
of a Newtonian force, yet distinct from a force in that it produces frequencies
rather than accelerations’ ([8], p. 397). What I want to look at more closely is
the notion of the ‘inclination or disposition of the current state of affairs’. One
of the problems the propensity theory purports to solve is the problem of statis-
tical stability. Popper says ‘the tendency of statistical averages to remain stable
if the conditions remain stable is one of the most remarkable characteristics of
our Universe’ ([9], p. 12). Miller sees the problem similarly, he says of it: ‘For
indeterminists — who may be tempted to regard such sequences as sequences
made up of wholly undetermined events — it is the problem of explaining why an
order at all should appear in the midst of disorder; truly disordered sequences
might be expected to be just that, without sign of constancy’ ([11], p. 137).
Now the explanation of statistical stability is according to Miller to proceed like
this: ‘If propensities are postulated to satisfy the axioms of probability , then we
may conclude, through the laws of large numbers , that in stable circumstances,
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in which the propensities of the events in question do not change, there is an
overwhelming propensity for a longish sequence of throws to be statistically sta-
ble.” He comments: ‘this explanation is not a magically deep one. ..’ (Ibid., p.
138). It is not its depth I object to but its magical nature. Surely there is a
real difficulty here. That is if the Universe is genuinely indeterministic in some
parameter there is literally no inclination nor tendency, no generalised force or
partial cause to produce any undetermined value for that parameter. What can
it mean to say as Miller does that ‘the World has a propensity, which is neither
cast iron necessity nor cast iron impossibility, to develop in the way described’
in a single case if the evolution of the parameter is indeterministic? Two ideas
are being brought into play which are not compatible. Let all the constraints
on the evolution of the state variables of a system be satisfied, let one of its
variables evolve indeterministically: then nothing further fixes the evolution of
that parameter, that is what we have just said but now we say that there is a
propensity in this single case for that parameter to evolve in a certain way, but
that means in the single case there is another constraint another cause on its
evolution but that contradicts the claim that all the constraints on the system
were originally satisfied. In the single case the propensity theory is having its
cake and eating it.

Let us remind ourselves for a moment as to how we should think of deter-
minism and indeterminism following Earman and Montague’s analysis ([19] and
[20]). To cut a quite long story short, a theory T is said to be deterministic
in the state variables (say ¢1,...,¢,) if any two standard models, or histories,
as they are called, of the theory (i.e. any two relational structures which are
models of the theory) which agree at some given time, agree at all other times.
In short the constraint entails that for a deterministic theory if two histories (or
models) have identical states at one time then they have identical states at all
times. A physical system may be said to be deterministic in the state variables
(41, ---,d,) when its history realises (or satisfies) a theory deterministic in the
state variables (¢1, ..., ®,). This characterisation of a deterministic theory and
deterministic system fits very well with classical, relativistic and quantum me-
chanics. It has the further advantage of not relying on the essentially extraneous
notion of predictability at all.

So for a system which is indeterministic in say a state variable ¢, literally
nothing will serve to fix how ¢,, will evolve. Many possible paths will lie open to
it, all consistent with the past history of the system of which it is a state vari-
able and the laws governing that system’s evolution. What goes for an isolated
physical system here will go for the Universe. But then this talk of disposition
as partial cause, inclination, partial forcing, partial determining is quite out of
place. What is really going on here is this, the notion of partial determinism
is not well understood. Partial determinism means real indeterminism and in-
determinism means just that, nothing fixes or produces, induces or forces the
outcome. I want to try and be as clear as to the point I am making small though
it is. I am not objecting to propensity understood as an intrinsic property of
a chance set up which characterises stable frequencies generated by those con-
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ditions if such exists, what I am objecting to is regarding them as partial or
generalised causes applicable to single cases, where it is argued to be explana-
tory of an exhibited statistical stability in the indeterministic case. If the system
really is indeterministic then there is nothing inducing or partially forcing the
outcome. It is the later theory of Popper, the combination of generalised causes
and indeterminism that I find difficult to accept.

There is however another very deep difficulty in thinking of propensity as
partial causation. This problem was pointed out by Wesley Salmon and Paul
Humphreys [21,22]. The problem is that understood as generalised causation
the propensity theory cannot be an interpretation of the probability calculus,
because it can give no account of inverse probabilities which always exist when
the conditional probability is defined, that is if P(A|B) is defined so is P(B|A).
It may very well be the case that given that condition B is realised, this induces
or produces a propensity or partial causation for the event A. But what in gen-
eral can it mean to say that the event A (the outcome) induces a propensity or
partial causation of the generating condition B? The issue is straightforward, if
one thinks of propensity as partial causation, one has made it an asymmetric re-
lation, but conditional probabilities, as opposed to propensities are symmetric. It
is evident that something has to give. Since conditions (i), (i) and (iv) above are
central to the theory, dropping condition (iii), the single case requirement would
seem the natural thing to do and this would leave us with a ‘long run’ propensity
theory. But this is not the route that the later Popper or David Miller took. They
did replace a condition, but condition (i). In the new theory they conditionalise
on the entire state of the Universe at a given instant. In effect a probability
measure is treated as a function of two variables P(A; U(t)) where A is an event
type and U (t) represents the entire complete specification of the instantaneous
state of the Universe at time t. So P(A;U(t)) is then some suitably normalised
measure of the number of possible states into which U at t could evolve in which
A is satisfied in the class of all possible states into which U at t could evolve.
The notion of ‘could’ being given by a notion of physical possibility. The idea of
conditional probability is then given by P(A|B;U(t)) understood as the measure
of the possible states into which U can evolve in which A is satisfied, given that it
actually evolves to satisfy B. That is P(A|B;U(t)) = P(A&B;U(t))/P(B;U(t))
where P(B;U(t)) is non-zero. So the inverse probability, P(B|A4;U(t)) has a
natural interpretation as the relative measure of the possible states into which
U can evolve in which the condition B is satisfied among those states which
evolve in such a way as to satisfy A. Of course in this case there is no causal
link presupposed in the definition of the conditional probability, one is simply
looking at the fraction of distinct histories evolving from the condition of the
Universe at ¢ which satisfy certain conditions. In discussing the relative prob-
ability P(A|B;U(t)) as it occurs in Popper’s later theory, however Miller still
insists that it is ‘a genuine propensity, conditional on B, of the contemporary
state of the world, not a propensity of the condition B’ ([10], pp. 189-90). One
is left however wondering why it is thought to be a propensity interpretation at
all, all that is actually involved is a measure or weighting of possible histories
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of the Universe. A similar device is used by McCurdy when he explicitly severs
the connection between theories of propensity and the propensity interpreta-
tion. He writes: ‘Conditional propensities do not provide a measure of causal
dependence between the singular conditioned event and the singular condition-
ing event. If one maintains that conditional propensities do provide a measure
of causal dependence between the singular conditioned event and the (singular)
conditioning event then one is no longer dealing with a propensity interpretation
of probability, one is dealing with a theory of propensities’ ([24], pp. 117-8).

4 Kolmogorov’s Theory and the Application Problem

As is well known in Kolmogorov’s account probability is characterised by an
axiomatic theory in which either in the finite or infinitistic case the probability of
an event is a unique real number associated with a member of a field of sets. The
event being characterised as a subset of the set of elementary events. The function
P which assigns real numbers to members of the field of subsets is characterised
by the role it plays in the axioms. In other words it is an uninterpreted formal
axiomatic theory. The question is how is the application of the theory to take
place? To apply the theory (taking the finite case for simplicity) we need a certain
complex of unlimitedly repeatable conditions, the outcomes of the repetitions of
the conditions form the collection of elementary events. So applications of the
theory are limited to repeatable events, there is no way of applying the theory
to single events. The empirical probability of the single case can’t be defined.
What holds for the application of finite probability also holds for the infinite
case, where the application of the strengthened axioms for the infinite theory
require the existence of an ensemble to provide the elementary events, F', and
to provide the field of sets to whose members a unique real number called the
probability can be assigned (we take the familiar sigma-additive field of Borel
subsets of F). Again there is clearly no hope of defining the notion of a single case
probability. But now a familiar doubt must emerge: it is that in any application
of the theory we are really bound to deploy a single case interpretation.
Consider the familiar case of explaining why my morning bath so unequally
heated and far from equilibrium eventually attains equilibrium. Well one no
doubt would want to refer the particular case to a typical ensemble of macro-
scopically identically prepared systems and claim that the particular bath was
indeed a typical member of that typical ensemble. In such ensembles it is over-
whelmingly probable that in a relatively short time the system will have relaxed
to equilibrium . So being a typical member of the ensemble we regard the be-
haviour of the actual bath as explained. But of course we know that there is a
probability zero set of members of our ensemble the dynamical initial conditions
of which will exhibit anti-thermodynamic behaviour. So we have in fact claimed
that we have overwhelming moral certainty this particular case isn’t sitting with
its initial conditions in that pathological set. But that is a judgement of practical
reasoning, it is a subjective judgement to the effect that probability zero condi-
tions, which are of course physically possible, won’t occur. Of course the point
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generalises. In the finite case if P(A) is very small one argues that it is practically
certain that A will not appear in a very large repetition of the generating condi-
tions whose outcomes form the ensemble and that if the conditions are repeated
a great number of times one can be morally certain that the observed relative
frequency m/n of the occurrence of say property A will differ only very little
from P(A). But none of this is justified by the theory rather it is a precondition
for the application of the theory. But that admission seems to me at least to cast
considerable doubt on the claim that we have given an objective interpretation
of probability in these applications. That is why I am still left very uneasy about
objective theories of physical probability: their ultimate reliance on postulates
of moral or practical certainty.
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Interpreting Probabilities:
What’s Interference Got to Do with It?

Tim Maudlin

Rutgers University, New Brunswick, NJ 08901, USA

There are several different questions which must be addressed when investigat-
ing the meaning and origin of probabilities in a physical theory. Among these
questions are:

What are the probabilities probabilities for?

How are the probabilities to be calculated?

Where do the probabilities come into the account?

How are experimental outcomes analyzed in terms of the events to which
the probabilities are attributed?

e. How are the probabilities to be understood?

oo

These questions are, no doubt, obscure in several ways, but a useful way to get
a handle on them is to see how some different theories might answer them.

In the various versions (both continuous and discrete) of the spontaneous
localization theory, 1) the probabilities are for the wavefunction to evolve in
a certain way (or to have a specified form after a period of evolution from a
given initial state); 2) the probabilities are calculated using the collapse dynam-
ics (giving results which approximate, but do not exactly match, Born’s rule);
3) the probabilities are introduced directly into the dynamics; 4) the form of
the wavefunction is interpreted as representing the results of experiments by a
somewhat vague rule associating near-eigenfunctions of operators with physical
states which have properties which are associated with the operators (this tor-
tured explication is due to the so-called tails problem); 5) the probabilities are
irreducible dynamical transition chances.

In Bohmian Mechanics, 1) the probabilities are for particles to have a cer-
tain configuration; 2) they are calculated by using the deterministic dynamics
and conditionalizing on the effective wave-function and the initial probability
distribution for particles in the universe. Assuming that the initial probability
distribution is typical (relative to the measure given by the square of the wave-
function), this recovers Born’s rule for particle locations; 3) the probabilities for
later times are inherited via the dynamics from the initial probability measure,
conditionalizing on known outcomes of experiments; 4) results of experiments
are analyzed in terms of particle configurations; 5) the probabilities are not fun-
damentally dynamical transition chances, and the understanding of typicality of
initial conditions is a matter of some dispute, the same dispute which arises in
classical statistical mechanics.

J. Bricmont et al. (Eds.): LNP 574, pp. 283-288, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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Perhaps some of these questions are ill-conceived, or inapplicable to certain
physical theories. Still, one would like to have, for any theory, either a clear
answer to the question or a clear explanation of why the question is a bad one.
There is no canonical order in which these questions must be addressed, but
it does seem most natural to answer the first one first. In any case, without a
tolerably clear idea of how the first question is to be answered, it hard to know
how even to approach several of the others.

Philosophers doubtless tend to focus on the first and last questions, i.e., on
the physical ontology of the theory and on the nature of probability itself. From a
mathematical point of view, the second question offers the most direct technical
challenge. If one starts first with the problem of finding a way to get a measure
which satisfies the axioms of the probability calculus, then one might hope to
discover an answer to the first question by reflection on the measure: the measure
itself will help determine what exactly it is a probability of There is nothing
wrong with this strategy in principle, but one does have to be sure that, in the
end, the various other questions, beside the second, are clearly addressed.

Unlike Bohm'’s theory and the spontaneous reduction theories, the consistent
histories approach seems to have followed this route. A particularly clear pre-
sentation along these lines is provided by Murray Gell-Mann in The Quark and
the Jaguar. Gell-Mann identifies the failure to obey the axioms of probability
theory as the only impediment to interpreting a particular function defined over
pairs of histories as a probability:

When the two histories in the pair are the same, D is a number
between zero and one, like a probability. In fact, it can, under certain
conditions, be interpreted as the probability of the history. To see what
these conditions are, let us examine the relationship among the following
quantities:

D
D
D
D

Aor B, A or B)
A A)
B, B)
A,B)+ D(B,A).

—_— =

The first three quantities are numbers between zero and one and thus
resemble probabilities. The last quantity can be positive or negative or
zero, and is not a probability. The rule for calculating D in quantum
mechanics is such that the first quantity is always the sum of the other
three. But, if the last quantity is always zero when A and B are different,
then D(A or B, A or B) is just equal to D(A, A) + D(B, B). In other
words, if D is always zero when two histories are different, then D of
a history and that same history always possess the additive property
[i.e. the probability of the disjunction of two mutually exclusive events
is the sum of their probabilities] and can therefore be interpreted as the
probability of that history.

The fourth quantity on the list is called the interference term be-
tween the histories A and B. If it is not zero for every pair of different
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histories in the set, then those histories cannot be assigned probabilities
in quantum mechanics. They “interfere” with each other. [4], 142-2

Gell-Mann’s idea is that the interference terms present the main difficulty
facing the interpretation of the quantum formalism as a probabilistic theory.
Histories which do not interfere can be assigned probabilities, and those proba-
bilities can be understood “classically”. It is a short step from here to a second
conclusion: since the only empirical reason for demanding interference terms is
the observation of interference effects (such as interference bands), in the ab-
sence of such effects there is no impediment to a classical understanding of the
numbers calculated by his recipe as probabilities.

This reading make sense of what would otherwise be an extremely puzzling
passage which follows. Gell-Mann sketches the usual Schrodinger cat scenario,
then comments:

The usual discussion of Schrodinger’s cat goes on to describe alleged
quantum interference between the live and dead cat scenarios. How-
ever, the live cat has considerable interaction with the rest of the world,
through breathing, and even the dead cat interacts with the air to some
extent. .. The live and dead cat scenarios decohere; there is no interfer-
ence between them...Suppose the quantum event that determines the
fate of the cat has already occurred, but we don’t know what happened
until we open a box containing the cat. Since the two outcomes decohere,
this situation is no different from the classical one where we open a box
inside of which the poor animal, arriving after a long airplane voyage,
may be either dead or alive, with some probability for each. Yet reams
of paper have been wasted on the supposedly weird quantum-mechanical
state of the cat, both dead and alive at the same time. ibid. 152-3

The comment is curious, of course, because the existence of interference terms
was certainly not Schrodinger’s concern. He was worried in the first place about
how to understand the physical state of a particle, since the wavefunction could
not attribute it both a determinate position and momentum. If the wavefunc-
tion is a complete physical description of the particle, then the indeterminacy
must be ontic: in certain circumstances, a particle simply fails to have a de-
terminate position at all. The cat argument shows that if the wavefunction al-
ways obeys Schrodinger evolution, the indeterminacy will infect the macroscopic
realm: it cannot be confined to the microscopic. Neither interference terms (in
the mathematics) nor interference effects (as observable phenomena) enter into
the argument at all.

If the wavefunction is complete, then reduction has several effects. It does, of
course, eliminate (or greatly reduce) the off-diagonal terms in the wavefunction.
This in turn eliminates certain sorts of physical effects. But the primary role of
reduction (if the wavefunction is complete) is to answer the first question: to
provide something (i.e. the form or development of the wavefunction itself) that
the probabilities can be probabilities for. If the wavefunction is complete, then
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the probabilities (which reflect some sort of ignorance) must reflect ignorance
about the wavefunction itself. Reduction is the chancy process about which we
are ignorant: we don’t know exactly how the wavefunction will collapse. This role
of reduction cannot be derived merely from the disappearance of interference
terms, or from the replacement of a pure state with a mixture. As John Bell put
it:

Perhaps it is useful to recall here just how the infamous postulate is
formulated by von Neumann. If we look back we find that what von Neu-
mann actually postulates is that “measurement”... an external interven-
tion by R [the rest of the world] on S [the system]... causes the state
¢ = > cno, to jump, with various probabilities, into ¢1 or ¢o or...
From the “or” here, replacing the “and”, as a result of external inter-
vention, von Neumann infers that the resulting density matrix, averaged
over the several possibilities, has no interference terms between states of
the system which correspond to different measurement results. I would
emphasize several points here:

a. Von Neumann presents the disappearance of coherence in the density
matrix, not as a postulate, but as the consequence of a postulate. The
postulate is made at the wavefunction level, and is just that already
made by Dirac for example.

b. I can not imagine von Neumann arguing in the opposite direction,
that the lack of interference in the density matrix implies, without
further ado, “or” replacing “and” at the wavefunction level. A special

postulate to that effect would be required...
[1], 25-6

If Gell-Mann’s account of consistent histories, and in particular of the role
of decoherence, is to hang together, then in that account the wavefunction must
not be complete, and the probabilities are not probabilities for the quantum
state itself to have a particular form. Decoherence is of use because it provides
conditions under which the quantum state can be used to derive a probability
measure (i.e. when the interference between histories disappears), not because,
like real reduction, it directly provides events for the probabilities to be of.

What, then, are the probabilities in consistent histories for? One is tempted
to say that they are for histories and leave it at that, but this is not sufficient.
In a formal sense, of course, a history is a time-ordered sequence of projection
operators. But in that sense, all histories exist as purely mathematical objects:
none is more real than any other. Furthermore, in that sense the histories all exist
irrespective of the appearance of interference terms when calculating D. Histories
in the formal sense can be thought of as a sort of description, and the probability
ascribed to one must be the probability that it correctly describes something.
The something must be the physical universe itself, a universe whose career is
not completely described by the wavefunction. That is, Gell-Mann’s theory must
be some sort of “hidden variables” theory, with the physical state of the universe,
whatever it is, a) not determined by the complete form of the wavefunction and
b) describable, in principle, by sequences of projection operators.
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At this point, we are in danger of falling into a morass of confusion due to an
ambiguity in the meaning of the term “history”. On the one hand, a history is just
a story, an account of something, which may be either true or false, accurate or
inaccurate, complete or incomplete. In this sense, humans living 100,000 years
ago were “pre-historic”, i.e. they pre-dated written documents. On the other
hand, we say that we want to discover or find out about that period of human
history, or find out about the early history of the universe, meaning we want to
find out what actually happened at a certain time. The existence of this second
sort of history, i.e. what actually occurred, is obviously completely independent
of the existence of the first kind of history. To avoid this confusion, let’s call
the first kind of history a “history” and the second kind “History”. The object
of writing histories is to produce an accurate account of History (i.e. of what
actually happened in the past).

Using this terminology, then, Gell-Mann’s theory appears to be that se-
quences of projection operators can be used as histories, the wavefunction can
(in the appropriate circumstance) be used to attribute probabilities to these his-
tories, and the probability is to be construed as the probability that a given history
accurately describes History. The “appropriate circumstance” is simply the dis-
appearance (or near disappearance) of the interference terms in the wavefunction
(and consequent nonexistence of interference effects).

We are now is a position to ask several questions. First, is there any single
history which completely describes History? If so, then the obvious question is:
to which family of consistent histories does this master history belong? This
way leads to the position Fay Dowker and Adrian Kent call the Unknown Set
interpretation [2,3]. Or can histories from incompatible families each correctly
describe History? This possibility is not ruled out simply because the families
are incompatible with each other: that just shows that one cannot, in this way,
assign joint probabilities to pairs of histories chosen one from each family. Fi-
nally, is the fact that a family is consistent (i.e. that interference terms between
members disappear) sufficient for D to be a probability? If so, then exactly one
history from each family correctly describes History. This leads to several rather
obvious problems, given how peculiar and non-classical most consistent sets of
histories are, but this is not the place to pursue those problems. It is enough to
have seen how wide the gap between answering question 2 (to which Gell-Mann
directly attends) and answering question 1 is. We have also seen why decoherence
(i.e. the disappearance of off-diagonal terms) is so important in the consistent
histories approach. It plays no such central role in either Bohm’s theory or in
the spontaneous localization theory. Indeed, in Bohm’s theory one can not only
assign probabilities for, e.g., the particle in the 2-slit experiment to go through
either slit, one can also determine (ex post facto) which slit it went through,
even when “interference bands” form.

There is one last observation to be made about Gell-Mann’s theory. He char-
acterizes it as a refinement of the “modern view”, which he ascribes to Hugh
Everett. He does, though, criticize Everett for his choice of vocabulary, and the
criticism is telling:
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For example, his interpretation is often described in terms of “many
worlds,” whereas we believe that “many alternative histories of the uni-
verse” is what is really meant. Furthermore, the many worlds are all
described as being “equally real,” whereas we believe it is less confusing
to speak of “many histories, all treated alike by the theory except for
their different probabilities.” To use the language we recommend is to
address the familiar notion that a given system can have different possi-
ble histories, each with its own probability; it is not necessary to become
queasy trying to conceive of many “parallel universes,” all equally real.
ibid., 138

It is clear from this passage that Gell-Mann’s ontology is less confusing, and
markedly less unusual, than Everett’s. The notion of multiple possible histories
(i.e. multiple histories, each of which might, for all we know, correctly describe
the History of a system), each assigned its own probability, is indeed familiar
from classical physics. These classical histories (e.g. possible trajectories through
phase space) are not “equally real” in the simple sense that at most one of
them correctly describes what happens to the system. What is absent from Gell-
Mann’s improved vocabulary, though, is any trace of the characteristic features
of Everett’s interpretation! In particular, Everett makes no use of the families
of consistent histories, and appears to regard the uncollapsed wavefunction as
complete. Furthermore, Everett’s central notion, that of the “relative state” of
a system, is nowhere to be found in Gell-Mann’s story. As far as I can tell, there
is little to recommend any association at all between Gell-Mann’s and Everett’s
theories. For to the central interpretative question we have pursued, viz. “What
are the probabilities probabilities for?”, the two interpretations appear to give
quite different answers.

This leaves us with a large question: how are any of our five questions to be
answered in the relative state theory? I do not mean to venture any opinions on
this question save the observation that the consistent histories account does not
appear to offer us the resources to answer it.
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